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1 Introduction

One of the central theorems in the approximation theory is a Korovkin-type theorem. It is
studied in various function spaces and in the various forms of convergence, starting from
standard convergence [1, 12, 18, 27, 29], statistical convergence [3, 9, 10, 16, 23], power
summability form of it [4—8, 24], and many other forms. In this paper, we will study the
kind of the modified (p, g)-Gamma-type operators, and for these operators, we will prove
the Korovkin-type theorem and some direct results by considering the modulus of conti-
nuity and modulus of smoothness and their behavior in Lipschitz-type spaces. In Sect. 3,
some results in the weighted spaces are given, and in the end, some shape-preserving prop-

erties are proven. In [25], the following Gamma-type operators were introduced:

Gn(f,x):/ 1<n(x,u)f<f> du, (1.1)
0 u
where
xrz+1
In X - —XU n’ , .
K, (x, 1) F(n+1)e u x € (0,00)
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Later one, in [29], the above operators have been modified to the following form:

Gu(f,x) = / OoKn(x, w)f (nu) du, (1.2)
0
where
K, )_Lﬁ-ﬁ -n—4 € (0,0)
,,x,u—r(n+3)e u "t x , 00).

Recently, in [21], the above operators have been modified as follows:

Gng(frx) = /(;Z K, 4(x, u)f([n]qu))dqu, (1.3)
where
n+l1
Kg(,u) = %E(—qx/u)u’”"}, x € (0,00).

For any function f, the (p, q)-derivative is given by (for example, see [11, 19])

(px) —f (gx)

Dmf(x):f w—ax x 70,

and in case where f is differentiable at 0, then D, ,f(0) = f'(0). We know that

Pn - qn ‘ . n [n]p,q!
nlyq = , nlyq. = , 0],.,'=1, e T e T
[ ]qu p—q [ ]qu E[]]P:q [ ]qu (k)p . [k]p,q![n _ k]p,q!

for all 0 < k < n.In [13], it is proved that (Theorem 1)

n+l ARG n—k+1 n
= . 1.4
pq pq pq

Based on this relation, we have

Lemma 1.1 The (p, q)-factorial satisfies the following relation:

[+ 1], =p*n- 1pg + [2]pg - gL

Proof From relation (1.4) and definition of the (p, q)— factorial, for k = 1, we get

n+1 5| 7 a1 | 7
= +
|: 2 :| ! |:2:| ! |:1:|
rq rq rq

m+1llpg v’ q!

(n=1]pg[2]pg  [2lpg ' (n— 1]1701’

and we obtain the desired result. O
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Some relation related to the p, g-exponential function and p, g-integral are given by the

following relations:

[} qk qk
/f(x) dpgx=(p—q)x Zf<pk+1 x) :

k+1
k=0 P

Further, the p, g-Gamma function is given by

o0
Fp,q(n):/ u”_lEp,q(—qu)dp,qu.
0

It is known that the following relation is valid (Proposition 3.3, [26]):

Lpq(x+1) = [x]pglpq(®),

for every x.

In this paper, we introduce modified (p, g)-Gamma-type operators:

[o¢]
GEfll;I)ﬂ,q(f’x) = /0 Kip.q(%, "‘)f([”]p,q”) Ap.qh;

with

n+3

pgx qx\ _n-a
Kypgx,u)= ———E, .| —— .
S TS (- )

(1.5)

(1.6)

(1.7)

Remark 1.2 Our operators are a generalization of the operators given in [29]; for p — 1,

we obtain their class of operators. For p € (0,1) and g = 0, we obtain operators defined in

[21].
Now, we give some basic results.

Lemma 1.3 For p,q € (0,1) and x € (0, 00), the operators G;{;,q satisfy

G, (u*,x) (1], Tpq(n +3 - k) "
. u, = - - j ’
. Ty,(n+3) 1—[1/;01 (n+2—jlpg

Proof By setting ¢ = x/u, we have

o0 n+3
k pax qx\ _,-a k
ngl;}a,q(”‘ %) = /O Ty + S)Em(‘ » )” " ([n)pqh)” dpqu

pabil

k—-n—4
= u E, (—qx/u)d,  u
Tpqam+3) Jo va.—q P4
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[n]} % f°°
=21 | 2 KE, (—qt)d,,t
Tpq(n+3) Jo P b
~ [n];quf‘p,q(n +3-k)
[pq(n+3)
as required. O

As an application of the above Lemma, we have

Corollary 1.4 Forp,q € (0,1) and x € (0, 00), the operators Gﬁ,l;},,q Sfulfill
(1) Giipg(Lia) = 1,

(1) _ Inlpgx
(2) Gupg(u,x) = [n+gi,q,

W 2oy e
(3) G, %) = T+ lpgln2lpg’

Q) 3y (3R
(4) Gupq(u®,x) = g 120"

A ;a4 .y [n]5,%*
(5) Gipqg(u®,x) = =g [+ g 1+ 20pg *

Proof The first one is obvious. For the second, we have:

[1],oxT g (1 + 2)
il = T2
rq

From relation (1.5), we obtain

_ [nlpgxTpg(n+2)  [nlpgalpg(n+2)  [n]pgx
e Cpg(n+3)  [n+2plpg(n+2)  [n+2]y

Similarly, we obtain

2,2
GY (uz,x) = %,
[+ 1pg[n + 2] g

2,3
ngl‘) (us’x) - %,
P (1 + 1] pg[n + 2] g

3 4
[n],,x

O

nmp.q

(1) 4 _
G (") = [ — gl + gl + 21

Asaresult of Lemma 1.3 and the linearity of the operator Gi,l;g,,q, we obtain the following:

Lemma 1.5 For p,q € (0,1) and x € (0, 00), the operators GS,I;I),,q satisfy

6 ) -3 (V) e
A e o j ]_[’l;é [n+2- i]p,q'

j=

Lemma 1.6 For p,q € (0,1) and x € (0, 00), the operators Gg,l;},,q satisfy
(1) G(l) ((l/l _x) x) _ [n]pq(l_pz)_[z]pqqnx
mpa ’ [1+20g ’
) Gl 2 ) = Pl Dl Bl 2
P ’ n+1]pg[n+2]pg
(1) 3 _ [Vl]pq(*z[n]pq+(3fp2))[”*Hpq)*[z]pq[’Hl]pqqn 3
(3) Gupg((u—%)°,x) = [+ 1pg 2] g x5

)
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4 [Vl]pq [”]pq*z[n]pq[n 1]pq+(l72 )[n— l]pq[”l*l]pq)ﬂz]pq[’l 1]pq[n+1]pqq 4
(4) G —2)* %) = (n=T0pg [+ g1 +21pq X

Proof Applying Lemma 1.1 and Lemma 1.5 will give:
(1) _ ~) _ [nlpgaTpg(n+2) [n] [n+2]
(1) Gupg(( = %),%) = Grp g (%) —x = plqu(fis) x= p[tfHZ]pq s
[Vl]pq*(ﬁz[”]pqﬂz]pqqn)x _ [Vl]pq(lfpz)*[z]pqqn
[n+2]pq - [n+2]pq

[;fl]lz,qx2 —2x2 [n]pq [n+1]pq+x2 [n+1]pq[n+2]pq _
[n+1]pg[n+2]pq -

(2) Similarly, we obtain: (l.g,q((u -x)%,x) =
[1]pg ((W]pg+(P*=2) 1+1]pg)+(2]pgn+1]pgq" X2
[n+1]pg[n+2]pq

(1) 4 [Vl]pq([*’l]pq+2[”l]pq[” 1]pq+(l72 )[1=1]pg[n+1]pg)+[2]pg[n— 1]pq[n+1]pqq 4
(3) Gupg((u—%)%x) = [n—1lpg 1+ g (1+20pg X 0

Remark 1.7 Throughout this paper, we assume that (p,,) ey and (,) ey are two sequences
such that 0 < py,, g, < 1, pu # gn, satisfying lim,,, oo p, = lim,, .0 g, = 1, lim,,, oo p); = @ and
lim,,_, . g}, = B, where 0 < @, B < 1. Then, from Lemma 1.6, we have

; e
nlglgo[n]lﬂm% mpn,gdn ((M x) x)
(M pq, (1 = 13) = [2)p,.0.4,
nmoon T (1 +2]p,4,

nli)rgo[n]pn qnG oo ((u _x)Z’x)

nPnqdn

x = (20 — 48)x,

[n]pn,qn([n]pnv(in + (pg - 2) [Vl + l]pn,qn) + [2]pn,qn [I’l + I]Pn:qanxZ
n—00 ’ [}’l + l]pn,qn [Vl + 2]pnvqn

nliglo[”]qug;;)a,q (e —2)°x)

[”]pq(_z[”l]pq +(3 —Pz))[”l + l]pq) - [z]pq[n + l]pqqn e

= li = (20 — 4B)x°,
nim[ lng 1+ 1]pg[n + 2] g (20 —4B)x
nli)ngo[n]lgnﬂn qul;l)an,qn ((u - x)4! x)

(Mlpg (1), + 201 pg (1 = 1 pg + B = )1 = Upg 1 + pg) + [2]pg [ = g1 + 1] p0q" S

(1= 1]pgln + 1] pgln + 2] 4

Next results prove the Korovkin-type theorem for the Gf};l),,q. The Korovkin-type theo-
rem and its versions are widely studied; see, for example, [2-9, 17, 20, 23].

Theorem 1.8 Let Gﬁ,l;l),,q be a sequence of positive linear operators defined on C[0, 00), such
that for every i € {0,1,2},

hm || anﬂ o (e;;%) —e; || =0, (1.8)
where e; = x'. Then, for every f € C[0, 00),
nll}/go ” G"Pn Qn(f x f” = (19)

uniformly for every x € [a, b] C [0, 00).

Page 5 of 19
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Proof From Corollary 1.4, we have

|Gl 4le0ix) — o] =1-1=0,

1]y, q,%
||G(1.) (el;x)—eIH = | 2™l =0
[+ 21,0,
and
168,023
mpnsgn N\~
2,2
— [H]annx _x2 -0.
[I’l + l]ann [}’l + 2]Pn4n
The proof of theorem follows from the Korovkin theorem [1]. a

2 Some direct results
With B[0, 00), C[0, 00) and Cg([0, 00)), we will denote the space of all bounded functions,
continuous functions, and continuous, bounded functions defined in the interval [0, 00).

Let be given 7 > 0, then the Petree K-functional [28] is defined as follows:

K(tn) = inf - an
(tn) recglﬂo,oo)){”t rl+n|7"|}

and Cf;([O, 00)) = {r/r,r" € Cg([0,00))}, with the norm

IEllcg = oo + £ ] o + 1] -
It is proven in [14] and [15] that exists a constant C > 0 such that

K(t,n) < C-wat, /n), (2.1)
where

wy(t;n)= sup  sup |t(u +2h) = 2t(u + h) + (u)].

0<|h|<n u,u+nel0,00)

Theorem 2.1 Ift € Cg[0, o), then

” Gﬁil;;nv‘htt - t”
< o(t;/n)

~ (1 + 1 [ (M pgn (Mpagn + B3 = 21+ 1) + (2], 1 + 1,40 2:| §>
\/E [l’l + 1]Pn‘1n [Vl + 2][7;1%1 g ‘
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Proof From properties of the modulus of continuity and fact that operators G,(ql;l),,,,qn are

positive and linear, for any ¢ € Cz[0, 00), we obtain

|GS41;1)¢n,qn (t;y) - t(y)| g /(; K”?an% (y’ u)|t([n]19n»% Lt) - t()/)| dpn’qnu

> 1] pygnts — ¥
<a)(t;n)(1+ /0 1<mpn,qn(y,u)%ydpwu . (2.2)

Let us set

1

B:= ;/ Koppgn s u)|[n]pmqnu—y| Appyqnth-
0

Then, using the Cauchy—Schwarz inequality, we get

1
o0 2 o0 9 2
B= [/ Kipran 0 1) dp,.q, ”:| : |:/ Koipiign 05 ”)| (1] p,ig0 1t _3’| Appan ”] (2.3)
0 0

1
=[G 0 (6=9%9)]?

i [[nlpnqna% + (02 =211+ Upyg) + Rlpgs 1+ Uy, ] :
(7 + 1 p,g, 1+ 2]p,q, S

Putting n = /n, we get the result. O
Next result gives an upper bound for G,(ql,l),mqn -Gamma operators.

Theorem 2.2 For any g € Cg[0,00),

G @9 = lgllc.

Proof From the definition of the modified (p, g)-Gamma-type operators in (1.6), we have
oo
|G£’11,[)7n,CIn (g;y)| é Sup |g(S) | . / |I<Vl;17n74n (y’ M)} dpnﬂn u= “g”C |:|
seR* 0
Theorem 2.3 Fory € (0,00), g € Cg[0,00), there exists a M € R*, such that

G (@9) —g0)| < Man(g, [ J0)] + PO) + (g,

1(y)

)

_ 2 n
where I(y) = nan ([i,f;’]ﬁnz]p"q" 1y and

_ (Mpq, (M p,q, + (b2 -2)n+ Upagn) + 21pug, 1+ 1p,0.95 >
[Vl + 1]pn4n [}’l + 2]ann y

J©)

Proof For any y € (0, 00), we denote by

G2 (1, puan)(g7) = G, 1. (@) +80) —g(I() + ).
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Then, from Lemma (1.5), we obtain

G (6=9)9) = G, (5= 9)9) + 5 =) = (10) +y =) =1() ~1(9) = 0.
Let 3,5 € (0,00) and r(y) € C2([0,00)). Using the Taylor formula, we get:
r(s)=r(y) + @) (s —y) + / (r”(v)(s - V)) dv,
¥
and it yields

G2 0 (y) = ()|

_|r062, (=) +62, ( / ()5 - ) dv,y)‘
y
= Gﬁ}an,qn ( /y (i‘”(V)(S—V)) dv,y)‘

s 1G)+y
68 ([ 0060y} [ i)y

s I(y)+y

<6 ([ P @l=duy)+ [ 0lI00) -] av
y y

=(T»[+2o) ||

From Theorem 2.2, we have that IGE,I,,)yn,q,, @I = |fIl, then

G0 (@9) —20)]
G2, 4)(y) + (1) +y) — 20|
< |G puang - r.) - (@- 1)y
+1G? (1, s @) (1Y) = )| + [g (1) + ) — g
<4lg-rl+ (o) + P[] + o (g [1B)])-

Taking infimum for all » € C4([0, 00)) and relation (2.1), we obtain our result. O

In [15], the following modulus are given:

w, (gn) = sup sup  {lg(y+hy () -g0|}

0<[h|<n yy+hy ()€[0,00)

and

Wy (gm) == sup sup  {lg(y+hp()) —220) +g(y - ho®)|},
0<|h<n yyEhp()€l0,00)

p») =/ (y—a)(b-y), and K-functional:

I<2,P(J’)(g1 Tl) = re\i);lzf( {”g - r”C[O,oo) +7 ||’02r//||C[0,oo)}’

)
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where 7 > 0.
W2(p) = {r € Cgl0,00) : ¥ € AC[0,00), p*r" € Cg[0, oo)} and 1 € AC[0,00).

Theorem 2.4 Let p =/y(1-y),g € Cpl0,1] and y € [0,1], n € N. Then,

G, an (=% 9) + a1 (1, pos %))

1G5, &59) = 0| < 4K <g, oi0)

. al(”:pm qn)
TrE e )

(pngn
where a1 (1, py, qn) = [an"]pzqn .

Proof Let

GY) @y =G (g7)+g0) —g(y+ Bin,pn nY))s

where
[n]ann (1 _pfl) - [2]an;1qz
B, sG> y) = biv 2l ¥
Then,

Gs’l?jl)’n:Qn(l;y) =1 and Gil?:;n:@n ((S _y)’y) = 0
Let r € W2(p). Using the Taylor formula, we obtain
ris)=r@) +r (s -y) + / (s—=vr")dv (s€[0,00)),
¥
and
) ) ’
60,9 =10) =G, ([ =0 1)
Y+B1(mpngn,y) ,
_/ [J""ﬁl(”bpmqmy)—"]r (V)dV.
y

Therefore, we have

|G, (r32) = 10)]

<GY . <‘ / (s—v)r"(v)dv
y

)

y+B1(1pn.an.y)
* / |y + BL(t,prs @ 9) = v - |7 (V)| dv
y
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é ’

: ;y) + )] H

. /J/+/31(n,pn,qm;v) |y + ﬁl(n,PQO}’) - V| dv'
) p*(v)

2,// (1) /s |S - V|
p°r'(y) Gn,Pn:Qn(’ g 2(y) dv

For v = vy + (1 —v)s (v € [0,1]). Since p? is concave on [0, 00), it follows that p2(v) >
vo2(y) + (1 — v)p%(s) and hence

ly - sl
()

s—vl _viy—sl o vly = sl
p*v) ) T vp?() + (1= v)p3(s)

A

Thus, we have

2.0
1653, =l < FE (61, (6= 9759)] 3810 )

From the above relations, we obtain

1G4 @) =20
<G, . @=-n+]GP, ) =r|+lg=rll+ gl + Bitnpuan ) — 0|

//”

llp>r
P*()
+ ”g(y+ ,31(71,Pm61m}’)) -2 H

[ (1)

Sdllg-rl+ G an (s =9)%9) + 11, pus 4> 9)]

On the other hand,

G -y
lg(y + B1(m, s g 9)) —gO)| < “g(y + VU)W) -g) H

<o (s P0)

Therefore,

Gobran (s = 9)%9) + ¥B101, Py s Y)
[GD), . (@) g0 < 4opiy <g, npn )

4p%(y)
+w, (g; 7'31(;1’:(’;)%’)/) ) (2.4)
From inequality
(1)
(1) p,.q,(1 = 12) = 21p,.q, 4 < (7] pg.
[I’l + 2]17!1%'1 = [I’l + 2]ann '
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It follows from Theorem 2.4

G (s = 9)%9) + Y81 (1, P 410 ) )
4p%(y)

- Gipuan (5 =9)%) + 01(1, P 4)
= Kapo)| & 3 :
40%(y)

Ka,0() (g,

w (g ﬂl(”fpmqmy)) <w (g Oll(n,qun))
v = v

Vy € [0, 1]. Finally, we have

G
” ”Pn qn(g y)—g() H <4-[(2p(y (g, \Dndn

+w, (g; 7%(”);[&")' ) >,

((s = 9)%) + o1 (1, s qn))
40%(y)

as asserted by the theorem. O

Theorem 2.5 Let g € C[0,N], N is a finite number. Then,

|Gl &) = g(y)|<—||g||c 2 (N+c +2)n(g;0),

where

= C/GE’IJ)’nJIn ((S - y)z’y)
Proof Let gs be the Steklov function of the second order for g(y). We know that
G( (60’ ) 1;

mpnqn

which follows from Corollary (1.4), and

G, @) —g0)| |G (g-gsy)| +|G, . @s9) —ysO)] + |gs0) - )]
<2ligs—gll + |G, (g5:9) - gs0)]- (2.5)

It follows from Lemmas in [30]

|G”pr1 qn ;y) _g(y)| wZ(g C) + |G”Pn qn(gs;y) _gS(y)|' (2.6)

As gs € C%[0,N], and Lemmas in [17], we get

16D, @559) - g5 = 4] /G (G5~ 9)%57) + > 5185168, 4, (6= 2%59).

Page 11 0of 19
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The following inequality is valid [30]:

3

g1 < 5

wa(g; C). (2.7)

In the light of (2.6) and (2.7), we obtain:

, 3
G, 0 (@5:9) =250 < 4] /G (6= 90%9) + 122 @G, (6=27%7).

From relation (2.7) and the Landau inequality [22], we get

2 3N
les] < 5 lel + S5 nlese): 08

Using relations (2.7) and (2.8) and upon setting

c= C/Gﬁll:l)’n:%t ((S - y)z;y)’

we obtain

2 3
|Gt @559) — &5 = 1 lglle” + £ (N + ) on(gsc).
The proof of the theorem follows from relation (2.6). d

Theorem 2.6 Let g € Cp[0,00). Then,

|G @) =€) < DO, ps g V) gl

fory 20, where

[n]pnqn(l _p%) - [2]pnqnqz :|
[l’l * Z]ann Y

[[n]PnQn([n]Pn%t + (pi - 2)[1’[ + 1]ann) + [2]1771%1 [l’l + I]Pn%fx qz 2:|
+ Y|
[1’1 + I]anyz [l’l + Z]Pnﬂm

D(n,pu, gu>y) = [

Proof From the Taylor formula, it follows

/ 1 /"
GE”l:;n,QM (g;y) _g(y) = GSII,I)?n»qn ((S _-y);y)g (y) + EGi(’ll,Ilmqn ((S _y)z;y)g (L)’

where ¢ € (y,5). From the above relation, we have

|GE’11:[)7n:CIn (g;y) _g()’)|
_ / [n]ann(l _PE,) - [2]pnqnqz :|
- || el tn= R,

+ ”g”” [[H]PMQM([W]PWW + (pfl - 2)[1’[ + I]an;q) + [Z]ann [n + l]Pﬂqan 2]
2 [Vl + l]l’nqn [Vl + 2]1771%'1 d

= D(m, s 4w ) gl c2- O
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Theorem 2.7 Let g € C[0,00). Then,

/1
|G£tl,;)7n,qn(g;y)_g(y)| g 2M [wZ (g’ E D(%Pnﬂm)’))
. 1
+ mln{ 1, ED(n’pn: q;'zvy)} ||g||oo:|:
where M > 0 is a constant, and D(n, p,., qu,y) is as in Theorem 2.6.
Proof Let
g(t) - g(y) = g(t) = r(t) + r(t) — r(y) + r(y) — gB),

then

G @) -g)| <G, . (g~ ry)]
+|G), 4, 059) =) + |20 - ).

Considering that g € C% and Theorems 2.2 and 2.6, we get
|G, @) = 20| < 20lg =71l + D, P G D) 17l 2

1
=2K (g; ED(H’ PG> y)).
The following relation is valid [15]

K(gin) = L] wa(gs /) + min{L, 1} gl |

for Vi >0, and L > 0 is a positive constant. The proof of the theorem follows from the last
two relations. O

The next result gives an estimation of Gﬁ,l,;mqn—operators in Lipschitz space Lip, y [27]
given by the relation:

— |7
Lip,(y) := {ge C[0,00) : |g(s) - g(v)| <L(|;+j)|g ,y€(0,00)s€ (0,00)},

L > 0isa constant, y € (0,1].

Theorem 2.8 Let g € Lip,(y). Then, Vy,t € (0,00), n € Nand y € (0,1],

G, (@) -g0)|

< T ( L
T \(+o)T

{ [H]ann([n][’nqn + (pzt B 2)[}1 + 1]PnQn) + [Z]ann [}’1 + I]an;«qz 2} }é) %
X y ,
[I’l + ]‘]Pn%t [I’Z + 2]1771%1

T > 0 is a constant.
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Proof Let g € Lipj(y) and y € (0,1]. Then,
L. For y =1, we have

G, 4 (€()37) - 2]
<160 (g6 -2

Is =yl
é T GE’IIJ)’n:qn( 1 Yy
(y+s)2

T
(y+s)%

)|

é G(nlvl)%vq;«('s_y';y)

for T > 0 constant.
Using the Cauchy—Schwarz inequality, we have

| Gs’ll,})’mqn (€(s)y) —g)|
T

S —— G (1= 9by
= (y n S)% \Pndn ( )
T
S G(l)n n (S_y)z;y
= (y + S)% \/ n,Pn-q ( )
— T <[n]PnQn([n]ann + (pi B 2)[}’1 + I]PnQn) + [Z]an;/l [n + I]PnanZ 2
(y+ s)% [+ 1 psq, (1 + 2]p,q,

IL. For y € (0,1), we have

G0 (8()39) — 20|
<G, 4 (|2() - g0)]:)]

s —yI”
<76 (F 2
(y+s)2
(1)

T
Y Grapan (15 =1733)-

A

From the Holder inequality under the following conditions

it follows

|G 0 (8():7) =g < (G, 4. (Is=71:2)]"

(y+9)
for T > 0 constant. Applying the Cauchy—Schwarz inequality, we have:
’ GE’II;I)M:‘IVI (g(s)’y) - g(y) |

T
<— [JGY -%59)]
= (y+8)% [\/ \Pndn ((S y) y)]

1
2
7).

Page 14 of 19
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T { [”]pnqn([”l]pnqn + (Pi -2)[n+ l]pnqn) + [2]ann [n+ l]pnqnqzyz}%
’ O

B ()/ + 3)% [Vl + I]PnQn [I’l + Z]Pn%z

3 Weighted approximation

Let ¢ (y) = * + 1 be the weight function. We denote by B, [0, 00), C;[0,00) and C; [0, 00) the
space of functions g defined on [0, c0) and satisfying, respectively: |g(y)| < T,¢(y), where
T, is a constant, space of all continuous functions and subspace of C; [0, c0) for which f—g;
is convergent as y — o0.

The space B, [0, 00) is a normed linear space defined by the norm as follows:

el

Next we will consider the weighted modulus of continuity €2(g; ) defined on [0, c0) as

Qgi) = sup 80 —E0

\4 crlo, )
y20; 0<[j| <k 1+2¢0) (ge Al oo))

It is know that for any p € [0, 00), the following inequality:
Q(g; ) S 2(1 + pL)(l + KZ)Q(g;K)

holds true Vg € C; [0, 00), and

lg(s) -g(»)| <2< el 1)(1+K2)§2(g;/c)(1 +7%) (1 + (s -%)%).
Theorem 3.1 Forg e C} [0, 00),

hm ”ann q,,(g;}’) _g(.y)”p =
Proof We will achieve our result from the Korovkin-type theorem and relations
11m||GnM ei”{:O (i=0),

which follows from Corollary 1.4.
In what follows, we will prove it for i = 1 and i = 2. Letting g € C;[0, 00), we get

||G { |G£’11,1i7n,qnel —e| }

467

| [pngn A-P2)~12pugn 20 |
< sup (1+2lpngn U

y20 ¢()

| [n]PnQn |

< sup A pwan_ _

B y20 ¢()

rmane1 =€, = sup
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Using a similar consideration, we have

| Gn \Pnsdn € — eZl
1Ga,e2 e, = il}o){ <)
| ) pngn (W) pugn + =21+ Upugn)+ 2lpngn 1+ Upugn 0 )/2|
g Sup{ [’“Hann [n+2]l?nqn }
y20 ¢ (y)

112,10 =208 prrs 1+ U + 114 U (1420 |
[nJrl]Pn-qn [VHZ]PnJIn

= =0.
¢
We thus conclude that
lim G5, ei—el, =0 (=0,1,2). 0

Theorem 3.2 Let g € C;[0,00). Then,

(1)
Gy 3Y) —
| ,Pn,61n2(g J’) g4()0| SSQ(g;}’lii)
yelooo)  (L+92)(1+ Fy*)

for large n, where S is a constant, and F > 0 is constants dependent only on n, p, q.

Proof For y € [0,00), we have

Ggll,})fn,qn(g;y)_g(y):‘/o Kipan 0> V[ ( Rlpu.gnV ) g@’)] PrsinV

Then,

|G, (@) —g0)]
§</0‘ ”Pn‘]n(y V)2(1+K )Q(g Kn)(1+y)

X ~<w + 1) (1+ ([Vl]pn,qn"_y)2) Dy V-

Kn

Let us define

SO\ P G y) = (W + 1) (1+ ([n] gV —y)z).

Kn

Then,

2(1+K5) (|1+([”]pn,qnv_y)| g’(n)’

S, P Gy y) = o
A 2(1+x3)7“”]””f2”)

(I [n]pn,an - 2 Kn),

and

(lpnanv —y)‘*)

SWpuw qwy) = 2(1 + 7 )<1+ p
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So, clearly, we get

G &) —20)]

oo _ a4
= 4(1 + an)zg(g; Kn)(l +J’2)/0 K pian 05V) - (1 + ([n]pmz#) Ay guV-
n

From Lemma 1.6, it yields

> () ppgnv = 9)*
/ I<Vl,Pn»Qn (.y’ V) (1 + i Z4 y dpnvqnv
0

n

* °° (M)pgnv —9)*
:f K,,,pmqn(y,v)dpmqnv+/ I(n,pn,qn(y,v)ip ; dp,.q,V
0 0

n

=1

1 ( Mlpnan ([”]%nqn + 20 pygn n - Upngn + (p% =1 =ppgn 1 + Upngn) + 2Lppgn 1 = Upngn 1 + Upngn i 4)
= ).

K (1= Upngn 1+ Upngn [+ 2pugn

1
For x, =n"%, we get

G @) —g0)] < 5Q(gn7T) (1+5%) (1 + By O

4 Shape-preserving properties
Next we will prove that modified (p, q)-Gamma-type operators preserve the monotonicity

and convexity under certain conditions. We start with

Theorem 4.1 Let g € C[0,00). If g'(x) > 0 and g convex on [0,00), then modified (p,, q,)-

Gamma-type operators are increasing.

Proof We will prove our result in two steps.

Step one. In this case, we will prove the monotonicity of modified (p,, g,)-Gamma-type
operators for the Lagrange interpolation polynomial of function g(y). Let us suppose that
Yo, 1 are distinct numbers in the interval [t,z], where ¢ < yy < y1 < z. Then, the Lagrangian

interpolation polynomial through points (yo,2(y0)) and (y1,g(y1)) is:

y=n Y=o
P(y) = + .
@)ywﬁng %_%ﬂm)

Based on Corollary 1.4, we have:

8Wo) —gn)  [nlp,q,
Yo=y1  [n+2lp,,

GV (P,t)-GY

mpn,dn mpn,qn (P’ Z) = (t - Z)

<0,

which proves that Gf,l,}),mqn (P(s),y) is also increasing.

Step two. From the above condition, it follows

g// ( Ey

£0)=P0) + S5 630 -,
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for number &, € (min{yo, y1}, max{yo, y1}). For ¢ < yo < 1 < z and Corollary 1.4, we have

GE”l:;n qn (g’ t) Gﬁ’llpn qn (g’ Z)
:[ ﬂpnqn(P £) - npnqn(P Z)]

g"(&)
o [qul,};n,qn (s%) - 0o +J’1)fo,},n,qn (5,9) +yoy

_ﬁ@kdn (

21 Pngn ) (yo +y1 npn qn (S’ Z) +}’0)’1]

= [ ”Pn Qn(P t) nl’n Qn(P Z)]

[”]p q g (‘i:s) [”l]p q
t— n4n t ndn _ 0
+(t-2) (n+1],,q, 2! t+2) [(n+ 1,4, o+ 1) | <
Therefore, it proves the theorem. d

Question Prove that the above theorem is valid just only if f'(x) > 0, on [0, c0).

Thus, the next results show that modified (p, g)-Gamma-type operators preserve the
convexity.

Theorem 4.2 Let g € C[0,00). If g(y) is convex on [0, 00), then (p,, q,)-Gamma-type oper-
ators are also convex.

Proof Let us consider that g”(y) > 0. Then,

v _[800) -g01) [Mlpg, — 1800) _}’og()’l)]/_
(G0 (PO, = |: yo—y1  [n+1lpg” yo-31 - =0

On the other hand,

Gl (85),9)

- GnPn n (P(s),) + g (55) [ann qn( 5) = 0o +J’1)ann 059 +J’OJ’1]

1" 2
(SS) [n]p q ) [n]p q
=G P, -7 - — .
lenqn( y)+ 21 [l’l+1]pnqn[}’l+2]pnqny (yo-'—yl) [n+2]pnqny+y0y1
From the last relation, it follows
p [n]?
G(l) , — o . Pndn 0.
(G, €], =) g
Hence, it proves the theorem. O
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