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Abstract

In this paper, a kind of bivariate Bernoulli-type multiquadric quasi-interpolation
operator is studied by combining the known multiquadric quasi-interpolation
operator with the generalized Taylor polynomial as the expansion in the bivariate
Bernoulli polynomials. Some error bounds and convergence rates of the combined
operators are studied. A selection of numerical examples is presented to compare the
performances of the obtained scheme. Furthermore, our method can be applied to
time-dependent differential equations. Its advantage is that the algorithm is very
simple and easy to implement.

Mathematics Subject Classification: 41A05; 65D05; 65D15

Keywords: Bivariate Bernoulli polynomials; Multiquadric quasi-interpolation;
Convergence rates; The generalized Taylor polynomial

1 Introduction

Although the interpolation method is a classical approximation method in numerical
mathematics, the interpolation matrix quickly becomes ill-conditioned with the number
of interpolation nodes increases. To overcome this problem, quasi-interpolation method
was confirmed that it does not solve linear algebraic equations and can achieve the desired
convergence order. For a set of nodes & = {qi,...,q,} € R real functional values {f (q,-)};‘:1
and quasi-interpolation basis function W(q), the quasi-interpolation (Qf)(q) takes the fol-
lowing standard form by linear combination

Q@ =) _flg)¥(q), qeR’

j=1

For the nodes of the uniform grid with spacing 4, Rabut [1] constructed the following
quasi-interpolation operator based on the theory of principal shift-invariant spaces (see,

e.g. [2])

(Qf)(q) - Zf(/’h)\lf(% —j), 1)

jezd
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where the basis function W of the quasi-interpolation is considered as a compactly sup-
ported or rapidly decaying function. In [3], by using a simple generator ¥, and recursively
defines generators Wy, s, ..., ¥, ; with corresponding quasi-interpolants defined as (1)
reproducing polynomials of degrees 3,5,...,2m — 1 respectively, Bozzini et al. introduced
a procedure in spaces of m-harmonic splines in R%. In [4, 5], the Strang-Fix condition is
regarded as a sufficient and necessary condition for polynomial reproduction and conver-
gence order of quasi-interpolation. By using the Strang-Fix condition for ¥, several schol-
ars, for example, Buhmann et al. [6], Dyn & Ron [7], Wu & Liu [8], and Wu & Xiong [9]
constructed quasi-interpolants on the scattered data, which reproduce polynomials. We
will discuss the bivariate multiquadric quasi-interpolation operator, which can reproduce
higher degree polynomials in this paper.

Interpolation method based on radial basis function is an important tool in practical
application. In 1971, Hardy [10] studied the multiquadrics as a kind of radial basis func-
tion. A review by Franke [11] suggested that the multiquadric interpolation is one of the
best methods among some 29 interpolation methods in respect of accuracy, efficiency, and
easy implementation. Micchelli [12] proved the existence of the solution of the associated
multiquadric interpolation problem in 1986. Buhmann [13] investigated the accuracy of
quasi-interpolation for infinite regular grid data in 1988.

In 1992, through shifts of the multiquadric basis function of first degree on finite scat-
tered data, Beast and Powell [14] first studied a univariate quasi-interpolant. Wu and Sch-
aback [15] introduced a modified univariate multiquadric quasi-interpolant reproducing
polynomials of degree no more than 1. Recently, many works have been researched on this
subject, see for example [16-22].

In 2005, by using the dimension-splitting technology, Ling [23] extended the univari-
ate quasi-interpolant to bidimensional case. Feng et al. [24] and Wu et al. [25] improved
the approximation order of the bivariate quasi-interpolant. In 2018, Feng et al. [26] con-
structed the quasi-interpolation scheme for arbitrary dimensional scattered data ap-
proximation. In 2019, to overcome numerical solution of high-dimensional shockwave
equations, Zhang et al. [27] proposed the bivariate dimension-splitting multiquadric
quasi-interpolant. In 2022, Li et al. [28] introduced the bivariate multiquadric quasi-
interpolation(MQQI) on the gridded data for solving 2D sine-Gordon equations. Recently,
some scholars have made progress in the interesting application [29-32]. Numerical ex-
amples verify the effectiveness and high accuracy of the method. However, the conver-
gence orders of their bivariate multiquadric quasi-interpolation operators are low.

To increase the accuracy of the multiquadric quasi-interpolation method on the in-
teresting applications, our paper is to present a kind of bivariate multiquadric quasi-
interpolation operator with higher accuracy for gridded data. In the paper, we combine
the multiquadric quasi-interpolant (see, e.g., [27]), with the generalized Taylor polyno-
mial as the expansion in the bivariate Bernoulli polynomials.

The rest sections of this paper are organized as follows. In Sect. 2, we recall the general-
ized Taylor polynomial of degree (1, ) and give new results on the error of approximation
that will be used later in the paper. In Sect. 3, we apply previous results to derive a kind
of bivariate Bernoulli-type multiquadric quasi-interpolation operator, and get their con-
vergence rates. In Sect. 4, we give some numerical tests to investigate that the constructed
operators are able to compare the approximation capacity of our new operators, providing
high accuracy. Finally, conclusions and future work are arranged in Sect. 5.
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2 The generalized Taylor polynomial of degree (m, n)
The generalized Taylor polynomial is an expansion in Bernoulli polynomial of degree
(m, n). We retrospect some results from [33] and [34]. Univariate Bernoulli polynomials

are defined by means of the following relations [35]

Bo(x) =1,
B (x)=nB,_1(x), n>1, (2)
fol B,(x)dx=0, n=>1.

For a given function f € C"[a, b], m > 1, the following univariate Bernoulli-type interpo-

lation formula is given by [34]:
S &) = Bu[f;a, b; h](x) + Ru[f; @, b h] (x),

with

Bm[f;ﬂ,b](X) =f(a)+ZSi(x;a)hl lAhf(L (3)

i=1

where h=b —a,

x—a x—a
Si(T) =Bi<T> - B;, (4)

Af (@) =) - f V@), 1<i<m, (®)

B; = B;(0) denotes the Bernoulli numbers, and R, [f;a, b; k] denotes the remainder term.
Suppose that I = [a, b] x [c,d] is a rectangular domain in the plane R2, Let us denote by

C"(I) the space of functions f : I — R? with continuous partial derivatives

9+

(&) -
() = Sxidy

f(x,9), (%) el

forall (3,)),i=0,1,...,m,j=0,1,...,n
We denote 1 =b — a, k = d — ¢, and from the operators [34] it follows:

Ao () =fx+h,y) - f(x.9),
Apaf(ny) =fxy+k) - fx9),
Apif (% 9) = Do) Anf (%)
= A Amof (%)
=f(,y) —flx+hk)+f(x+hy+k) —flxy+k).

For a given function f € C""(I), the polynomial approximation term B, ,(f;a, b;c,d;h,

k](x,y) is the Bernoulli-type polynomial of degree (1, n) with variables x, y, obtained by
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the following formula [34]:

Bunlfsa,b;c, d; b, k] (x,y)
" , W1l (x-—a
=f(a, A (=10 (g, Sil —/—
fla c>+; nof g ( - )

- - k/ L (V¢

j-1

"z (ieLj1) WA (x—a y-c
£ Apf T VN a0) o\ )\ )

171
i=1 j=1 4

where Sk, k > 1 are given in (4).

Asin the one-dimensional case [36], we also call the polynomial approximant B, , [f; a, b;
¢,d; h, k](x,y) the generalized Taylor polynomial of degree (1, n). It can be derived from
a nice property of this operator: its limit when # — 0, k — 0 is the well-known Taylor
polynomial of degree (m, n) of f about point (a, c) [37]:

hlli<m0 Bm,n [f; a,b;c,d; h, k] (x: )’) = Tm,n [f; (('Z: C)] (x) y);

where

T [ ac x,y)—zz(x D' - ”)(a,c).

i=0 j=0 '}‘

Moreover, the polynomial B, ,[f;a, b;c,d; h, k](x,y) satisfies the following interpolation
conditions [34]:

Buulfsa,b;c,d; hkl(a, c) = f(a,c), 7)

Aw0)Bunlf a by ¢, d; 1, K1, ¢) = Ao f O (a,c), 0<i<m-1,

A(O,k)Bm,n [f; a, b; £ d; h: k] ©) (ﬂ, C) = A(O,klf(()’j) (ﬂ, C): 0 f] <n-1,

AppBalfsa,bie,dsh k1% (a, )

= ApifPa,c), 0<i<m-10<j<n-1.

Theorem 1 (See, [34]) The degree of exactness of the operator B, (] is (m, n), i.e., for each
bivariate polynomial p € P

According to [34], for a given function f € C"")(I), I = [a,b] x [c,d] (a < b,c < d), we
have the bivariate Bernoulli interpolation formula:

fx,9) = Bunlfsa, b;c,d; b, k](x,9) + Ry, n(fs @, b; ¢, d; b, k] (%, 9), (8)
where R, ,[f;a, b; ¢, d; h, k](x, y) is the remainder term.

Note that the generalized Taylor polynomial By, ,[f; a, b; ¢, d; h, k] (x, y) can be extended in
a natural way to the whole real plane. To study bounds for the remainder R, ,[f; a, b; ¢, d; h,
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k](x,y) of the formula (8) even in points outside the rectangular domain [a, b] x [¢,d], we
take the operator: f — B, ,[f;a, b; ¢, d; h, k] as acting on the space C"") ([, b] x [c, d]) with

d<a,b<b,c<c andd<d. Letus set

[Z,ﬂ], u= 17 [E, C], V= 1,
I,=4[ab), u=2, and I,=3[cd], v=2,
(b,b], u=3 [d,d], v=3

be the subinterval in x and y directions and define the subinterval

[x,b), x¢€laal, y,dl, yelccl,
I} =31[abl, xelabl, and L={[cd], yelcd,
[a,x], x¢€[b,b] ey, ye[d,g].

By applying the Peano’s theorem for bidimensional case (see, [38]), we have the following

form of the remainder (8).

Theorem 2 Let f € C""([a,b) x [c,d]) and (x,y) € [a,b] x [c,d). Then for the remainder
Riulfsa, b;c,d; 1, k1(x,y) = f(%,9) = Byulfs a, b ¢, d; h, k] (x, ). )

Let I, x 1, be a fixed rectangular partition of [a, b] x [¢,d) and suppose that (x, y)el, xI,
u,v=1,2,3. Then

Rynlfsa,b;c, d; k] (x,y)

= Z f(m,j) (S! C)I<m,j(xyyy S) ds
j<n i
: (10)
+ Z yf(l,n)(at t)Ki,n (x; Y t) dt
12

i<m

+ / U (x,,8,6) Ko (%, 9, 5, ) ds dt;
ExD)

where Kiyo(%, y,5) K (%, ,5), Kou(%, ¥, £); Kin(%, 9, 1), and K, (x,9,5,t) are the Peano’s ker-
nels.

Proof On the one hand, in the polynomial approximation term (6) there are evaluations
of derivatives of f up to the order (m — 1,n — 1) in points of [g, b] x [¢,d]; on the other
hand, the exactness of the polynomial approximant (6) on the space P"*") supposes the
exactness of the operator on the subspace P("~1~1 By using the Peano’s kernel theorem,

we have the following result:
Rinlfsa b;c, d; b, k](x,y)

b
> ﬁ f™(5, €)K%, 9,5) ds

j<n
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+Z/ £, K%, 9, t dt+/ ] S (%, 9,8, ) Ko (%, 9,8, £) ds dt,

<m ¢

where the above kernel functlons are obtained by the linear functional f — Ry, ,[f;a, b; ¢, d;
-1 n-1
h,k](x, y) to ¢ (y—c)l’ (=a)’ -0 =, and & 0% considered as a function of X

) Jil i (n— 1) (m— 1) (n-1)!
and (- ) denotes the positive part of the kth power of the argument, i.e., zk = max{z~,0}. If

xel, x1I,,u,v=1,ie,x€ [a,al,y € [c ], then we have

Ruulfsa,b;c,ds b, k] (x,y)

_Z< / S (s, VK (%, 3, 5) ds + / £ (5,) Ko (%, 9, 5) ds

j<n

b b
+ / f(’”'j)(s,c)Km,j(x,y,s)ds+ / f(’"’j)(s,c)](,,,y,»(x,y,s)ds)

+Z</f’”(a,t)l(m(x,y,t)dt+/f(”’(a, VK u(%,9,8) dt

<m

d d
+ / f @) (q, DK ,(x,y,t) dt + / f @) (g, K ,(x, 9, 1) dt)
c d
X py X c
+( / / (8, ) Ko, 9,5, ) ds dt + / / L8, ) Ko, 9,5, ) ds ddt
a Je a Jy
x pd x pd
+ / / f mn) (s, K,y n(x, 9,8, t) ds dt + f f f mm) (s, B)Kyp,n(x, .8, t) ds dt
a Jc a Jd
a pry a pc
+ / / f(m'n) (8, ) Ky (2, 9,5, £) ds dt + / / f(m,n)(s, DKo, y, 5, ) ds dt
x c x y
a d a pd
+ / / S8, ) Ko (5,9, 5, ) ds it + / / S (8, ) Ko, 9,5, 8) ds dit
x c x d
b pry b pc
+ / / LU (8, 6) Koy (, 9,5, 8) ds dt + / / L (s, ) Ky (%, y, 5, 8) ds dit
a c a Jy
b pd b pd
+ / / S (8, ) Ko (%, 9,5, ) ds it + / / L (5, ) Koy (6, 9,5, 8) ds it
a c a Jd
b py b pc
+ / f f(m’n)(s, t)I(m,n (x,y, s, t)dsdt + / / f(m,n) (s, t)Km,n(x,y, s,t)dsdt
b Je b Jy
b pd b pd
+ / / FI (5, 6) Koy (%, , 5, ) ds it + / / S (5, ) K (%, 9,5, £) ds dt).
b Je b Jd
Note thatifa <s<x orc< <y, then

Kino(x,,5)
(x—s)m!

T m-1)

(a-sy™1 & - N x—a
P
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K, j(x,9,5)
_@-9" -0 [y —)mt W (-
(m-1) ! (qz (m-1)!G—q+1)! q‘Sq< k )
PTG b e
W1 — —
XF;SPC%)&,(’%)):O, j=1,2...,n-1,
Kou(x,9,8)
_(y_t)n—l
(-1
(-t &1 . o k9 y—c
_<(n—1)! +q2:1:(n_q)!((d—t) 1_(c-t) q)—.Sq< A ))—0,
Kin(%,y,1)

C(w-a) (-t d -t KW  [(x-a
Tl (n—l)!_<p2=1:(n—1)!(i—p+l)!;!Sp<h)

+ZZ

plql

Wk (- -
y E?SPC%)S”(yTC)) =0, i=1,2...,m-1,

I<m,n (x¢ VS, t)

_ (x _S)m—l ()’— t)n—l (ﬂ _ S)m—l (C _ t)n—l
T m-1)! m-1! \ m-1! (n-1)

t)”] . Pt (x—a
+Z ((b—s) P (a—s)"F)— . sp< - )

Ggep (@m0

( _ )m 1 . . kq—l _
Z(mal)f(n gld-0=lemt q)TSq(yTC>

1
+sz((a—sw<s 0"~ (b—5)" P (c—1)""

p=1 g=1

£ (b—s)"P(d— )" — (a— )" P(d - t)" q)hp—lkq—lsp<’ﬂ)

pq h
yC
S =0,
- (k))

because &2 (y t)]

is considered as a polynomial in x, y of degree (i,j),i=0,1,...,m — 1,
j=0,1,...,n— 1 such that these must coincide with their generalized Taylor expansion (6).

By definition of the positive part, these kernels are also zero in the interval b < x < b or
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d <y < d, so we give a proof of the first case (10) of Theorem 2. The remaining expressions

of Theorem 2 can be proved by the analogous manners.

Let us set

b-x, x<a, d-y, y<g
dla,b)x)={b-a, a<x<b, and dlcd](y)=1d-¢, c<y<d,

x—a, b<ux y—¢, d<y,

O

(11)

i.e., dla, b](x)(d[c,d](y)) is distance of x(y) from the interval [a, b]([c,d]), plus b — a(d - ¢);

we set also

d"a, b)) = (dla,b)®)",  d"[c,d)) = (dlc, d1()".

By virtue of previous theorem, we obtain the desired bounds as follows.

Theorem 3 Let f € C""([a, b] x [¢,d]) and (x,y) € [@,b] x [c,d]. Then for the remainder

(9) suppose that (x,y) € I, x I, u,v=1,2,3. Then

|Ryunlfs @ b ¢, ds 1, K] (%, )|
< F(m,n)(C240) . g™ [a,b](x)

+ CoAebtl® . g (e, d)(y) + Coun - d"[a, b](x) - d"[c, d] (9));

where
F(m,n) = max {Fm,j,Fi,mFm,n}r Fij= sup V(i’j)(x,y)|,
0<i<m-1 — =
0= (ey)la@b)x [c.d)
1 " E\ (m p
A
mn p—i
WU( =14 NP h
n-1 j q m p . j
m +1 7z
33 3((8 ol () M G P
j=1 g=1 lh=1 p=1 =1 p q !
1 "L (n q
"X,Z
e EEC) ()
q=1 b=1
m-1 i p n q
n i+1 zZ
S 1y (i) )
i=1 p=1 =1 q=1 I=1 q p !

1 "L (m p " (n q
Con=—=(1+D_>" Byl + )Y 1By
m'n! p)\h q)\l»
p=1 =1 q=1 lr=1

(12)

(13)

(14)

(15)

(16)
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Proof Letx € Iy, k = 1, i.e., x € [a,al, y € [, c], then we have from the first case (10) of
Theorem 2 that

Ryunlfsa,b;¢,d; b k](x,y)

a b
= ( / £ (s, €) Ko (%, 9, 5) ds + / £ (s, ) K0 (%, 95 5) ds>
X a

n-1
+Z</ F(s,c VK, (%, 95 8 dS+/ Fm(s, ¢ )Km,(x,y,s)ds>
j=1

+

N

d
/f(o" a, t)Ko,,(x,y, )dt+/ FON (g, t)Ko,,,(x,y,t)dt>
y

-1
+ (/ fl” (a, 0K (%, 9, £) dt+/ f’” a, )K; ,(x, v, t)dt)
i=1 y
a c a d
+ / / f () (s, DK,y n(x, 9,8, t) dsdt + / / f () (s, K,y n(x, 9,8, t) ds dt
x Jy x Jc

b pc b pd
+ / / S (5, 6) K (%, 7,5, 1) ds dt + / / FI (5, 6) Koy (%, 9,5, £) dis dit
a Jy a c

n-1 m-1
=G +Gy+ Y (Gh+G)) +Gs+Ge+ Y (Gh+Gh) +Go+Gio+ Gy + G

j=1 i=1
If x < s < a, then
I<m,0 (x’ y’ S)

(a - s)’" 1z ! . - x—a
I vl M M A |

K, j(x,9,5)

a-sy"' K _ [(y-c
‘E:vn a5
J Wl
L

m—p)pl(j—q+1)q

X ((b—s)m—p_(a—s)M—P)Sp<x;l“>5q<j%), j=12,...,n-1,

so that

/fWWmeMmQﬂ

= G]

- (m,0) m-1 g, —1 u
T (m- 1)'/f sic)a—s)"tds Z( p)'p‘p SP( h)
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y /af(m,())(s’ C)((b —s)" P _(q— S)m_p) ds,

X
a -
/ FU(s,0) Ko j(x, 3, 5) ds
X

= G/3

j j a
y-¢ (m,)) m-1
S, (s, - d
Z:;m DI - q+1q‘q(k>/xf (s e)la=gmds

q

WS (x_“)s <y1)
;Pl(m -p)i(j - q+1'pq' P\ h N\ Kk

X /af(m’j)(s,c)((b—s)m_p —(a-9)"?)ds, j=1,2,...,n-1.

X

Note that the integrands are of type 4(s)f "/ (s,c), j = 0,1,...,n — 1 with a k(s) that does
not change sign in [, 4]. By using the first mean value theorem for integrals [39], we find

Gy =

WPl a
Z (m p)’p'Sp(x h ﬂ)f(m *Entre) / (6=9"7 ~(a=5)"")ds
Z (Wl 1 g+ l) q'Sq <y;c)/(m7j) (S;if]a)’(")/; (61 _S)m—l ds

j m —17,j
W=k x—a y—c :
S S (m,) <xﬂ>’
Ve el Gl A

q=1 p=1

x/ ((b—s)’"‘p—(a—s)m_p)ds, j=12,...,n-1

X

(x,a) x,a) 71 s _ —
mj 2 Smyp € [@b),j=0,1,...,n =1, p=1,2,...,m, so that we have after some
calculations

for some &

(m,0) M) (a—- x)m h’”m m! x—a

sl 55 ’”‘”(“z’c)”)'

(17)

and

j . i
G/' - l (] +1)! K S Y=\ rmy) (%_(x,q),c)(a —x)"
3 m! p G-—q+DigtG+1) I\ k "

m J om . i
‘h—|22 iy 1) - S(x_ﬂ)&z(y_C) (18)

(m-p+1)I(j- q+1)‘pq‘(]+1)'p h k

Page 10 of 31
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m-p—u _ u
x f7 mx/?’c ( 1+Z< ) (%) >, j=1,2,...,n—1.

If a < s < b, then

m —1
X—a
mO x;)’» Z S)m_psp< h )y

— (m— p)‘p'

j m 17/
WK x—a
Knjx,3,9)==> )" } (b- s)mpsp( - >

S m-p)pli-q+ 1)

y-c¢ ,
S , j=L2,...,n-1,
<si(25) .

so that

b
/ F0(s, Ko, ,) ds

= Gz

m

b
_ Z(m p)'pl p(x;la)/f(m,O)(s,C)(b_S)m—pdS’

b
/ f(my]) (S, C)I<m,]’(x7y7 S) dS

= Gﬂl

_ii WPk c (x;a)

= m-p)p-q+1ig”

x5q< 3 )/f””(sc)(h—s) Pds, j=1,2,..

and by using the first mean value theorem for integrals, we have after some calculations

W & m! xX—a
Gy = —— S, (m,0) ( & (@,b) ,
Tl o m—p 1ip! ’“( h )f i) 19

and

n d ml(j + 1)! K
DY , ‘

— (7 — il 1
begoq (m p+DIG—q+1plg! G+ 1)

X—a y—¢ mj b .
XS"(T>S"<T>f( PEnd) J= L2 -1

forsomeéwb,éy(:]@e[ﬁ,g]j 0,1,....n-1,p=1,2,.

Similarly, as the discussion of Gy, Gs, G, Gf}, we have for some 7,

(20)

ey e (od) {cd)
in ’nlnq’ nln 4 nznq

[c, ],l—O,l,...,m—l,q— 1,2,...,n, respectively:

C
f O (a, )Kou(x, y,t) dt
y
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= G5
(21)

__somy, ey =P K y_ c
f (ay 770,n ) V[! Z (n q N 1) q‘ q

X fO (a,n8) ( 1+Z( ) " (C;y)v>,

/ £, Ko, ) i
y

:=Gé
1 d @@+ 1) i X— AN\ (i) (.
= N am, ) (e=y)" 22
n 2 (i—p+1)!p!(i+1)!Sp< I )f (@ m")e=y) 22)
’ n!(i +1)! h x-a y-c
- S, S,
n'ZZ(n g+ 1) i—p+1)plg (i +1)! p( h >q< k )

p=1 g=1
q— v
ez S5 T (R)) e

d
/ FOM (@, 6)Ko (%, 9, t) dt
(23)

c

m-—1,

= G6

k' & n! -c .
(225 ) nis),

I q
n! = (n—g+1)qg!

and
d .
/ F9M (@, ) K (%, y, £) dt

Xi: “ nl(i +1)! K s (*=%\g (7-¢
m—g+D)i-p+Diplg G+ 1) P\ )7\ k

1 g=1

= Gé
(24)

x £ (a, nfcnaf]) i=1,2,...,m-1.

Ifx<s<a,y<t<c, then

Kipu(%,9,5,2)
(a—s)"1(c—t
T m-1) (n-1)
" (- ) - x-a
Em“b‘” a5 ()
y—c
%)

— m lkq 1

)n—l
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i n Pt
) p=1 g=1 (m—p)ip\(n-q)'q!

X—a y—c
Xsp(—h )Sq(T)’

((b=5)"" ~(@—s)"?)((d - 1)~ (c— ")

a c
f f f (mm) (s, 0Ky, (x, .8, t) ds dt
x Jy

1

= e (m,n) _ym-1¢,  \n-1
(M—l)!(n—l)!fx /yf (5,8)(a~s)""c—0)"" dsdt

m hpl (x—a) /d/c 1
U s, -0
(m—1)! 12 (m —p)'p! Sp h S

=1

x ((b=38)"7? —(a—-s)"7")dsdt

1 " kel y-c )
_(m—l)z( q"’( )/ff et

X ((d )" —(c- t)”_q) dsdt

‘ hP-1kat x—a y-c
ZZ(M p)!(n—q)!p!qlsp( h )Sq( k )

p=1 g=1

x f f F0(5,8)((b = 5Y™ — (@ — ") ((d - )"~ — (c - 1)) ds dt.
x y

Note that the integrands are of type g(s)i(£)f " (s, t), with a g(s)h(¢) that does not change
sign in [, a] x [y, c]. By applying the first mean value theorem for integrals [39], we have

— _; (m,n) (& (ac) . {ac) ‘e _ym=lg,  n-1
G (m—l)!(n—l)rf (&% )fxfy(‘l )" e —t)" dsdt
- P x—d (m,n) (ac
// )" ((b-9)"" —(a—s)"7)dsdt
- kit y-c¢ m,n ca ca
qu rErl e AR
C(a — )1 ((d )" 1 —(c- t)”_q) dsdt

w1kl x—a Y=\ somm) (e ()
(m—p)!(n—q)!p!q!sp( h )Sq< k )f (gmnpq’nmnpq)

((b=sy"? —(a—s)""?)((d - )" = (c— £)" %) dsdt

a

X
T
S~

M-
™M=

1

1gq

a
Xf
X

)
I

S~
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(a,c) (ac) ca) (ca) (a,c) (a,c)

for some points (& (a,c>’ 7]<a’c>)r (gmp s N, ) (sn q Nng ) (%_m n,p,q> Nm,n,p, q) € [a, E] X [E»g]’p =
1,2,...,m,q=1,2,...,n, so that we have after some calculations

ac“a )" (c—-y)"

m! n!

m! x—a
w (m.n) (&(ac) (ac)
Tt Z (m—p+1)p! SP( A )/ (e M)

L b—x\"""(a—-x\" "
x(—l+§(7) ( ; ))(c—y)

Go = _f(m,n) (§<a,6) n

1 - n! y—c
_ K S (mn) (g lca) 4 lca) 25
m!n! q:ZI(”_qul)!q! q( k )/ (S”” n”q) 25)
X 1+§ 4o\ (ezr) (a—x)"
—_— —_— —_— a—
—~\ k k

g minlSy(52)S, () ) fela
KD =g s Dt G M)
m'n' P (m-p+1)(n-q+1)plygt

x(-uj;j(zi)““<%>“)<—1+jz;§<z1>””<%y)-

Similarly, as the discussion of Gy, we have also for some (E,(,“qd ,n,,aqd ), (E,(,f, ’,f },q, nﬁ,?y’f,;g,q ,

b, (b, (b, (b, ,d ,d) ,d) ,d) — 73
(Er(n;: m;)) (gmrf)pq’nm;ipq) (Etf(:n;q’annpq) (Er(rfnpq’nrfln;q)e[“’b] x[cd],p=12,...,

m,q=1,2,...,n that

a d
f f FO S, O ,9,5,8) dsdit
X (4

:=Gyo

n

K" n! —c
= _m‘n' Z S (yk )j(m,n) (§<q ’nﬁlaqd))(x_a)m (26)
nt &

—~ (n-q+1)ig""

ke i‘i minlS,(52)S, () fon) (glad) e
mn! P (m—-p+1)i(n—q+1)plq T e

1 g=1
m-p m-p-u u
b—x\"P"a—x
(2T
( e h h

b c
/ / L (5, ) Ky (%, 9, 5, 8) s dt

y

= Gll

2 omiS, (52 “)

T min! Z (m-p+ 1)!19 (g’i‘b;)’nmp )(e=y)" (27)

m n

hmkn mln! S )S ()’kc) (m,m) (b,c) (be)
WI'VI' ZX::(W[ p+1) (n rf (Emnpq’nmnpq)

q +1)iplq!
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and

b pd
/ / f(”"”)(s, 0Ky, (x, 9,8, t) ds dt

= Glz (28)
- minlS, ()8, (%)

Wk &
:_m!n!;qzl (m-p+1)i(n—gq+1)pqt

S i M)

We finally obtain the following desire estimation for the error in terms of the above ex-
pression:
|Ryunlfs @ by c,ds 1, K] (%, )|

-1 m-1
< (1Gi1+1Gal) + Y (|G| + |Gy ) + (1Gs1 + 1Gel) + Y (1Gh| + |GE)
=1 i=1

+ (|G9| + |G10|) + (|G11| + |G12|)'

In order to prove the bound (12), we apply the well-known identities

p
Sp(x) =B,(x) B, =Y (‘Z)Bpllxll, p=12..,
h=1
1 (29)

q
Sq() = B4(y) - By = Z (Z)Bq—lzyh’ q=12,....

=1

For the term (|G1| + |G,|), we have after some calculations

|G1| +1Ga|

F(m, n) e b—x\""
<E o 30 (e (57)

p=1 =1
F(m,n) . "N (m (p b-x\"
o EE ) ) 5

For the term (|G/3| + |G{L|),j =1,2,...,n—1, we have after some calculations

G|+ |64l

F(mn) L L i+ K A=y b
(ZZ( Jvmente=r ()

q=1 lp=1

LSS

q=1 p=1 [1=1 =1

Page 15 of 31
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+iiii(p)(’”)(] 1B B q_12|)(l’}li)m<$>j.

For the term (|Gs| + |Gg|), we have after some calculations

1G5 + G|
e SR (7))
A0 (1L () (o) (45)-

For the term (|G| + |G}|), i = 1,2,...,m — 1, we have after some calculations

Fomn) [<dn (it 1\ K hes .
= ( =1;< )% )W'BP—H(C—J/) (T)

i+1\ H
» mqu_zzlpr_hl

, T I\ [i+1 1 do\ (b
T ZX;(J( p )mqu_b"Bp_ll') (T) (T)

For the term (|Go| + |G1o|), we have after some calculations

|Gol +1Go

F(mn i
_ m n hm
plamaes 1;(m p+1)'p'

-2 (b-x\"""(a—x\" ;
<_1Z<T> (T) )‘C‘y’

mn) d—-y\"1 .
min! Z(ﬂ q)q' ( )K k) (@2

F()

s(5)
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) n!
an"q "k "ZZ(m p+mn

p

Pl pl(n - q)lq! h
m—p m—-p—-u u n—
b-x\"""(a-x d-y\"™1
14y (— . ) .

X( ' (h) (h))(k)

u=0

For the term (|G11| + |G12]), we have after some calculations
(x ﬂ)

n!
m‘n'

5o m=p+ Dpln-q)'q!
x—a y—c\|/d-y\""
S"( 7 )‘Sq< ()

By combining the estimates of |Go| + |G1ol, |G11| + |G12|, we obtain after some calculations

)

G G < m n
Gul + | 12|_ Z(m p+1)‘p‘ (c-y)

X

|Gol + |G1ol + |G11] + | G2l

F(m n) . 0 m m\ (p b—x\ L)
< ((a x)"(c—y) +h ZZ( )(h)wm(T)

pe1 o1 P

_ o\ n—(g-h)
(=" +Kk" ZZ( ><Z>|Bq_12|<%) (a-x)"

q=1 h=1

m n

-

p=1 q=1 [1=1 =1

)
(i S ()0 SEC) o

p=111=1 q=1 Ir=1

SRR o) ) ()

p=1 q=1 [1=1 =1

By combining the estimates of |G1| + |G|, |Gj3| + |G’4|, |Gs| +|Ggl, and (|Go| + |Gio| + |G11]| +
|G12]), we finish the proof in the first case of (12) in Theorem 3. The other expressions of
the bounds may be proved in an analogous manner. O

Since the degree of exactness of the operator By, ,(f;a, b; c,d; h, k] is equal to (m, n), we
can obtain the following desired bounds in an analogous manner.

Theorem 4 Let f € C"*"*V([a,b] x [c,d]) and (x,y) € [@,b] x [c,d). For the remainder
(9) suppose that (x,y) € I, x I, u,v=1,2,3. Then

|\Roulfsa, bsc,ds 1, K (x, )|
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<F(m+1,n+1)(CLAA0 . g7 4, b](x)

m+1,n+1

+ CoAPD e, d)(y) + Couvrer - A" a, bI(x) - d™ e, d](9));

m+1,n+1

where F(m, n), Cory, Ciz , Cun are defined in (13), (14), (15), (16), respectively.
3 The bivariate Bernoulli-type multiquadric quasi-interpolation operators
3.1 Akind of bivariate Bernoulli-type multiquadric quasi-interpolation operator
with higher approximation order
In this section, we introduce a well-known univariate quasi-interpolation operator. On
this basis, we develop the bivariate multiquadric quasi-interpolation.
Given data {x}, fj}, fj = f(x;), the univariate multiquadric quasi-interpolation operator Lz

is constructed by Beatson and Powell in [14] as follows:

Ni-1
(Lrf)(x) = f (x0) o (x) + Zf(xl)lﬁl(x) +fon) ¥ (%), x €l (30)
=1
where
RN 1 1, [ (%1 = 1)/ (%1 = %0)
yol) =54 /,oo e ape 2 / (e rape o
1 N $1(x) — ¢o(x)
- 2 2(361 —xo) ’
1, (7 1
Uy ) = 5 /le T
1, ™ (E—xn-1)/(Xn; — %N -1)
+ Ecl /le_l (02 + 3 dt (32)
_ 1 on (%) — dny-1(x)
2 20w —aNgo1)
and
_ 1 9 Xl+1 B[(t)
Wl(x) = §C1 \/xll [(x _ t)z + 03]3/2
(33)

_ Pra(x) —di(x)  ¢ilx) — P ()

2(%41 — %1) 2(o; — x1-1)

for [ = 1,2,...,N; — 1, where {B(t) : t € R} is the hat function that has the nodes
{x;_1,%5,%;,1}, that is identically zero outside the interval x;_; <t < x;,1, and that satis-
fies the normalization condition B;(x;) = 1. ¢(x) = /(¥ —x;)* + ¢ is named multiquadric
function, c; is shape parameter. The operator Lz reproduces constants.

Zhang [27] extended the univariate quasi-interpolation Qf (x) = Y, fiy;(x) to bivariate
(QN)xy) =3, Zj JSiiwi(x)¥;(y) using the dimension-splitting multiquadric basis function
technique. However, it only obtain lower accuracy.

In this paper, based on the above dimension-splitting idea, we give a kind of bivariate

Bernoulli-type quasi-interpolation operator for the multiquadric basis function for grid-
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ded data with higher approximation order as follows:
N1 Np
(L8, ®9) =Y Y Y@V Bl 520 %1415 ¥ Y1 s i, (34)

=0 r=0

where {wl(x)}ﬁlo are given above, and {Iﬂy()/)}ﬁ\izo are represented as follows:

&) =/ -3)+c3,

1 i)~ o)
Yo(y) = o 201 —y0)
Wr(y) _ ¢r+l(y) _¢r(y) _ ¢r(y) _¢r—l(y) r= 1,2,...,N2 _ l,

20]”1 —J’r) 20/r _yr—l) ’

wNz(y) = D) 2(xN2 _xNz_l) ,

¢y is a small constant. The polynomials (Bf;zuf)(x,y) = Buunlfs %6 %1015 Ym0 Ve B K, 1 =
0,1,...,Ny, r=0,1,...,N5, denote the bivariate Bernoulli operator in the rectangle with
opposite vertices (x;, y,), (x1,1, ¥r+1) and they are given by (6), having i = ;.1 —x;, ky = Y1 —
¥ 1=0,1,...,N1,r=0,1,...,N,, considering a fictive node (¥n;+1, Ynp+1) = (¥n;-1, YNp-1)-

The quasi-interpolation operator L, , has the following polynomial reproduction
property.

Theorem 5 The operator Lp,,, has the degree of exactness (m, n).

Proof The argument L, p = p follows from the well-known property

N1 Ny

3N @) =1 (35)

[=0 r=0

and
(Bﬁ;,’,nep,q)(x,y) =epq4(x,y) forl=0,1,...,N;,r=0,1,...,Np,
where e, 4(x,7) € P®9 | with 0 < p<m0<qg=<n. O

3.2 The convergence rates of the operators

Let Q C R? be a bounded rectangle domain, which contains the point set {(x;,,),! =
0,1,...,N;,r=0,1,...,Ny}. Letxo < - - - <%y, Y0 < - - - < ¥n;,. To study the convergence rates
of the quasi-interpolation operator Lg, ,, we use the following notations:

L,x)=[x—-pi,x+p1], p1>0,
L, =ly-puy+pl, p2>0,
8 =inf{p1 > 0: Vx € [x0,2n, 1, 1, (x) N X # 0},

8y = inf{pz >0:Vy e Yo,y 1) NY 7!(7)},
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§= max{81, 52},

M, = max #(I5 NX),

x€lx0xn ]

M, = max #; NY),
y€0IN, ]

M = max{M,, My},
where X = {xo,%1,...,2x5,}, ¥ = {¥0,¥1,...,¥n,} and #(-) denotes the cardinality function.
Thus, 261 = max; <j<n; |4 —%1-1, 282 = maxy<,<n, |(¥r —¥r-1)|, and M, (M,) defines the max-
imum number of points of X(Y) contained in interval Iy, (x) (5, ().
Theorem 6 Assume that c; and c; satisfy

1 = D15?, = D25£2»
where D1, D, are positive constants, and ry, ry are positive integers. If f € Clmn(Q), then

”Lanf _f” =< CMZF(WI, n)gm,n,rl,rz (5)1 (36)

where || - || denotes the sup norm in L2,

8|Iné|, m=1Lri=1orn=1r=1,

S, m=1n=1r>1r>1,
8, m>1L,n>1,m<2rr-1,n<2r,-1,m<n,
8", m>1L,n>1l,m<2ri-1,n>2r—-1,m<2ry-1,
8", m>1L,n>1l,m<2ri-1,n<2rn-1,m>n,
Em,n,rl,rg(a): (37)
8", m>1L,n>1,m>2rn-1,n<2rh-1,n<2r -1,

87171 ms1,n>1,m>2r-1,n<2r,—1,n>2r -1,
82 s 1Lu>1l,m>2r—-1,n>2r— 1,1 <r,,

82271 s Lns>1l,m<2r—-1,n>2r—1,m>2r -1,

82271 s 1,n>1,m>2r—1L,n>2r—1,r >r,
and C is a positive constant independent of x, y and X, Y.

Proof In relations (12), (14), and (15), we set also

-3 EE () E))

1 m I (m i+1\ 1
Giom)=—3 "> 1+ZZ<p>|Bp_h| |Bq_12|( . )(1+1)!’
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m-1

Ciz, = Colm) + Y Ci(n)2,

i=1

- £

Ci(n) = ZZ<1+ZZ( )IBq b )|szll(i;l) (i+11)!'

pr=1 =1 q=1 I=1

In view of (12), the following inequality holds:

(L8, ) —f ()|
N1 Ny

=< ZZ WZ(x)l//r(y)Bm,n[f;xl’xlﬂ;yr:yrﬂ;hl: k] _f(x7y)

=0 r=0

N1 Ny

< ZZwl(x)wr(y)|Bm,n[f;xlrxl+1;yr:yr+l;hl:kr] _f(x:y)|

=0 r=0

n-1
< F(m,n) (Co(Vn)Srl,m(x) + Z Ci(m)Sy, rymj (%, ) + Co(1) Sy, 0 ()
j=1

m-1
+ Y Cilm)Srmin(%,9) + Clrm, Vl)Srl,rz,m,n(x,y))
i=1

< C(m, n)F(m, n)Eyy ry ymn(%,9),

where
Ny Ny
Srl,m(x) = Z Vi(o)d™ [x1, %1011 (%), Srz,n(y) = Z lbr()’)d" [_)/r»errl](Y):
=0 r=0
Srl,rz,m,j(x’y)
N1 Ny ‘
=Y > V0" x )@ 5y 0), j=12,n -1,
=0 r=0
Srl,rz,i,n(xxy)
N1 Ny
N @Y 0)d e w0 )d  yral (), i=1,2,.,m -1,
=0 r=0
N1 Ny
Sr1 7o ,m,n x: Z Z Wl(x wr dm [xlr Xi+1 (x)d [yriyr+1](y
=0 r=0

Erl,rz,m,n(x’y) = Srl,m (x) + Srz,n(y)

n-1 m-1
Y Srmmi @) + D Sriryin® ) + Seyrymn(®9),
j=1 i=1

C(m,n) = max{Co(m), Ci(m),..., Cy(m), Co(n), C1(n),...,Cy(n), C(m, n)}.
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Let
XN — X0
n = ‘25 +1, Qs, (w—pr,u+p1), ué€[x0,x5101>0,
1

ny = [yNZZ(S—yO} +1, Qs, (U — p2,u + p2), U € [¥0,9n,15 02 >0,
2

and

71;; = Qél(x_ 2]151) U QS](x+ 2j181)’ jl = 0’11---”/11)

T) = Qs (y = 2282) U Qs, (9 + 2282),  jo=0,1,...,m3,

where [-] denotes the integer part of the argument. Therefore, for each / € {0,1,...,N;}
(r€{0,1,...,N>}) there exists a unique j; € {0,1,...,m} (jo € {0,1,...,n}) such that x; €

T v e 1))
When j; > 2 (j, > 2), the following inequalities hold:

(21 — 181 < |x — x| < (271 + 1)é1,
(201 -1 -1)81 < [x—&| < (2(1 + 1) + 1)1, for & € [xi1, %11,
(22 =1)éa < [y —yr| < (272 + 1)dy,

(22— -1)8 <ly—nl =< (202 +1) + 1)85, for n, € [y,-1,¥r41]s
and by (11)

dlxp,x] < (2071 +1) + 1)81,

Alyr,yra] < (2(i2 +1)+ 1)32~

It follows from the definition of M, (M,) that

1<(TgNX)<M,, 1<(T;NX)<2M,, j1=12,...,m,

1<(ToNnY) <M,  1<(T,NY)<2M,, jr=12,...,1.

When xg € T]’; , (71 = 2), we have after some calculations

1, 1 1 1 Mox—t
x) < —=c dt + =c* / dt
1//0( ) 2 ! ./—oo |x_ tl3 2 ! [(x_ TO)Z + C%]S/Z x ¥1 %0
< 1czlx—x 2 + 1cz(x — %) — 10|72
=34 0 211 = %o 0
1 , 34 -
= 2al@ - D787 + 221 - 3)76, 7]

<1872 -3)7%,

where 74 € [%g,x1]. When xy, € T]’i, (j1 > 2), we get in an analogous manner

U, (x) < €28,72(2 - 3)72
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When x;(I=1,...,N; -1) € T]’;, (j1 = 2), we also get

1 X[+1
Yilx) < =c mﬂll By(t)dt

e —x1) e — |7

_M»-. N =

1817221 - 3) 72,

where 7; € [x,_1,%,1]. Similarly, when j, > 2, we obtain

V() < 38,7222 -3)% r=0,1,...,Ny.

Then, we can obtain

N
Srm@®) = Y Yn(@)d" %1, 20,11 (x)

1=0

D id b xal @) + Y Y @)™ x, x0a]()

x €Ty, TY j1=2 xleTl?‘l
ny
M (381)" + 2M(581)" + 2M,. Y _ 1817221 = 3)((2f1 + 3)81)”

j1=2

ny
< 2M(568,)" + 2M(581)" + 2M,c18, 7> Y (21 = 3)2(2j1 + 3)"
j1=2

"1
= 2Mx5m (281”1 + D%812r1+m—2 Zjilﬂz) .

j1=1
Similarly, we have

Ny
Srz,n(x) = Z vfr(y)dn b/r:yr+l](y)

r=0

ny
<2M,5" (252" + D3s 22y j§2>,

j2=1

Srl o, m,j x: (Z WI(x A" %1, %141 (%) ) (Z Wr(y)d D/r:)’m @))

=0 r=0
< 4M M,5"5
ni . ) ny
x (251m +D%512r”m_2 Z];Iw—2> (252} +D§822r2”_2 Zl-g—Z)’

j1=1 ja=1

Np Ny

Srrrain(%) = (Z Yix)d’ [xl,xln](x)) (Z V()" [y, yM](y))
1=0 r=0

< 4M,M,5'5"
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ni n
X (281i + D%alzrlﬂ'—z Z]ll—z) (282}1 + D§822V2+Vl—2 Zj;l—2>’

ji=1 Jj2=1

Ni
r1 o, mn(xry) = (Z Vi(o)d™ [x1, %111 (%) ) (Z Yy )dn[_)/r:ywrl ()/))

=0 r=0
<4M,M,5"5"
ni ny
% (281”1 + D%812r1+m72 Z/{lZ) (282}1 + D%822r2+n72 2132> .
ji=1 Jj2=1
Thus, we get
Erymn (%, 9)
= Srl,m(x) + Srz,n(y)

n-1 m-1
D Srrymf @) + D Seyryin @) + Spy rymn ()
j=1 i=1
ny
< 4M>5™M5" (23{“ + D382y j;“)
j1=1

ny
+ 4M25™M5" (252” + D28, 22 Z jgz) + 4M25™M5"
j2=1

ni n-1 ny
> (231m i D%812r1+m—2 Z];n2) (282j + D§622r2+1¥2 Z}.]ZZ>

j1=1 j=1 Jja=1
+4M?*5"5"
ny m-1 ni
<2(32 +D28 2ry+n— ZZ - 2) (2311‘ +D%812r1+i72 21112)
j2=1 i=1 j1=1
+4M>5"5"
ni ny
X <281m +D%81271+WI72 Z]TZ) (282}1 +D%52272+VI72 Z]gz>
ji=1 jo=1
:= 4M>5™5" (P + Py + P3 + Py + P5).
Casel(m=1)
If r; =1, then
ni
281m +D%812r1+m_2 Zj}in—z _
j1=1
=O(81]In8;])
<O(5[1nd])
n n-1 ny
<261m +D%812r1+m—2 Z]T—Z) (2821 +D%822r2+1'—2 Zj]z—2>
j1=1 j=1 Jj2=1



Wu Journal of Inequalities and Applications (2023) 2023:88

= P3

O(81In6,1)O(82]1n8,|), =1,
O(8111n8,1)O(8), ry > 1,

OB Ins)OG| ), r=1,

IA

O8] In§)O(3), r>1,
1 m n
<232" + D382 N jg-z) (1 £y <251i + DI 2N jl’;2>)
jo=1 i=1 1=1
=Py + Py + Ps
O(82]In8,)O(81|In 81]), n=1r=1,
~ O(82)(1 + O(81]1n64))), n=1rn>1,
oe)a o6 ms),  n>Ln<2m-1,
OG> A+ O |Insy)), n>1,n>2r, -1,
O@|Iné))(1 + O@|Iné))), n=1,r=1,
- O8)(1 + O(8]1ns))), n=1,r>1,

O@E"1+0@|ng)),  n>Ln<2n-1,
O )1+ 0G| Indl), n>1,n>2r-1.

So,
Py + Py + P3 + Py + P = O(5]Iné)).

Case2 (n=1)
For r, = 1. Similarly, as the discussion of Case 1 (m = 1), we have also

P1 +P2 +P3 +P4 +P5=(’)(8|1n8|)

Case3(m=1,n=1)
If ri >1,ry > 1, then

Pi=0@)<00);  P3=0061)00) < O(8);
Py + Py +P5 = O(8)(1+ O(81]1n81])) < O©B)(1+ O(8]1nd])).

So,
Pl +P2 +P3 +P4 +P5=O(5).

Cased (m>1,n>1)
Ifm<2r-1,n<2ry—1,m> n, then

Pi=0(87) <0(8™);  P3=0(8")0(8,) < O(8™)O),
Py + Py +Ps=0(85)(1+0(81)) < O(8")(1+0O)).
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Ifm<2r—-1,n>2r,—1,m < 2ry—1, then

P=0(87)<0(8™);  P3=0(8")O0(8) < O(8™)O),
Py+Py+ Ps= 0877 (1+081) < O(8*7) (1 +0(5)).

So,
Py +Py+ Py + Py+P5 = O(8™).
Ifm<2ri—1,n<2ry—1, m>n, then

P=0(87)<0(8™);  P3=0(8")O0(8) < O(8™)Os),
Py +Py+ P55 = 0(53)(1 + 0(51)) < O((Sn)(l + 0(5))

So,
P+ Py +P3+Py+P5=0(8").
Ifm>2r;1 -1, n<2ry,—1,n <2r; — 1, then

P=0(" ) <0(8*17Y); P =057 0) < O(8*17H0),
Py +Py+ P55 = 0(53)(1 + 0(51)) < O((Sn)(l + 0(5))

So,
P1 +P2 +P3 +P4 +P5=O((Sn).
Ifm>2r1 -1, n<2ry—1,n>2r; —1, then

P=0(") <0(8*17Y); P =057 0) < O(8*17H0),
Py +Py+ P55 = 0(53)(1 + 0(51)) < O((Sn)(l + 0(5))

So,
P1 + P2 +P3 +P4 +P5 = 0(821'1—1).
Ifm>2r;—1,n>2r,—1,r <ry,then

P=0(" ) <0(8*1Y); P =057 0) < O(8*17H0),
Py+Py+ Ps =087 (1+0(81) < O(8*7) (1 +05)).

So,

P1 + P2 +P3 +P4 +P5 = 0(821'1—1).
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Ifm<2ri—1,n>2ry—1,m>2ry—1, then

P =0(87)<0(8™);  P3=0(8")0(8) < O(8™)O(),
Py+Py+Ps=0(87")(1+001) < O8> 1)(1+ O®)).

So,
Py + Pz +P3 + Py +P5 = O((SZQ—I).

Ifm>2r;—1,n>2ry—1, 11 >ry, then

P=0(") <0(8*17Y); P =057 0) < O(8*17HO(5),
Py+Py+Ps= O8> (1+01) < O(8*271) (1 + 0©)).

So,
Py +Py+ Py + Py +P5=O(8°27"). 0
By using Theorem 6, we can obtain the following theorem in an analogous manner.

Theorem 7 Assume that ¢, and c; satisfy
c1 <D}, ¢ < Dy8y?,

where Dy, D, are positive constants, and ry, ry are positive integers. If f € C"*17+D(Q),

then
LB, f —fI| < CM*F(m+ Ln+ 1)) 411 1, (0)s (38)
where
8"l m+1<2m-1L,n+1<2r-1,m<n,
8" m+1<2rm-1,n+1<2r-1,m+1<2r,—-1,
8" m+1<2m-1n+1<2r-1m>n,
) &, m+1>2rn-1,n+1<2rn-Ln+1<2r-1,
6m+1,n+1,r1,r2 (8) = (39)

8717l i+ 152 -1,n+1<2r,—-1,n+1>2r -1,
8l i+ 152m—1,n+1>2r— 1,11 <rs,
827 i+ 1<2m—-1Ln+1>2r—-1,m+1>2r,-1,

8227l 152 —1L,n+1>2r— 1,11 > 1y,

C' is a positive constant independent of x, y and X, Y.

Remark 1 To apply the newly constructed bivariate multiquadric quasi-interpolation op-
erators to the interesting applications, the use of the Lagrange interpolation polynomials

can avoid the use of the derivatives.
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4 Numerical examples
To test the bivariate Bernoulli-type multiquadric quasi-interpolation operators, we con-
sider the following test functions(see, e.g., [40]) on the computational domain [0, 1] x [0, 1]:

exp[-3L((x - 0.5)% + (y - 0.5)%)]

Gentlef; (x,y) = 3 (40)
Smwmﬁwuo=V%4_&«x_%a2+@_05y)—05 (a1)
Saddlef3(x, y) = 125 + cos(5.4y) (42)

6+6(3x—1)2 "

For each function f;, i = 1,2, 3, we will compare the numerical results of our new op-
erators L, , with other methods suitable for bivariate Bernoulli-type Shepard operators
SB,,» [41], bivariate Bernoulli-type thin-plate spline operators Qg,, , [42] and the operators
Q (see, [27] and [28]) on a finite field with ¢; = (28,)™ and ¢, = (28,)"™2. The operator S3,,,
is defined as follows

N
(S8 ) 9) = Y Ay i, 9)BL, U500 %1413 Y Yies his ki,

i=0

where

V=22 + @ —-y))™
Yo E— )2+ =y

A/J.,i (xx y) =

with the parameter u > 0, see [41] for details.
We consider also the combined thin-plate spline operators of Bernoulli type, and
dimension-splitting multiquadric bivariate operator, denoted by Qg,, ,, and Q, introduced

in [42], and [27, 28], respectively. They are given by

(QB,, ) (%, 9)
N

1 X=X Y=Yi\
=T — =B, X X3 Vi Yiss i kil h e (0,1),
167'[; ( h A ) m,n[fx Xi+15Yir Yi+l ] ( )

(QN@ ) =D Y fn@¥;).
i

We use uniform grids of 121 nodes for the operators Qg,, ., Sg,,,» £8,,,,» Q with a width
281 =28, =0.1as (m,n) =(2,2),3,3), u =4, h= %, r1 = 3 and r, = 3. In order to estimate
the errors as accurately as possible, we compute the approximating functions at the points

2L1’ 211), (i=1,2,...,20;j=1,2,...,20). Tables 1-2 display mean and max errors for the dif-
ferent approximation operators above. From Table 1, one can observe that the error for the
bivariate Bernoulli-type operator with multiquadrics Lg,,, is lower than that for the bi-
variate Shepard-Bernoulli operator Sp,, ,, thin-plate spline operators Qg,,, of Bernoulli
type and dimension-splitting multiquadric bivariate operators Q as (m,n) = (2,2). Ta-
ble 2 shows that the smallest error is for the bivariate Bernoulli-type operator with multi-
quadrics Lg,, , as (m, n) = (3, 3), too. We remark good approximation properties of the pro-
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Table 1 The maximum and mean approximation error of the operators on (m,n) = (2,2)

fi > f3

Emean Emax Emean Emax Emean Emax
LBZ,Zf 0.000436 0.001481 0.000109 0.000648 0.000624 0.004172
ngf [41] 0.000499 0.002384 0.000150 0.000737 0.000694 0.005629
QBZ,Zf [42] 0.001299 0.004533 0.001702 0.005598 0.001650 0.007147
Qf 1271 0.001757 0.006318 0.002535 0.007270 0.001990 0.012885
Of 28] 0.001757 0.006319 0.002537 0.006278 0.001990 0.012884

Table 2 The maximum and mean approximation error of the operators on (m,n) = (3,3)

fi f f3

Emean Emax Emean Emax Emean Emax
Cgﬁf 0.000055 0.000361 0.000024 0.000102 0.000100 0.001169
553/37[ [41] 0.000099 0.000378 0.000028 0.000219 0.000155 0.001645
033/3f [42] 0.000821 0.002419 0.001440 0.007019 0.000907 0.010815
Qf [27] 0.001757 0.006318 0.002535 0.007270 0.001990 0.012885
Qf 28] 0.001757 0.006319 0.002537 0.006278 0.001990 0.012884

posed multiquadric quasi-interpolation operators Lg,,, when compared with the other
methods.

5 Conclusions
In this paper, a kind of bivariate Bernoulli-type multiquadric quasi-interpolation operator
is constructed by combining the known multiquadric quasi-interpolation operator with
the generalized Taylor polynomial as the expansion in the bivariate Bernoulli polynomials.
A result on the convergence rates of the new operators is given. Numerical tests show
that our method provides higher accuracy. Furthermore, the associated algorithm is easily
implemented.

In our future work, we plan to apply it to solve partial differential equations, and good
results may be obtained. Moreover, we could construct stochastic quasi-interpolation with
Bernoulli polynomials.
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