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Abstract

Purpose: In this paper, we study the existence and multiplicity of nontrivial solutions
for a new nonlocal problem.

Methods: Variational method, mountain pass lemma.

Results: Some existence and multiplicity results of nontrivial solutions are obtained.
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1 Introduction and main results

In this paper, we study the existence and multiplicity of nontrivial solutions for a new

nonlocal Dirichlet boundary value problem
—(a-b [, |Vul> dx)Au = |ufP2u, x€Q, O
u=0, x €08,

by using the mountain pass lemma, where  is a smooth bounded domain in R and

N >1, a,b >0 are constants and

N
5, N=>3
2<p<2t= N2 = 2
P {oo, N=1,2. @
Recently, the Kirchhoff type problem on a bounded domain
—(a+b [ |Vul* dx)Au = f(x,u), x€Q,
3)
u=0, x €08,

has been studied by many authors, for example [1-5]. Many solvability conditions of prob-

lem (3) have been considered. Moreover, some scholars have studied the existence of non-

trivial solutions for the more general Kirchhoff type problems
-M( [ IVul*dx)Au =f(x,u), x€Q, @)
u= 0, X € aQ,
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where M is a certain continuous function, for example [6-8]. However, such problems
cannot contain problem (1) because the function M is assumed to be bounded from be-
low. For more results, please refer to [9, 10] and the references therein. Using a stan-
dard method, we can prove that the energy functional J (see Section 2 below) of problem
(1) possesses a mountain pass energy ¢o. To deal with the difficulty caused by the non-
compactness due to the nonlocal term, we should estimate precisely the value of ¢y and
give a threshold value (see Lemma 2.1 below) under which the (PS),, condition for J is
satisfied. Therefore, the study of the existence and multiplicity of a nontrivial solution for
problem (1) presents different difficulties from those in problem (4). Our main results are

as follows.
Theorem 1.1 Problem (1) possesses at least a nontrivial weak solution.

Theorem 1.2 Problem (1) possesses at least a nontrivial non-negative solution and a non-

trivial non-positive solution.
The novelty of our results lies in two aspects. Firstly, differently from [1-5], where the
nonlocal term is a + be |Vu|? dx, we put forward a new nonlocal term a — be |Vu|? dx

which presents interesting difficulties. Secondly, we obtain the precise threshold value
under which the (PS) condition for J is satisfied.

2 The proof of main results
Let X be the usual Sobolev space Hj(2) equipped with the inner product (1,v) = [, Vi -
Vvdx and the norm ||| = +/(u,u). We denote by |u|,, 1 <r < 2*, the norm of the space

L"(2). It is well known that X — L"(2) continuously for r € [1,2*], compactly for r €
[1,2*). Hence, there exists y, > 0 such that

|M|r§Vr||”||: VMEX)FG[:LQ'*] (5)
A function u € X is called a weak solution of problem (1) if

a/ Vu-Vde—bHqu/ Vu-Vvdx:/ luP2uvdx, VveX.

Q Q Q
Define a functional by
b 1

= Gl = Zhat - [ P s, vuex.
From (2) we know that J € C(X,R!) and

(]’(u),v>:a/ Vu~Vvdx—b||u||2/ Vu'Vvdx—/ lulP2uvdx, Vu,veX.

Q Q Q

Thus u is a weak solution of problem (1) if and only if u is a critical point of the functional
JonX.

Firstly, we give two preliminary results.
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Lemma 2.1 There exists a sequence {u,} C X satisfying J(u,) — co, J'(4,) — 0, where 0 <

a2

Co < 5"

Proof From inequality (5) we have

b 1
J(u)=§||u||2—2||u||4—l;/g|u|f’dx

a o, b o, 1
> —lull® = —llull® = —y2|ull’.
z S llull” = 2 lul pypll I

1
Noting that 2 < p < 2*, we can choose small 0 < p < min{[zib]%, [%]ﬁ}. Then for all
p

u € X, |lull = p, it holds that J(u) > %p* = y > 0. On the other hand, for r € R', and fixed
u#0,with [, [u? dx >0,

b 1
Jzu) - ‘—’||u||2r2——||u||4r4—|r|P—/ up dx,
2 4 p Q

then J(tu) — —o0 (|t| — 00). So there exists 7; > 0 such that u; = yu € X, ||na] > p,
J(u1) < 0. Hence, by the mountain pass lemma without (PS) condition (see [11]), we obtain
a sequence {u,} C X such that J(u,) — co, J'(1,) — 0 for

co=inf max J(u)>y >0,
g€l ueg([0,1])

where
I'={geC([0,1],X): g(0) = 0,g(1) = u1 }.

Due to

a b 1
max J(tuy) = max —||u1||2t2——||u1||4t4—|t|P—f nl? dx
te0,1] telo1] | 2 4 pJa

a b
< max{inulllztz - —||M1||4t4}

te[0,1] 4
a2
S PRl
4
2
and from the definition of ¢y we have 0 < ¢y < Z—b, O

Lemma 2.2 Under the condition c < Z—Z, ] satisfies the (PS). condition, i.e., any (PS). se-
quence of ] has a convergent subsequence.

Proof Let {u,} C X be such that J(u,) — ¢, J'(u,,) — 0. Since

b 2
2 () = ' (), ) = §||Mn||4 + <1— I;)/ |t dx
Q
b

4
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J(u,) — ¢, J'(u,) — 0, {u,} is bounded in X. By passing to a subsequence if necessary, we
may assume that there exists # € X such that

U, —~u inX,
u, — u inL’(Q),for r € [1,2%),

Uy(x) > u(x) fora.e. xe Q.

Noting that

< (/Q(W“)% dx)%(/ﬂm—umdx);

-1
= |un|z e — unlp

‘/ |22, |pizun(u - u,)dx
Q

-1 -1
<V5 ll22, 117 |u_un|p—>0 (n — 00),

using the previous conditions and the fact that

(a=bluP) / Vit V{1t = 11,) = / P01 = 105) = (] (1), 1 = 1)) = O,
Q Q
it follows
(a—b||un||2)/ Vu, -V(u-u,)dx— 0 (n— o0). 6)
Q

2
l

If there exists a subsequence of {u,} (still denoted by {u,}) satisfying [lu,|* — 7, define a

functional by

1
o) = —f lulPdx, wuelX,
b Ja
then

(@' (w),v) = / lulPluvdx, u,veX.
Q
v
Since u,, — u in L?(Q), then |u,|P~2u,, — |u|P~2u in LP-1(R2), and yet

(' (ter) — ¢/ (), ) = fg [l ~210, — a2l i

Due to Holder’s inequality, we have

‘(w’(un)—w’(u),V) 5/!Iunl"'zun—lul"’Qu!IVIdx
Q
= ‘|un|p_2un - |u|p_2u’L1 vlp
p

-2 -2
< Nl t — |uf? u|1%yp”V”'
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Thus
| () = @' )| < |14 — |u|"-2u\p%yp -0,

and ¢'(u,) — ¢'(u). While (J'(u,,), v) = (@ — bl ]|*) (0, v) = (@ Wn), v), J' (), v) — 0, and
(a - b||u,||?) — 0, hence ¢'(1,,) = 0 (n — 00), i.e.,

(fp/(u),V) = / lufP?uvdx =0, VveX.
Q
Then we have
|u(x) |p_2u(x) =0, aexcf

by the variational method fundamental lemma (see [12]). It follows from that z = 0. So

1 1
w(un)=—/ Iunl’”dx—>—/ |ul? dx = 0.
pPJa pJa

”2 _ a

b 1 2
unll* - 5 Jo lunl? dx — 4 from ||u,

2
1 [

Hence we see that /(u,) = 5 [lu, — 4. This is
a contradiction with J(u,) — ¢ < %. Then (a — b||u,||*) — 0 (n — 00) is not true and any
subsequence of {a — b||u,||?} does not converge to zero. Therefore there exists § > 0 such
that |a — b||u,||%| > § when # is large enough. It is clear that {a — b||u,||?} is bounded. It
follows from (6) that fQ Vu, - V(u—-u,)dx — 0 (n — 00). So ||u,|| — ||«|. Hence u,, — u
(n — 00) in X due to the uniform convexity of X. O

Remark 2.1 The (PS), condition is not satisfied for ¢ > Z—Z.

(1) The case ¢ > Z—z. It follows from

2

a o b a_a
T < 3 ull* =l < )

a

e This is a contradiction and the

that if {u,} is a (PS). sequence of ], then we have ¢ <
claim is proved.

(2) The casec = Z—Z. Now we suppose that J satisfies the (PS) ,» condition on the contrary,
n

that is to say, if {#,} C X is such that J(u,) — Z—z, J'(4,) — 0, then {u,} possesses a con-
vergent subsequence (still denoted by {u,}) and converges to u. Hence u, — u in L"(2),
r € [1,2%). It follows from J(u,) — g and (7) that (%[lu,)|? - &llu.|*) — Z—Z. And then
}g Jq |ual? dx — 0 by the definition of energy functional /. Noting that u, — u in LF(2),

we obtain }7 fQ |ulP dx = 0. Hence u = 0 a.e. and J(#) = 0. However, J(u,,)) = J(u) = %. This

is a contradiction and the claim is proved.
Now, we prove our main result Theorem 1.1 by using Lemma 2.1 and Lemma 2.2.

Proof of Theorem 1.1 According to Lemma 2.1, there exists {u,} C X satisfying J(u,) —
¢ >0, J'(u,) > 0 (n —> 00). By Lemma 2.2, {u,}, which is the sequence obtained by
Lemma 2.1, possesses a convergent subsequence (still denoted by {u,}) and converges to u.
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So it follows from the continuity of J and J’ that J(«) = ¢o > 0, J'(&) = 0. But J(0) = 0, there-
fore u # 0, namely u is a nontrivial solution of problem (1). a

Proofof Theorem 1.2 We only establish the existence of a nontrivial non-negative solution
for problem (1), and the existence of a nontrivial non-positive solution for problem (1) can
obtained similarly.

Define a functional by

- b 1
J(u) :=EIIMIIQ——IIuH“——/|u+|pdx, Vu € X.
2 4 pJa

Then J € C1(X,R') and

(7(u),v>=a/ Vu-Vvdx—b||u||2/ Vu-Vde—/(u+)p71vdx, Yu,v e X.
Q Q Q

From inequality (5) we have

a b 1
J) = @) = S ull® = o ull* —I—aygnunp.

So we can choose small 0 < p < min{[z"—b]%, [%]ﬁ}such thatforall u € X, ||u|l = p,J(u) >
i3

%pzzy > 0 holds. On the other hand, for t > 0 and fixed u > 0, with fglu*lpdx>0,
_ b 1
T = Sl - Jhuttet = e [ Jutf s
2 4 bJa

Then J(tu) — —oo (T — o0). So there exists 7, > 0 such that uy = yu € X, |lu2] > p,
J(u3) < 0. Hence, by the mountain pass lemma without (PS) condition (see [11]), we obtain
a sequence {u,} C X such that J(u,) — cl,f/(u,,) — 0 for

c =inf max J(u)>y >0,
g€l ueg([0,1])

where

I'={geC([0,1],X):g(0) = 0,g(1) = ur }.

Due to

2

max J(tuy) = ma)f]](tug) < m

t€[0,1] telo,

’

and from the definition of ¢;, we have 0 < ¢; < g. Similarly to the arguments of Lemma 2.2,

we can show that under the condition ¢; < %, 7T satisfies the (PS),, condition, i.e., {u,}

possesses a convergent subsequence (still denoted by {1, }) and converges to u. So it follows

from the continuity of 7 and 7 that J(u) = ¢; > 0, f,(u) = 0. But j(0) = 0, therefore u # 0.
By the mountain pass theorem, ] has a positive critical value and the problem

—(a=b [o|Vul> dx)Au = |u*P?u*, x€Q,

8
u:o, x€8§2, ()

Page 6 of 7
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has a nontrivial solution . Multiplying the equation by #~ and integrating over €2, we find
2 —12
(abll?)|u | =0,

Noting u, — u and ||u,||? -+ %, we obtain [~ ||? = 0. Hence »~ = 0 and u(x) > 0, x € Q.
Therefore, u is a nontrivial non-negative solution of (1). O
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