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Abstract

We study the nonlinear generalized Schrodinger-Poisson system:
~Au+VX)u+Kx)pgu) = f(x,u), in R, -A¢ = 2K(x)G(u), in R, where V(x) and K(x) are
non-negative functions. The function f(x, u) is superlinear. Under appropriate
assumptions on V(x), K(x), and g(u), we prove the existence and multiplicity of
nontrivial solutions by the variant fountain theorem established by Zou. Some recent
results due to different authors are extended.
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1 Introduction
Consider the existence and multiplicity of nontrivial solutions for the nonlinear general-

ized Schrodinger-Poisson system:

—Au+ V(x)u + K(x)pg(u) = f(x,u), inR3, L)

A} = 2K(x)G(w), in R, '
where G(u) := fou g(¢) dt. Setting g(u) = u, (1.1) represents the well-known Schrodinger-
Poisson system:

—Au+ V(x)u + K(x)pu = f(x,u), in R, 12)

A =K@X)u?, inR. '
Such a system arises in an interesting physical context. If we look for solitary solutions of
the Schrodinger equation for a particle in an electrostatic field, we just need to solve (1.2).
We refer the interested readers to [1, 2] for more details of the physical aspects.

With the aid of variational methods, under various hypotheses on V'(x), K(x), and f (x, ),
system (1.2) has been extensively investigated over the past several decades. See for exam-
ple, Benciand Fortunato [1], D’Aprile and Mugnai [2], Ambrosetti and Ruiz [3], Ambrosetti
[4], and the references therein.

In recent years, there has been a lot of research on the existence of solutions for system
(1.2) with f(x, %) = |u|/’'u and the potential V'(x) being radially symmetric or nonradial.
© 2014 Xu and Chen; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
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In [3, 4], the authors proved the existence of infinitely many pairs of high energy radial
solutions when 2 < p < 5, and also obtained some existence results for 1 < p < 2. Sun [5]
studied the existence of infinitely many solutions when p € (0, 1). The authors of [6] proved
the existence of positive solutions without compactness conditions if 3 < p < 5. Azzollini
and Pomponio [7] proved the existence of a ground state solution to (1.2) for 3 < p < 5.

Furthermore, Sun et al. [8] studied system (1.2) for f(x, u) being asymptotically linear
and obtained ground state solutions. In [9], Huang et al. obtained the existence of at least
a pair of fixed sign solutions and a pair of sign-changing solutions to system (1.2) involving
a critical nonlinearity. Ding et al. [10] studied (1.2) with a nonhomogeneous term, where
f(x,u) = f(u) is either asymptotically linear or asymptotically 3-linear with respect to u at
infinity. Very recently, Liu and Guo [11] studied (1.2) with critical growth and obtained the
existence of ground state solutions via variational methods.

The problem of finding infinitely many large energy solutions is a very classical problem.
There is an extensive literature concerning the existence of infinitely many large energy
solutions of (1.2). Chen and Tang [12] obtained infinitely many large energy solutions by
the following variant ‘Ambrosetti-Rabinowitz’ type condition (AR for short)

3p > 4 such that 0 < uF(x,u) < uf (x,u), foreveryx e R |u|>1,

where F(x, u) := fou f(x,5)ds. After that, in [13], the authors studied (1.2) without the (AR)
condition by the variant fountain theorem established by Zou [14, Theorem 2.1]. Later, Li
and Chen in [15] also obtained infinitely many large energy solutions of (1.2) with K(x) =1
without the (AR) condition.

By using the method of a cut-off function and the variational arguments, the authors
[16] studied the following Schrédinger-Poisson system:

—Au +eqpf () = nulP'u, inQ,
—-A¢p =2gF(u), inQ,
u=¢=0, onoas,

where © C R® is a bounded domain with smooth boundary 92, 1 < p <5, &, = %1,
f:R— R is a continuous function and F(¢) := fot f(s)ds. They proved the existence and
multiplicity results assuming on f a subcritical growth condition and also they considered
the existence and nonexistence results in the critical case. Lately, Li and Zhang [17] dis-
cussed (1.1) with V(x) and K(x) being constants and obtained the existence of a positive
radially symmetric solution without compactness conditions.

Motivated by the above facts, in the present paper our aim is to study the existence of
infinitely many solutions for system (1.1). To the best of our knowledge, the existence and
multiplicity of nontrivial solutions to system (1.1) has never been studied by variational
methods, where g is a more general function, f(x, «) # |u|’"Lu is also general, and V(x) and
K (x) may be non-radial symmetrical and non-periodic. Before we state our main result,
we list some conditions as follows, which have a role to play.

(V) V(x) € C(R3,R) satisfies inf, g3 V(x) > a > 0, where a > 0 is a constant. Moreover,
for any M > 0, meas{x € R®: V(x) < M} < oo, where meas(-) denotes the Lebesgue
measure in R3.

(K) K(x) € L®(R3,R), and K(x) > 0 for any x € R>.
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(g1) g € C(R,R) and there exist constants ¢ > 0, % < a <2 such that
|g(u)| < c(lul + Iula_l) forall u € R.

(g2) g(-u) =—g(u), Vu e R.
(g3) G(u)> 0 for all 4 € R, and there exists a constant ©%; > 1 such that

G(su) < 1Gw), Vsel0,1],

where G(u) := G(u) - ig(u)u.
(fl) f € C(R® x R,R) and there exist constants ¢; > 0, 4 < v < 2* such that

[f(x, u)| < c1(1 + |u|"_1) for all (x,u) € R® x R,

where 2* = 6 is the critical exponent for the Sobolev embedding in dimension 3.
(f2) limy, o Lew) _ g uniformly for x € R3.

u
(f3) F(x,0)=0, F(x,u) > 0 and limy, « % = +00 uniformly for x € R3.

(f4) For a.e. x € R3, there exists a constant 9%, > 1 such that
F(x,su) < 02F(x,u), V(x,u)€R® xR, and s € [0,1],

where F(x, u) = %f(x, u)u — F(x, u).
#5) flx,—u) = —f(x, u), Y(x,u) € R®> x R.
Our main result reads as follows.

Theorem 1.1 Assume that (V), (K), (g1)-(g3), and (f1)-(f5) hold; the problem (1.1) possesses
infinitely many nontrivial solutions {(ur, ¢x)} satisfying

1 2 2 1 2
5 /1;3 (IVukI + V(x)uk) dx — ) /123 |Vr|” dx

+/ I((x)¢kG(uk)dx—/ F(x,uy)dx — +00, ask— oo.
R3 R3

Remark 1.1 It is well known that the (AR) condition is used to guarantee the bound-
edness of (P.S.) sequences of the corresponding functional. However, there are functions
satisfying the assumptions (f1)-(f5), but not satisfying the (AR) condition, for instance,

f(x,t) = a(x)t3 In(1 + |t]), where 0 < infgs a(x) < supgs a(x) < co.
Remark 1.2 Li et al. [13] used

(f4) E(x,s) < E(x,t),V(s,t) e R* x R*, s <*¢.

to solve the problem (1.2). We claim that our condition (f4) is more general than (f'4).
In fact, setting ¥, = 1, we find that F(x, £) is increasing in R* with respect to t. Moreover,
the function f(x, £) = a(x)[4£3 In(1 + £*) + 4 sint] satisfies (f4) but not satisfies (f'4), where
0 < infps a(x) < supg a(x) < 0o.
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Remark 1.3 Itis easy to present many functions satisfying (gl)-(g3), for example, g(u) = u,
g(u) = us ,8(u) = u%, and so on. Moreover, setting K(x) =1, g(«) = u in (1.1), we can obtain
similar results to the problem (1.1) in [15]. But our proof is different from [15]. For this
reason, we use a small step.

Remark 1.4 Since we have the lack of the (AR) condition, in order to obtain the bounded-

ness of (P.S.) sequences (see the proof of Theorem 1.1), we assume the range of « in (gl) is

g <a <2, ie «issubquadratic, but that of reference [17] is superquadratic and there exist

some functions which satisfy the condition (f) in [17] that do not satisfy the conditions
(g1) and (g3), for example, g(u) = u>.

The outline of the paper is as follows: in Section 2, we present some preliminary re-
sults, which are necessary for Section 3. In Section 3, we give the proof of Theorem 1.1.
Throughout the paper we shall denote by C; > 0 various positive constants.

2 Preliminaries
In this section we outline the variational framework for the problem (1.1) and give some
preliminary lemmas. Define the function space

E-= {u eHl(RS) : / (|Vu|2 + V(x)uz) dx < +oo}.
R3
Then E is a Hilbert space equipped with the inner product and norm
(u,v) = / (V- Vv+ V(x)uv) dx, el = (w, u)2.
R3

Since V(x) is bounded from below, the E is continuously embedded into LI(R?) for all
q € [2,2*]. Therefore, there exists a positive constant 1, > 0 such that

lullza < ngllull, Vu€kE, (2.1)

where

1

lletl|za := (/ |u|qu>q, for any g € [1,00)
R3

is the norm of the usual Lebesgue space L(R3). Moreover, by (V), the embedding E <
L1(R3) is also compact for any g € [2,2*) [18, Lemma 3.4]. Let D"?(R®) be the completion
of C3°(R®) with respect to the norm

1

2

lullpr2 = (/ |Vu|2dx) .
R3

It is well known that the embedding D*?(R®) — L°(R®) is continuous (see [19]).
It is clear that system (1.1) is the Euler-Lagrange equations of the functional J : E x
D"2(R3) — R defined by

1 1
J(u,¢) = E||u||2—Z/Rg|v¢>|2dx+/RE1r<(x)¢c;(u)dx—fRsF(x,u)dx.
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Obviously, the action functional / belongs to C}(E x D*2(R3), R) and its critical points are
the solutions of (1.1); see for instance [1]. For any u € E, by the Lax-Milgram theorem, we
can obtain the result that the second equation in (1.1) has a unique solution ¢,,. Substitut-
ing ¢, to the first equation of the problem (1.1), then the problem can be transformed to
a one variable equation. In fact, we firstly get the following lemma.

Lemma 2.1 For any u € E, we have
(1) ¢u>0;
2) lgullpra < Calllul® + llull*);
(3) Jrs 2K(x)G )y dx < Cs([lull* + [[ul|*).
Proof By the condition (gl), we find that there exists C; > 0 such that

G(u) < Ci(|lul* +ul*), VueE. (2.2)

Then, by the Minkowski inequality and (2.1), we have

5
6 6
||G(u)|| 6 < (/ [C1(|u|2 + |u|a)]s dx)
L5 R3
= Gl + luls,)

< Co(llull® + lull®). (2.3)
For any u € E, the linear functional T, : D?(R3%) — R is defined as
T,(v) = / 2K (x)G(u)vdx.
R3

By the Sobolev embedding theorem, K(x) € L*(R?), K(x) > 0, and (2.3), we have

/ 21((x)G(u)vdx§( f (ZK(x)G(u))gdx>g( f |v|6dx)g
R3 R3 R3

<G H G(u) ”Le/s Ivilzs
< Ca(llull® + lull*) v prz- (2.4)

So, T, is continuous on D*2(R3). Hence, the Lax-Milgram theorem implies that, for every
u € E, there exists a unique ¢,, € D?(R?) such that

/ 2K (x)G(u)vdx = / V¢, -Vvdx, foranyve D" (Rs).
R3 R3
Using integration by parts, we get

/ Vo, Vvdx = —/ vA¢,dx, foranyve D"? (R?’),

R3 R3

therefore,

~A¢y = 2K (%)G(u) (2.5)
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in a weak sense. We can write an integral expression for ¢, in the form

[ KG)G()
"’”‘2/133 oy

’

for any u € C5°(R%) (see [20], Theorem 1 or Lemma 2.1 of [21]). It follows from K(x) > 0,
(g2), and (g3) that ¢, > 0, and ¢_, = ¢, for any u € E. By (2.4), (2.5), and K(x) € L*(R?),
for any u € E we get

lullprz < Ca(llull® + lul|*) and / 321<<x)G(u)¢udxsCs(||u||“+||u||2“).
R

The proof is complete. d

We consider the functional I : E — R defined by I(u) = J(u, ¢,,). By (2.5), the reduced
functional takes the form

I(u) = %Hu”z + % /R i K(x)¢,G(u) dx — /R i F(x, u) dx. (2.6)
By (f1) and (f2), for any ¢ > 0, there exists c(¢) > 0 such that, for all x € R3, u € R,

|f G, )| < 2¢lul + ve(e)ul]'™
and

|F(x, u)| < elul® + c(e)|ul". 2.7)

Therefore, by (f3), we obtain
0< /R3 F(x,u) dx < ellull7, + c(e)llullyy < Collull* + Crllul”. (2.8)
Then, by Lemma 2.1, I is well defined and is a C* functional with derivative given by
(I’(u), v) = /R3 (Vu -Vv+ V(x)uv + K(x)p,g(u)v — f(x, u)v) dx. (2.9)

Now, we can apply Theorem 2.3 of [22] to our functional / and obtain the following.

Lemma 2.2 The following statements are equivalent:
(1) (u,¢) € E x DY2(R?) is a solution of (1.1);
(2) uisa critical point of I and ¢ = ¢,,.

Since we do not assume the (AR) condition, the verification of the (P.S.) condition be-
comes complicated, so we use the following variant fountain theorem introduced in [14]
without the (P.S.) condition to handle the problem (1.1).

Theorem 2.1 Let E be a Banach space with || - || and E = EBjeNXi with dim X; < oo for any

jEN. Set Yic = B Xj, Zic = D1 Xj and By = {u € Yy : |lul] < ri).
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Consider the following C! functional v, : E — R defined by
1%\(”) = A(I/l) - )"B(M)’ AE [1’ 2]’

where A, B: E — R are two functionals. Suppose that
(F1) ¥, maps bounded sets to bounded sets uniformly for A € [1,2]. Furthermore,

U (~u) = ¥ (u) forall (A, u) €[1,2] x E.

(F2) B(u) > 0 for all u € E, and A(u) — oo or B(u) — 00 as ||u|| — oo.
(F3) There exist ry > px > 0 such that

ar(A) = inf Yy (u)>Br(A):= max Y, (uw), VAell,2]

u€Zp,llull=px ueYy, lull=ry

Then

(M) < 6x(1) := inf maxy, (y(w), Vrel[L,2],
y €l ueBy
where I’y := {y € C(By,E) : y is odd y |35, = id}. Moreover, for a.e. A € [1,2], there exists a

sequence {ufn(k)}fnozl such that

sup||ufn(k) | < o0, v (ub, (1)) >0 and (ufn(k)) — (L) asm — oo.

3 Proof of Theorem 1.1
In order to apply Theorem 2.1 to prove our main result, we define the functional ¥, on

our working space E by

Y (u) = %Hu”2 + %/ K(x)¢,G(u) dx—)L/ F(x,u)dx := A(u) — AB(u), (3.1)
R3

R3

forall u € E and A € [1,2]. Then B(u) > 0 for all u € E, A(u) — o0 as ||u]| — oo.

We choose a completely orthonormal basis {e; : j € N} of E and let X; = span{e;} for all
j € N. Then Zy, Y can be defined as those in Section 2. Note that v, = I, where I is the
functional defined in (2.6). We further need the following lemmas.

Lemma 3.1 Let (V), (K), (g3), and (f1) be satisfied, then there exist a positive integer k; and

a sequence py — +00 as k — oo such that

or(A) = inf Y (u)>0, Vk=>k, (3.2)

ueZp,llull=px

where Zj = @jokaXj = span{ex1, €x+2,---} forall k e N.

Proof Set

(k)= sup |lulljz2 and [, (k)= sup |lullpr, VkeEN. (3.3)

UEZp; [lull=1 UEZp; [lull=1

Page 7 of 12
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Since E is compactly embedded into L2(R*) and L"(R®), we have (see [19, Lemma 3.8])
IL(k)—0 and [,(k)— 0 ask— oc. (3.4)

By (V), (K), (f1), (3.1), (3.3), and the fact that ng 2K (x)¢,G(u) dx > 0, we have

1
%ﬁﬁZEHmV—A/‘Hmuﬁm
R3
1
>l = 2l + ) ul})
1
>l - 26 Bl - 2ee) K (3.5)

It follows from (3.4) that there exists a positive integer k; such that 2&/3(k) < %, Vk > ki.
Then we have

000> (5 - § )1l - 2L
= gnun2 —2¢(e)0 (k) |u]| " (3.6)

For each k > kj, choose

1
pr = (16¢()2(K)) 7 (37)
Then
ok — +00  ask — oo (3.8)

since 4 < v < 2*. By (3.6) and (3.7), direct computation shows

2

()= inf =50, vk= k. (3.9)
ueZy,llull=pg 4

The proof is complete. O

Lemma 3.2 Under the assumptions of (V), (K) and (f1)-(3), then for the positive integer ky
and the sequence {py} obtained in Lemma 3.1, there exists ry > py for each k > ky such that

Bi(X):= max Y, (u) <0 foriell,2],Yk>k,

u€ Yy, lull=rx
where Yy = @]ILIX, = spanf{ey,...,ex} forall k € N.

Proof 1Tt follows from (f3) that, for any M > 0, there exists § = §(M) > 0 such that, for all
x€R®, ul > 8,

F(x,u) = Mlul*. (3.10)
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From (f1) and (f2), there exists Cg = Cg(M) > O such that, for all x € R® and 0 < |u| < 6,

If(x’u)mf .
|u|?

Then, by the mean value theorem, for all x € R%, 0 < |u| < §, we obtain

’F(x, u)| < %mlz. (3.11)
Set C=MS + %, combining (3.10) with (3.11), we get

F(x,u) > Mlul* = Clul>, Y(x,u) €R® xR. (3.12)

For u € Yy, by Lemma 2.1 and (3.12), we have

1 Cs
V() < 5||u||2 + Z(nun‘L + lull*) —/ F(x,u)dx
RB
1 Cs .
< 5||u||2 + Z(nun”‘ + ull*®) = Mllull s + Cllull?,
1 Cs -
< 5||u||2 + Z(nun‘L + [l *) = MCslull* + CoCllul®, (3.13)

where in the last inequality we use the equivalence of all norms on the finite dimensional
subspace Yj. Let us choose M large enough such that % —MCq < 0. Then, when M is fixed,

C is also fixed. Since % <o <2, we can choose ||u|| = rx > pr > 0 such that

Bi(A):= max Y (u)<0 forie[l,2],Vk > k.

u€Ypllull=rg
The proof is complete. d

Proof of Theorem 1.1 It follows from Lemma 2.1 and (2.8) that ¥; maps bounded sets
to bounded sets uniformly for A € [1,2]. By (g2) and (f5), ¥, (—u) = ¥, (u) for all (A, u) €
[1,2] x E. Thus, it follows from Lemmas 3.1 and 3.2 that the conditions of Theorem 2.1
are satisfied. Hence, for a.e. A € [1,2], there exists a sequence {uX,(1)}%, C E such that

sup | us, (1) < o0, v (uf,(\)) > 0 and

(3.14)
Vi (V) = k() = au(h) = @ as m — oo,
where
k(1) == inf max v, (y(u)), Vie[1,2], Gx = P4 — 0o, ask— 00
yely ueBy
with By = {u € Yy : lull <ri}and Ty := {y € C(By, E) : y is odd, y |35, = id}.
Furthermore, it follows from the proof of Lemma 3.1 that
sk(A) € [ak, Gk]  forall & € [1,2], (3.15)

where ¢ := maxyep, ¥1(u).
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In view of (3.14), we can choose A, — 1 with A, € [1,2] and obtain the corresponding

sequences {u’,‘n(kn)} (denoted by {u,,}) satisfying

sup || < 0o, v, () — 0 asm — oo, (3.16)
m

Claim 1. The sequence {u,,} has a strong convergent subsequence.

Set d(u) = [, 2 F(x, u) dx. It follows from (2.8) and the Sobolev embedding theorem that
® is well defined and @’ : E — E* is compact, where (®'(u),v) = ngf(x, u)vdx for u,v € E.
By (3.16), without loss of generality, we may assume

Uy — Uy AS M —> 00, (3.17)

for uy € E. By virtue of the Riesz representation theorem, ¢’ : E — E* can be viewed as
@' : E — E. We obtain from (2.6) and (3.1) that

U =, () + 2n @' (), Vm eN. (3.18)
By (3.16), (3.17), and the compactness of @' : E — E, the right-hand side of (3.18) converges
strongly in E. Hence u,, — ug in E. We may suppose u,, — u*(1,) (denoted by {u,}) as
m — 00; then we obtain from (3.15) and (3.16)
vy (un) =0, Y, (uy) € [, Skl (3.19)
Claim 2. The sequence {u,} is bounded.
If not, without loss of generality, we suppose that ||u,|| — co. Let w,, = IIZ_ZH’ then, up to

a sequence, in view of the compact embedding of E into LI(R%), 2 < q < 2*, we have

w, — wo weaklyin E,
w, — wo  strongly in Lq(RS),Z <g<2%, (3.20)

wa(x) = wo(x) a.e.x e R
Case 1. wy = 0 in E. As in [23], we choose {¢,} C [0,1] such that
Vi (Enthn) = max Vi, (E1tn).
For any D > 0, we set w,, = V4Dw,,. By (2.8) and (f3), we have
0< /1;3 F(x,w,)dx < /1;3(6|ﬁ/y,|2 + c(8)|ﬁ/n|") dx— 0 asn— oo.
Then, choosing # sufficiently large such that

Vi) = 1, ) 22D+ / K®)a, Glin) dx — / Flx, i) dx = D.
R?’ RS

Page 10 of 12
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Thus, lim,,_, o Y3, (£,4,) = 00. In view of the choice of t,,, we know that (I/I}/m (tuthn), tolhy) =
0. Then, by (g3) and (f4), we have

1
o0 < lﬁxn (tnun) = WA,, (tnun) - Z(W}in (tnun); tn”n)
1 tattnl® 1 K G(¢ 1 battn)t d
= Z” aln|l” + 5 ‘/1;3 (x)¢tnun|: ( wlhy) — Eg( nlhn) nun] X
+ )\n/ [lf(xr buthn)bathy — F (%, tnun)] dx
R3 4
L 119 K G L d
<l + 20, / 3 (x)mn[ (1) - Zg(un)un} x
+Anz92/ [lf(x,un)un—F(x,u,,)] dx
R3 4'
< L+ 50 [ K| Glun) - Gt |
=2 n 9 e un n 4 n)hn
+A,,L9/ [lf(x,un)un—l-"(x,u,,)] dx
R3 4'

= Wxn(un) -0

4 (I/I):,, (un)’ un) € [&k’ S:k]’

where ¥ = max{t, 9,}. This is a contradiction according to (3.19).
Case 2. wy # 0 in E. On the subspace Q := {x € R® : wy(x) # 0}, combining Lemma 2.1,
(3.1), (3.20) with (f3), by Fatou’s lemma, we have

1 fRS K(x) G(Mn)d)un dx %n (#4)

2IIMnII2 2] Ju,||* fla, 1%
F(x,u
:A,,/ ( Z)dx
2 Ul
F(x,u,)
> Ay /| wpl* |( |4" — +00
}’l

as n — 00, a contradiction to (3.19) again. Then {u,} is bounded in E.

In view of Claim 2 and (3.19), using similar arguments to the proof of Claim 1, we can
also show that the sequence {u,} has a strong convergent subsequence with the limit %*
being just a critical point of I = v/;. Obviously, I(u®) € [éx, &]. Since & — +00 as k — oo,
we know that {u(k)},f‘;1 is an unbound sequence of critical points of functional I. Thus, the

proof of Theorem 1.1 is complete. 0
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