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Abstract

In this paper, we are concerned with the Cauchy problem for the modified Novikov
equation. By using the transport equation theory and Littlewood-Paley
decomposition as well as nonhomogeneous Besov spaces, we prove that the Cauchy
problem for the modified Novikov equation is locally well posed in the Besov space
B, with1 <p,r <+ocand s> max{1 + ;3, %} and show that the Cauchy problem for

the modified Novikov equation is locally well posed in the Besov space 53{5 with the
aid of Osgood lemma.
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1 Introduction
Recently, Zhao and Zhou [1] considered the exact traveling wave solution to the following

modified Novikov equation:
Up — Upp + 20ty = 3ttty + U Uy (1.1)
We recall that the Novikov equation
Up — Uppy = U Uy + SUl Uy — Q0% 11, (1.2)

was discovered by Vladimir Novikov [2] and it possesses the bi-Hamiltonian structure,
infinite conservation laws. The well-posedness and blow-up of the Cauchy problem for
the Novikov equation in Sobolev spaces and Besov spaces have been investigated by some
authors [3-7]. The weak solution of the Cauchy problem for the Novikov equation has
been investigated by some authors [4, 5, 8]. Recently, Li and Yan [9] considered the Cauchy
problem for the KdV equation with higher dispersion.

We define Py (D) = 0,(1 - 92)™ and P»(D) = (1 - 92)™". By using the fact that G(x) = 3¢~
and G(x) * f = (1 - 92)7!f for all f € L*(R) and G * y = u, we can rewrite (1.1) as follows:

4 1 3 1

u + wtuy + PL(D)| —u® — =P + —uuﬁ + Py(D) —ui =0, t>0.
5 3 2 2
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Now we consider the following problem:

4 1 3 1

up + g + Pi(D)| —u® — —1® + —uu | + Po(D)| =12 | =0, £>0, (1.3)
5 3 2 2

u(x,0) =up(x), x€R. (1.4)

To the best of our knowledge, the well-posedness and blow-up of the Cauchy problem
for (1.3) and (1.4) in Besov spaces are open up to now. More precisely, in this paper, mo-
tivated by [10, 11], using Littlewood-Paley decomposition and nonhomogeneous Besov
spaces, we prove that the Cauchy problem for (1.4) is locally well posed in the Besov space
B,, with s > max{1 + }9, %} and we give a blow-up criterion.

To introduce the main results, we define

E; (T)=C([0,T};B;,,) N C'([0, T]; B})) ifr<oo,

E;, (T)=1>(0,T;B;,,,) NLip([0, T1; B},).
The main results of this paper are as follows.

Theorem 1.1 Let1l <p,r <ocoands> max(%, 1+ 117) and ugy € B;,r‘ Then there exists a time
T > 0 such that problem (1.3) and (1.4) has a unique solution u in E;',(T). The map ug — u
is continuous from a neighborhood of uy in By, into C([o, T];B;:r) NCY([o, T]; B;;l)for every
s’ < s. When r < 0o, the solution to problem (1.3) and (1.4) is continuous in E;,,(T).

Theorem 1.2 When ug € Bgff, (1.3) and (1.4) is locally well posed in the sense of
Hadamard.

The remainder of this paper is organized as follows. In Section 2, we give some pre-
liminaries. In Section 3, we establish local well-posedness of the Cauchy problem for the

generalized Camassa-Holm equation in Besov spaces. In Section 4, we prove Theorem 1.2.

2 Preliminaries
In this section, the nonhomogeneous Besov spaces and the theory of transport equation
which can be seen in [10-13] are presented.

Lemma 2.1 (Littlewood-Paley decomposition) There exists a couple of smooth radial
functions (x,¢) valued in [0,1] such that x is supported in the ball B = {£ e R”, |§| < %
and ¢ is supported in the ring C = {§£ € R”, % <&l < g}. Moreover,

VEER", x(E)+) ¢(27%)=1

geN
and

Supp(27%) NSuppp(27) =0 if|q-q| =2,
Supp x () N Suppp(277-) =4 iflql > 1.
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Then, for u € 8'(R), the nonhomogeneous dyadic blocks are defined as follows:

Au=0 ifg<-2,
Au=x(Dyu=F " x Fan,

Agu=¢(279D) = F'p(27%) Fau ifq> 0.

Thus u =3, Aguin 8'(R).
Remark The low frequency cut-off S, is defined by
q-1
Squ=Y_ Au=x(2D)u=Fx(27%)Fu VgeN.
p=-1
It is easily checked that
ApAu=0 iflp—gq|>2,

Ag(SpauA,v) =0 if |p—ql >5,Vu,ve 8'(R)
as well as
I Agulle < llullre, Squlle < Cllulle, VY1<p<=<+00

with the aid of Young’s inequality, where C is a positive constant independent of g.

Definition (Besov spaces) Let s € R, 1 < p < +00. The nonhomogeneous Besov space
By, ,(R") is defined by

B;,,(R”) ={fesR): Iflls, = 2 Af

rary = [ (2(15||Aqlf||w)%1 y <00}

In particular, By = MNiser By, LetT>0,s€R and 1 < p < 00. Define E, . = Nrs0 E;’V(T).

Lemma2.2 LetseR,1<p,r,p;1 <00,j=1,2, then:
(1) Topological properties: B,, , is a Banach space which is continuously embedded in
$'(R).
(2) Density: C° is dense in B,, & 1=<pr<oo.
sk -k

-2
(3) Embedding: B, , —> Byt P ifpr <psandr <r,.

1,71

5 51 .
By, < B, locally compact if s1 <s».

(4) Algebraic properties: ¥s >0, B, . N L™ is a Banach algebra. B,, , is a Banach
algebra < B, , — L™ & s> }’ or (s> % and r =1). In particular, BY; is
continuously embedded in BY2, N L™ and By> N L* is a Banach algebra.

(5) 1-D Moser-type estimates:

(i) Fors>0,

Wfelzy, < C(IF gy, gl + Iz ligllss,)-
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(ii) Vs1§i<52 (522}’ ifr=1) and s, + s, > 0, we have

115y, < CIf Iy gl g

(6) Complex interpolation:

% -0
I llgssa-oms < I Wy Nglld s F € By, N B2, ¥0 € 10,1,

Do

(7) Real interpolation: V0 € (0,1), s > s3, s = 051 + (1 — 0)s, there exists a constant C
such that

c®)

1-6
U <
el < -

0
il Nalys Ve B

P00

In particular, for any 0 < 6 < 1, we have that

6 1-6
< <
ol gyz = IIMllegl,g = C(9)IIMIIB%OIIMI B2 21

(8) Fatou lemma: if (un)nen is bounded in B, and u, — u in 8'(R), then u By, and
el s, . < Liminf |z, |l gs, ..
pr n—s 00 pr

(9) Let m € R and f be an S"-multiplier (i.e., f : R" — R is smooth and satisfies that
Ya € N”, > a constant Cy, s.t. |3, (£)| < C,(1 + |E])" ! for all & € R"). Then the
operator f(D) is continuous from By,, to B, ". Notice that Pi(D) is continuous from
B, to By ! and Py(D) is continuous from B;, . to B;jrz.

(10) The usual product is continuous from B3\* x (By% N L) to By 2.

(11) There exists a constant C > 0 such that the following interpolation inequality holds:

V132

Wl a2 < Clif lgu2 In| e + = ).
Py = Wl e+
2,00

Lemma 2.3 (A priori estimates in Besov spaces) Let1 < p,r < oo and s > — min(}?, - 1%).
Assume that f € B;,,, F € L'(0, T; B}, ) and 9,v belongs to L'(0, T;B;}) if s >1 + }9 or to
LY(0, T; Bll,{f N L) otherwise. If f € L*(0, T;; B;,,) N C([0, T]; 8'(R)) solves the following 1-D

linear transport equation:

fe+vfy=F, (2.2)
f(xr 0) :ﬁ)’ (23)
then there exists a constant C depending only on s, p, r such that the following statements

hold:
1) [fr:lors;!1+}g, then

t t
Flls, < ollsy, + / |E@)],, dr+cC / V@], de
0 pr 0 pr
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or hence,

t
fllsg, < eV (I[follg;, + f e ONE@)] dr) (2.4)
A ,

with V(e) = [y 1V(O)l| g oo AT if s <14 3 and V(£) = 5 1va(0) | g1 dT else.
12 ”
(2) Ifs<1+ }%,fo’ € L® and f, € L>°((0, T) x R) and F, € L'(0, T; L*®), then

0l + 0]

t
< eCV(t)<|[f0||B;,r + |[foxll oo +/ 5CV(T)[||F(‘L’)
0

s, |E] ] ar)

with
t
V(D)= /0 30 gy

(3) Iff =v, then for all s > 0, (1) holds true when V(t) = fol Ve(T) |l oo d.
(4) Ifr<oo,thenf € C([0, T];B;’r). Ifr = o0, then f € C([0, T];B;/,l)for all s <s.

Lemma 2.4 (Existence and uniqueness) Let p, r, s, fo and F be as in the statement of
Lemma 2.3. Assume thatv € L*(0, T; B2 for some p > 1and M > 0 and v, € L'(0, T; B;,jrl)
ifs>1+ 117 ors=1+ 1% andr=1andv, € L'(0, T;B;{go NL®)ifs<1+ }9. Then problem (2.2)
and (2.3) has a unique solution f € L*°(0, T; B;’r) NNy C(o, T];BIS;‘I)) and the inequali-

ties of Lemma 2.3 can hold true. Moreover, if r < 0o, then f € C([0, T];B;Y,).

3 Proof of Theorem 1.1
By using the following six steps, we will complete the proof of Theorem 1.1.

First step: Approximate solution. We will construct a solution with the aid of a standard
iterative process. Starting from #(?) := 0, by the inductive method and solving the follow-
ing linear transport equation (3.1) and (3.2), we derive a sequence of smooth functions

(") nen
[0, + (1), ]u — _plua)[g(uwf Ly e (ugp)z}
—pz(D)[%(u;”))B], (3.1)
u"(x,0) = ul™V = S, 1. (3.2)

It is easily checked that S,,1u0 € B;f’r, by using Lemma 2.4 and the inductive method, for
all n € N, we have that (3.1) and (3.2) has a global solution which belongs to C(R*,B;?r).
Second step: Uniform bounds. We will prove

C g ™2, dr C [ cliium dr
(n+1) o, = o, () |3
[P (2) B, = pr ol + = | e e || 5, 7
C (' cfiiu™i dc 5
+— [ e Bor ||l u™ |, de (3.3)
2 0 BP:’

forall n € N.
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Combining (2.4) of Lemma 2.3 with (3.1), we have

C [ M@ llgs  dt’
B, =€ P Nluo s,

t t (M)\2) (4 ,
C t dt
+/ (I MW g, | E(, u)
0

” M(VHl)(t)

dr,

B

where

F(u",u}) = Pl(D)[é(u(”))5 - —(u(”))3 + —u(”)(u;”))z] +P2(D)|:%(u

5

When s > max{1 + 117, %}, by using (4) in Lemma 2.2, we have

[ @), = I
|F (), u) 5, < c[|u Zp + [|u Z;,,]'

Combining (3.6)-(3.7) with (3.4), we have (3.3).
Let T > O satisfy

. 1 1
T< mln{iz, —},
16C””0”B;,,, C

2
e P . —
Bor = (1-16Clluo 3, D'
By using (3.9), we have

- d(]—lGCHuollf;S ?)

S L 2 1
C a2, () dt 4/1' 1-16Clug % ¢ 1- 16C||M0||BS T\ 7
e fr B;a,r < BS D,

<e pr = —
1-16C]luo |13,
D,r

When t =0 in (3.10), we have

1 1/4

CUM0) < . )
1-16C|uol% ¢
pir

By using (3.10) and (3.9), we have

C [t i@z, a 5

sl o o), de

2 0 pr
16C||M0||}33;,’r

1 t
< (1-16C|luo?s ¢t ‘1/ drt
( 1) 0 (1-16Clluol2, 7)7
pr

4 1 s
- g||uo||g§7’r(1—16C||uo||;§;,r;:) *[(1-16Clluollg, ) * -1]-

With the aid of the mean value theorem, we have

_5
[(1-16ClluolFy )" = 1] =20C]uol3y (1 -£)~",

(n
x

))3].

(3.4)

(3.5)

(3.6)

(3.7)

(3.10)

(3.11)

(3.12)

(3.13)

Page 6 of 11
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2
16C||u0||B;’rt <&E<1L

Combining (3.13) with (3.12), we have that

5
C t ¢ 5” (n)(t/)llz dr’ 16””°”BS,Ct
—f e el Bpr Hu(")(r) ]535 dr < = . (3.14)
2 Jo P (1-16Clluols t)>?
p,r
Inserting (3.10)-(3.14) into (3.3) leads to
2|luo iz,
”M<n+1)(t) ”B,%,r < i (3.15)

(1= 16C1luo |3, O

Consequently, (u"),.cy is uniformly bounded in C([0, T];B;,,). By using the fact that B;}l

with s > max{1 + 1%, 2} is an algebra and By, — B;jrl as well as the definition of the Besov

spaces B¢, we derive that

pr’
R ] e 7 o e P
< Clu [, |,
8Clluo 3 )
< L (3.16)

< -
(1-16C|uo |3, &)}

Since s > max{l + 117, %}, which leads to that B;Trl is an algebra, by using the S~'-multiplier

property of P;(D) and the S~2-multiplier property of Py(D) as well as (3.8), we have

C 3 5
[E G, ) gga = 5 L, + 15,1
ll240]13 4luo 13
< 4C[ TR NG } (317)
(1—16C||u0||]233 t)? (1—16C||u0||123s t)?
pr br
Consequently, combining (3.1) with (3.16) and (3.17), we derive that
3lluoll} 4luol3
”@“”E154c[ B, B 5], (318)
o (1—16C||M0||123;’rf)7 (1—16C||u0||12315”t)7

which yields («), € C([0, T]; B, ,) N CX([0, T]; B3 ).

Third step: Convergence. We will derive that (x%), is a Cauchy sequence in
C((0, T}; By).

For m,n € N, from (3.1), we have

5
(u(n+m+l) _ u(n+l))t + (u(n+m))2(u(n+m+l) _ u(n+1))x _ Z Tk; (3.19)
k=1

Page 7 of 11
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where

R O |

£ = Lo - (')

3
Ts = _EPI(D)[(M}HM _ M”) (u;n+m))2],

1= 2n ) - ()

X

T = =5 PO (), - ()]

T6 _ [(u(n+m))2 _ (M(n))z]uirnl).

When s > max{1 + }7, %}, by using the S™! multiplier property of P;(D), the S~2 multiplier

-2

property of P,(D) and B} ! < Bj ?, we have

1Tyl < Clu™™ = o,

where 1 <j <6, N. Since Yn € N, we have

” " I, < 2lluoll 5,

w”| g =< T
Q- 16C||Mo||%;;”f)2

By using (3.20), we have

6
YT
1

j=

6
<> ITlg
j=1

By
2
4lluolly

o] [ L N —
<C]| Bty _ 16C o % ¢t
pr

When s #2 + }19, from Lemma 2.4 and (3.20), we have

” (u(n+m+1) _ u(n+1) (t) “ Bf;}

- eCW(mm)(t) ” (u(n+m+1) _ u(n+1))(" 0)

-1
By

t 6
(n+m) (p)_ (n+m)
+ C/ eCW ) () —-CW M) () E "T}”B;;rl df,

0 =

where

t
wrn) = [y e
0 Bj,NL®

(3.20)

(3.21)

(3.22)

(3.23)

Page 8 of 11
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ifs—1<1+1%and

W’Hm(t) _ A ||ax(u(n+m))2(l_)

o dt
B

(3.24)

ifs—1>1+ ’%. From (3.23),ifs—1<1+ }j,byusingB;}l > L™ withs>1+ }g,we have

t
W) < C / [u @) dr.
0 T

From (3.25),ifs—1>1+ i, we have

t
W;“m(t)f C/ ||M(n+m)(_’:)
0

2
dr.
Bpr

It is easily showed that

n+m
Y Aguo| = C27"lluollgyy-
q=n+1 B;—rl

Inserting (3.25)-(3.27) into (3.22), we have

” (u(n+m+l) _ u(n+1))(t)

By}
t
<Crp <2—n n / ” (u(n+m) _ u(n))(t)HB;,’l dt).
0 L,
We define

Wik(0)= | () )0

Wu(t) = sup Wn,m(t);

meN

W(¢) = lim sup W, (8).

n— 00

Combining (3.28) with (3.29)-(3.30), we have that
t
W) =C [ w0
0

From (3.31) and (3.32), by using the Fatou lemma, we have that

~ t ~

W(t) < Cf W(t)dr.

0

Applying the Gronwall inequality to (3.33), we have that

W () < eCW/(0).

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

Page 9 of 11
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From (3.31), we have that W/(O) = 0. Thus, W(t) = 0. Consequently, (u"), is a Cauchy
sequence in C([0, T],B;,rl), moreover, (#), is convergent to some limit function u €
c([o, T]'BH

When s =2 + , by using (6) of Lemma 2.2, we derive that

[ D)0

_ ” (u(n+m+l) _ u(n+1))(t) ” Ll
L¥By,"

) -0,

< H (u(n+m+1) _ Lt (n+1) )(t) || 1+ [“ (n+m+1) || 2+}7 + ”u n+1)(t) || 2+ ]1—9
By,” 5

IA

(u(n+m+1) n+1)) (t) ” LooBSZ

D, 12 V
< (@) 2 [y + 0] g1 39
pr pr

where

(m(1e3)1103) me(o5205)
si€|max{l+—,-)-1L1+—), Sell+—,2+—).
p2 P p p

Consequently, (z?),, is a Cauchy sequence in C([0, T'; By, 1) and (#™),, converges to some
limit function u € C([0, T];B;;,l .

Fourth step: Existence of solution in E;yr(T). Existence of solution E;”(T) can be proved
similarly to [11].

Fifth step: Uniqueness of solution. We consider case s #2 + % and case s =2 + 117, respec-
tively. In fact, this can be proved similarly to [14].

Sixth step: Continuity with respect to the initial data. Continuity with respect to the
initial data can be proved similarly to [6].

4 Proof of Theorem 1.2
Since BB/ 2 and BY/? 21 are Banach algebras, by using a proof similar to (3.3), we can prove that

C o 11515 C [t Chigpdr 3
(n+1) B
0l e g 5 e [ 332 e
C [t Chid™P 3/2
+ & / e |y de (4.0)
2 Jo
for all n € N. We assume that
1 1
remnf L 1) s
16C||140||Ba/2 c
2,1
2lluol 3
(n) 2,1
u(t < . 4.3
” ( )”33/12 ~(1- 16C||Mo||12;3/2t)1/2 (4.3)
2,1
By a proof similar to (3.15), we can prove that
2|l g2
”u(ml)(t)”Bg/z < (4.4)

1- 16C||bto||23/zlf)”2
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Thus, (4®), is uniformly bounded in Bg/lz From (3.1), by using (4) in Lemma 2.2, we can

prove that (uE")) » is uniformly bounded with respect to # in By}

Consequently, (u™), € C([0, T];B32) N C([0, T1; BY}).

We define
pui(t) = [ (™ ) (©)] gy (4.5)
pn(t) = sup pn,m(t): (4'-6)
meN
p(t) = limsup p,(¢). (4.7)
n— 00

By a proof similar to [15], we derive that

p(t) =0, (4.8)

and with the aid of (2.1), we can prove that (x”), is a Cauchy sequence in C([0, T] ;Bé{ D).

The rest of Theorem 1.2 can be proved similarly to [13, 15].
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