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1 Introduction

The notable character of inequalities in the growth and enlargement of mathematics is
well known. In several areas of science and technology, mathematical inequalities have
effectively spread their impact and they are now recognized and imparted as some of the
most useful mathematical disciplines. Information theory, economics, engineering, and
other fields have benefited from their use (see [1, 2]). Inequalities and their affiliated theory
have rapidly expanded as a result of this applicability, leading to the establishment of var-
ious new and generalized forms of inequalities. For illustration, the Hermite—Hadamard
inequality, Newton’s inequality, Simpson’s inequality, Jensen’s inequality, and the Jensen—
Mercer inequality (see [2—5]) are some of the most well-known identities among scien-
tists. Currently, scientists are specifically interested in generalized inequalities that include
many of the previously stated variants in one version or another. We selected Newton’s and
Simpson’s inequalities for convex functions in generalized form.

The relationship between inequalities and the theory of convex functions was discov-
ered to be extremely strong. Convex functions play a notable role in the fields of both
theoretical and applied studies. The study of convex functions always presents stunning
and magnificent sights of the beauty in advanced mathematics. Mathematicians always
put potential in this direction as a result, discover and survey a large variety of results that
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are beneficial and remarkable for applications. This method is strong in relationship with
countless issues, most of which are found in both the basic and applied sciences. Convex-
ity also has a major effect on our daily life through countless implementations in medicine,
industry, business, and art. Due to the wide range of implementations, it is among the most
advanced branches of mathematical modeling. Convex functions are the topic of research
in a number of disciplines due to their applicability in inequality theory and are defined

as:

Y (ke + (1= k)sm) < k(30 + (1 - k)Y (31), (1)

where ¥ : [a, b] C R — N is a convex function that holds for all s, 5¢; € [a,b] and k € [0, 1].
Additional information of different types of convexity and their contribution to inequal-
ities can be found in [1, 2].
Newton’s inequality is defined as:

Theorem 1.1 ([4]) Consider  : [a,b] — R is a four-times continuously differentiable
mapping, and

lv@] . = sup |w )(50)] < 00, )

»€(a,b

then, the following estimation holds:

a+b a+2b 1 [°
E [w() e R e R O e R

LA MR

- 6480

The results of Newton-type inequalities involving convex mappings have been looked
at by various authors because convex theory is an excellent technique to deal with a siz-
able number of issues from various mathematical disciplines. In the papers [4, 6], based
on differentiable convex mapping, new modifications of Newton-type inequalities were
discovered. Furthermore, the authors presented Newton’s inequality for convex functions
in quantum calculus [7, 8]. Iftikhar et al. in [9], presented a novel Newton-type inequality
for functions with the local fractional derivative, which is generalized and convex.

Simpson’s inequality is explained as:

Theorem 1.2 ([3]) Suppose that V : [a,b] — R is a four-times continuously differentiable
mapping on (a,b), and let |@ || o = SUD.,,c(a,6) | @ (5)| < 00, then the following inequality
holds:

1[ ¥ (a) + ¥ (b) a+b 1 b
37 (5)] ok [ v

LA MR

- 2880

The results of Simpson-type inequalities for convex mappings have been looked at by
various authors because convex theory is an excellent technique to deal with a sizable
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number of issues from various mathematical disciplines. In the papers [10, 11], based
on differentiable convex mapping, new modifications of Simpson-type inequalities are
discovered. Furthermore, these inequalities were also the subject of some publications
[12,13].

The introduction of new approaches and the generalization of integral inequalities using
fractional integral operators resulted in a revolution in inequality theory. For some recent
results see [14, 15]. Among the many fractional integrals that have emerged, the Riemann—
Liouville fractional integral has been widely considered as a result of its uses in numerous
fields of science.

Definition 1.1 ([16]) For an integrable function v on [a, b], the left and right Riemann—
Liouville fractional integrals of order @ > 0 are defined as:

Do) = ﬁ ‘/a%(%—/c)""ltp(/c)dk, »>aq,
b
]?&(%h% f (k=" VY (e)dk, <b,

where I' (') is the Gamma function.

Let0<& <& <---<¢, and let p = (p1, p2, ..., pc) be nonnegative weights such that
Y 5.1 .. = 1. The famous Jensen inequality [1] in the literature states that if v is a convex
function on the interval [q, b], then

W(ZPACA) =< (Z pﬂﬁ(ﬁx)), 3)
A=1 A=1

forall ¢; €[a,b], p» €[0,1]and (A = 1,2,...,¢).
In 2003, a new variant of Jensen’s inequality was introduced by Mercer [17] as:
If ¢ is a convex function on [a, b], then

v (a +b— ng) <Y(@) +y(6) = Y _my(s), (4)
A=1 r=1

holds for all ¢, € [a,b], p» €[0,1] and (A = 1,2,...,¢€). It is one of the key inequalities that
helps to extract bounds for useful distances in information theory [5, 18, 19].

Definition 1.2 ([20]) Let o = (01,032,...,0;) and v = (§1,92,...,9,) be two A-tuples of real
numbers with their arrangements g, < 0,1 <--- < 01,95 <9i_1 <--- <1, then g is said
to majorize y (or y is said to be majorized by o, symbolically y < o), if:

S S
ZU[@] < ZQ[@] fors= 1,2,...,A—-1,
0=1 0=1

and:
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It is an inequality in elementary algebra that generalizes Jensen’s inequality for convex
real-valued functions defined on an interval of the real line. Niezgoda [21] utilized the idea

of majorization and extended the Jensen—Mercer inequality given as follows:

Theorem 1.3 Let (si9) be an € X A real matrix and 0 = (04,...,0,) be a A-tuple such that
0o, 0 €1 foralli=1,2,...,¢, ® € {1,...,A} and  be a continuous convex function de-
fined on an interval I C R. Furthermore, let oy > 0 for i=1,2,...,€ with ) ;_ oy =1.If6

majorizes every row of (xie), then:

Py
W(ZQ(-) —ZZG%o) < Z‘ﬁ(eo) ZZ@ (#t10). (6)
o-1

®=1 i=1 ®=1 i=1

For researchers working with various integrals or convex functions, the theory of ma-
jorization provides a unique opportunity. Researchers from a variety of disciplines have
been paying close attention to it. Numerous majorization ideas have been recreated and
applied to various fields of study, including economics, graph theory, and optimization.
The theory of majorization is a very important topic in mathematics; Olkin and Mar-
shall’s book [22] is a remarkable and comprehensive reference on the subject. The concept
of majorization, for instance, is a powerful component for converting nonconvex compli-
cated constrained optimization problems with matrix-valued variables into simple prob-
lems with scalar variables that can be quickly resolved [23, 24]. Majorization theory can be
traced back to some modern applications in signal processing and communication [25].
One can see some recent results related to majorization in [26, 27].

In this paper, the main focus is on majorization-type results for Newton—-Simpson-type
inequalities involving convex functions. To extend majorization the Riemann—Liouville
fractional integral is used for both Simpson- and Newton-type inequalities. Inequalities
of the classical Mercer type and their different versions are created in the case when we
have @ =1 and A = 2 in the obtained results. Finally, the obtained outcomes were backed
up by diminished outcomes and implementations.

Here, 2 = (21,Q22,...,2), a = (a3,ay,...,a;) and b = (by, by,..., b,) are three A-tuples
that will be used throughout the paper.

2 Main results

New Newton-Simpson-type Lemma’s via majorization are presented in this section.

Lemma 2.1 Let Qg,a0,bg €1 for all ©® € {1,...,A} be three A-tuples such that a; > b;,
@ > 0and  be a differentiable function on an interval I C R.If ' € L(I) and R majorizes
both a and b, then:

A1
[ (ZQO Zao)ww(zgo ZZ“O“’O)
®=1 ®=1 ®=1 3

(S £ (S )

0=1 =1
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I'l+w) 1
(7
]Zo 1 Qe-Y 50 ae) W(E Qo — 02_1 b())

(ZO 1 (bo —ag))®

A-1 r-1
= Z(b@ - Cl(-))/ (Z Q() Z Kag + 1 K)b())) dl(,
0=1 0 0=1

=1

where ®% (k) is defined by

k7 =1, ifrefo,d),
o7(k) = {7 -1, e[l ),
k7 -1, iftel21).

Proof Let us denote

]1:/ (ZQO AXI: Ka@+(l—K)b@)> dk.

=1 0=1

Now, splitting the integral, we have

]1:/0%( ) (iszo AXI: Ka@+(1—K)b@))dK
+A3<KW—%)¢/<iQ@—§(Ka@+(1—K)b@))> di

0=1 O=1
7 A-1
+ g I//( Q(.) - Z(Kﬂ(—) + (1 - K)b(.))) dk
=1 =1
= ]Il + ]IZ + ]Ig.

Using integration by parts

1 1 A A-1
]11:/(; (Kw_g)w/<ZQ®_Z(Ka@+(1—K)b@)) dk
o= o-1

((2)- )1&(20190 z”( )1 e Ze-Tauibe)
8 8

3 (-)-1(bO ae) (-)=1(b(~) ae)

o ; X A-1
/ o <ZQO Z(Ka@+(1—/c)b@)) dc,
6=1 6=1

Y|
o-1(be —ae)

/%( ) (ZQO A21;Ka@+(1_K)b@))d,<

1
3 0=1 (C]

I,

=<(2)“’_1>w<23 10 = T (e552)
2

; Z (b® - Clo)
— <(l)m B l) '(//(Z() 1 Q() ZO l(ao+2b0 ))
3 2 Z (bO - Cl())

r-1
(b - )f Pl 1 <ZQO Z Kﬂ@+(1—K)b@))dK,
()1 0 — Ue

=1 0=1

Page 5 of 34
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1 A-1
H3=/2 ( ;)w (ZQ()—Z Ka()+ 1 K)b())) dk
3 0=1

:_(<E)w_z> W(Zo 190 Zo 1(2a0+b® )+< ) Zo 190 o 1‘10)
3 8 > (be —ap) 8 YL (bo - ao)

-1
_+ WI (ZQO Zlcu@+(1—x)b@))d;c

=1

and adding [}, I, and I3 we have

e ge) o (e 1)

82@ 1 bo—ao

o-1 oo
vav(Lma- T g (S-S |
O=1 @-1
w A1
TS (b — a6) Qe 1-1)be) | d.
2\9;11([’(—) - ap) / <§ e~ ot Kao +(1-«) o)) K )

Now, substituting s = Zgzl Qe — Zg_:ll (kag + (1 —«)be) we have

oo Bl )

8201[’0 ae) e-1

+3w<290 Za@+2b@> (;QO gbo)}

=1

YA 1 Q0-Y 50 ae A A1 @-1

w

/ " Y ()| 22— (Z Qe — Z b@) dsn.
0=

Z(Aazl Q@*Z’(:);ll be

(Zo 1(be —ag))7+! 1 0-1
(8)
To apply the definition of a fractional integral in (8), we need to show that
s -1 A -1
YILIE S
0=1 e=1 0=1 e=1
As
a, > bx,
a, — bk > 0. (9)
Furthermore, a < € and b < . Then,
A1 -1
bo+[u=2a@+a,\,
0=1 0=1
A1 -1
bw—zﬂ(a:ﬂx—bx (10)
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and using (9) in (10), we have

Zbo Zao>0

®=1
-1 -1
-y bo<-Y ae (11)
O=1 0=1

and adding Z 1 o to both sides of (11) we have
A1 -1 -1 a1
Y Qo-) bo<) Qo-) de. (12)
0-=1 0=1 0=1 0-=1

Now, (8) implies

A -1
1 2ap + be
—[w(zao-zao) rap (Y- 3 o rbe )
83 6o (bo — ae) o-1 e-1 o-1 e-1
A o op 2 -1
+3y (Z Q- =2 “) (Z Qo — bo>:|
0-1 0-1 0-1 1
(Z bo - aO))erl ZO 15%0- ZG) 1510 i ®=1 o7 =1 ©
Multiplying (13) by Zg;ll(b@ — ag), we obtain the required equality. a

Throughout the paper we take a; = a and b; = b to enhance the beauty of the paper.

Remark 1 If we take A =2 in Lemma 2.1, then we have

1 2a+b a+2b
3 Y(2 + R —a)+ 3| Q2 + Ry — 3 + 3| Q1+ 2y - 3

+ Y (Q1+ Q- f’):| %J@ng o- V(1 + 82 -b)
1
=(b—a)/ D7 (k) (Q1 + Q2 — (ka+ (1 - x)b)) dk, (14)
0

which is a new equality in the literature.
« If we take @ =1 in (14), then we have

%{¢(91+92—a)+3¢<s21+92— <2u+b))

3
+3w(91 Q- <“+3zb>> (S +§22—b)}
1 (Qy#ﬂz—a)
V() dsx

(b—a) Jig,+25-0)

1
=(b— a)/ D()Y (21 + Q2 — (ka+ (1 —k)b)) dk,
0

which is a new equality in the literature.
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o Ifwetake Q1 =0a, 2, =band @w =1 in (14)

1 2a+b a+2b 1 b
g[w(amw( - >+3w( - >+w<b)}—(b_a)/a ere

1
=(b- a)/ CI)(K)l///(Kb +(1- K)a) dk,
0

which is a result for generalized convexity and classical convex functions in the
literature, respectively.

Lemma 2.2 Let Qg,00,b0 €1 forall ® € {1,...,A}, a, > b,, @ >0 and  be a differen-
tiable function on an interval I C R. If ' € L(I) and S majorizes both a and b, then:

R o A e 2|

'l+w)
m](Zo 1820~ Z() 190)° <Z Qe - Z b())

A-1 A-1
:Z(b(ﬂ—ﬂ@))/ <ZQ(_) Z Kﬂ@+(1-l€)b@)) dk,
=1

o=1
where p® (k) is defined by

1 . 1
- B Kw—g, l_fKe[O,i),
p” (k) (K

w—g, ifk €[3,1].

Proof We can write

1 X -1
I= / pe )Y’ (Z Qe — Z(KCI@ +(1- /c)b@)) dx.
0 0=1 e=1

Now, using the definition of our kernel, we obtain

1 1 A a1
]I:/ (K’”—6)1//’<ZQ@—Z(KCI@+(1—K)6@)) dk
0 0-=1

O= 0=1

TRGEH

=1 =1

A-1

(kae +(1- K)b@)) dik
= ]Il + ]Ig.

Where we have, by using integration by parts,

I - (lw )w(Zo IQO i»)l u@+b@ (1> W(Z?:):l Qo — ?:)—:11 be)
26 >6-1(bo — ae) 6

" (/ (Z 2o - i (kao +(1- :c)%)) d/c)

o 1(b® ae) 0-=1 0-1

b (b — ae)

Page 8 of 34
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and

I = ( )1/[(20 1 Z() 10'0) (lw - E) W(Z@ 1o A 1 %;bo)
6 Yok (be —ae) 2 6 Yol (be —a(.))

A A-1
_%</ . 11”(290 Z(K0(~)+(1—K)b@)) d/()

0=1 0=1

and adding II; and I, we have

1 A a1
=—— Qe — S
6 Z)(\_)_le(b@ —ae) |:¢ <~Z=1 ? o=-1 ao)

A A—la +b A A1
+4¢(ZQO > ‘“’2 ‘“’)Hp(ZQ@— bo)}
O=1 O=1 ®=1 O=1
- 1 A A-1
S -1 Qo - 5 +(1—K)be) | d |.
Y5 (e >(f ) w(Z om 2 leso (1= ")> ) "

Now, Substituting s = Y ¢ _; Qo — Y gy (kae + (1 — )be) we have

1 A A-1
» ae +b() o
+4¢<ZQ@—Z ) (ZQO Zbo):| 5o

_ w+1
o-1 e-1 o-1 o-1 1(be —ae))

Zé):IQ —Z)"lll a ps A-1 w-1
X/~ @ @ 6‘”(”)[”‘<ZQ®—Z[’®)] d. (16)
0=1

1
Y61 R0-2 621 be 0=1

To apply the definition we have to show that

A A1 A -1
QO—Z[’@SZQQ— ae
=1 =1 0=1 =1
As
a, > b)\,
a, —b; >0. 17)

Furthermore, a < £ and b < 2. Then, we may write:

-1 A1
E bo +a; = E e + ay,

=1 0=1

A-1 r-1
Zb@—Za@=aA—bk (18)

=1 =1

Page 9 of 34
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and using (17) in (18), we have

Zbo Zao>0

0=1
A-1 A-1

- E [l(-) < - E ae
0=1 =1

A-1 r-1 A-1 A-1
E QO - E b@ < E Q@ E ae
0=1 0=1 0=1 0=1

Now, (16) implies

620 1(bo —ae
A-1 a6 +b A -1
+4¢<ZQO > = @)+¢(ZQ@—Z[:@)}
O=1 O=1 O=1

A A1
w
. ))ml](zg:l 20-Y5 ae)> ¥ (Z §2 — bG)'

o-1(be —ae 0=1 0=1

Multiplying (21) by Zg;ll (be — ae), we obtain the required equality.

Remark 2 If we take A =2 in Lemma 2.2, we have

éI:I/I(Ql +S22—a)+41/f(§21 +§22—%b) + (2 +Qz—b)]

Frl+wz) (

B (b_a)w 191+Qz a)” W(Ql +Qz—b)

1
=(b- a)/0 PP (1 + Qo — (ka+ (1 -«)b)) dk,

which is a new inequality in the literature.
Here, we have different scenarios given as:

« If we take @ =1 in (22), we have

l[w(szﬁszz—a)ww(szﬁszz— M) (e +§22—b)}

6 2

1 Q1+Q2y-a

- d
(b - a) n/91+522b w(%) g

1
=(b- ct)/0 p(/{)tﬁ/(Ql + Q9 — (/ca +(1- K)b)) dk,

which is a new equality in the literature.

(19)

(20)

(21)

(22)

(23)

Page 10 of 34
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« If we take Q1 = a, Q9 = band w = 1in (22), we have

b
{Wa) w( *) w(m} i | weaax

1
=(b- a)/ p(/c)w’(/cb +(1- /c)u) dk, (24)
0
which was proved by Alomari in [10].

3 Newton-Simpson-type inequalities via majorization
Numerous Newton—Mercer-type inequalities via majorization for convex function are

presented in this section.

Theorem 3.1 Under the assumptions of Lemma 2.1, if the mapping || is continuous

convex on the interval I, then we have the following inequality:

[ (Zszo Zuo>+3w<2§20 Z”‘Og“’“)

0=1 =1 0=1 0=1

]

0=1 0=1 0=1 0=1

I'l+w)
T (S (b0 —ag)7 (Tha ST (ZQ@ Zbo)

=1 0=1

A= r-1 A-1
< Z bo - a@[(&Z\w (Q0)| - (TIZW(a@)\ +TZZ!w’<b@)|>>
0=1

0=1 =1 =1

(@ZW szo>|—(TsZ|w a6) +nZ|w bo)>)

=1

(@ilw 9<>>|—(T5§|‘/’ “O”*“i'”’(b‘))))]

where notions ®,-03 and Y1—Y¢ are explained below.

Proof By taking the modulus on both sides in Lemma 2.1 and utilizing the Niezgoda—

Jensen—Mercer inequality (6) for € = 2, 0, =« and 0, = 1 — k, we have

A—1
[ (Z Qo - Zao> 3y (Z Qo - Z—Z“O; [’0)
0=1
A A-1 +2E] A A-1
+3¢<ZQO > do ") +¢<ZQ@—ZB@>i|
O=1 0=1 0=1 0=1

rdl+ow)
Q b
(Zo 1(50 - ao))wjzo 1 Q0-2 60 90)” (Z Ch Z 0)

=1 0=1

Page 11 of 34
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A-1

1 » -1
< Z(be) - a(—))f |7 (k)] W(Z Qo - Z(K[’@ +(1 —K)a@)) dk
o=1 0 0=1 0=1

-3

A A-1 r-1
[lesz@ﬂ - (K > ¥ (@e)| + (1 -x) leb@)\ﬂ di
®=1 0=1 0=1

(25)

and we will utilize the following computations throughout the paper to develop new
Newton—Mercer-type inequalities;

[16=-3)
®1= Kw——
0 8

1 1

9% (1+w)

(C] : w_1
A6

1 |:21+m' _ 31+w _31+w + 41+wi|

dk

(87 - -8 )],

dk

+

o +1 61+w 61+w

e
E b (0]

We will use integration by parts to solve the following identities that will be utilized for
our new results and enhance the beauty of the paper:

dk

&
|

3 1
T, = k| k% —=)|dk
0 8
23 1
- _ 8—ZD'—2 _ 3—ZD'—2 _ 8—w—2 s
4608 (2 + w)[ ( ]
3 1
TZ:/ 1-x) (/c’” - —) dk
0 8
— _2—5 _ 1 [3713‘72 _ 87572]
4608 (2+ @)
L1 (371 _g-o-1] 2732 )(15 + 7w)
1+o) 2+3w + w?

2
3 1
T3:/ K<Kw——)
1 2

1 1 22+w _ 32+zzr _32+w + 42+zzr
—_— + 5
72 w+2 |: ]

dx

62+w + 62+w

Page 12 of 34
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2

T4:/§(1—K) (Kw—%>

1 1 22+w _ 32+m _32+m + 42+m
= —— + - +
72w +2 64@ 64+@

dk

1 |: 21+w _ 31+w _31+w + 41+w]

o +1 61+w + 61+w

1
Tg:/z K (K“’—%)
_is 1 . § -2-w Z 2+ § -2-w
_4608+w+2|: _(7> _(8> +<2) ]
1

T6:/2 1-«) (I{w—g>
B 161 1 . 8 —-l-w 7 1+ 3 -1-w
_m+w+l|:_<§) _<§) +<§) ]

1 . 8 —2-w 7 2+ 3 -2-w

EOREORON

By using computations ®;-03 and T;—Ys in equation (25), we obtain the required re-
sult. O

dk

dk

Remark 3 If we take A = 2 in Theorem 3.1 then we have

1 2 9
’§[¢(Ql+§22—a)+3w<§21+92— a3+b> +3¢(Ql+92_ a+3 b)

rl+w)

YR+ Q- b)} - Wfégllgz_arw(szl + Q- b)‘

< (b-a)[(O1]|¥'(Q)] + O1]|¥ ()] - (T1]|¥/(@)| + 2|/ (b)]))
+(O2]¥ ()] + O] ¥ ()| = (Y3]¥ ()] + Ya| ¥ (b6)]))
+(Os]y/(Q1)] + O3]y ()] - (Ys|v'(@)] + Ys|¥'(0)]))], (26)

which is a new inequality in the literature.

« If we take @ =1 in equation (26) then we have

‘%{1//(91+92—a)+31p(91+§22— <2a+b))

3
+3¢<Q1 + Q- (“32[’)) (S +522—b)}

1 (R21+Q2-0a)
- —(b ) /( W) d%l

Ql+92—b)
17, 17
<(b —ﬂ)[(%w ()] + %W ()]

251 | 973
- <41,472 V@l ¥ (b)|>)
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1 / 1 / 1 / 1 /
(@l vl - (lvels Slvol))
(576|w Q)] + 576|w ()|

973 | 251
- (41,472 v/ @] + 41,472 v (b)o)]’ @7

which is a new inequality in the literature.

« If we take ©; = a, 2, = b and @ =1 in equation (26), then we have
1 b 3 2a+b
‘(b—a)/a 1”(")‘”‘@‘”( 3 )
3 a+2b w(a)+¢(b)‘
-(g)w( ; )- ;

which appeared in [9].

Now, we give results for Simpson-type inequalities by employing Lemma 2.2.

Theorem 3.2 Under the assumptions of Lemma 2.2, if the mapping |{'| is continuous
convex on I, then we have the following inequality:

-1 A -1
be
[ (Zszo Zao> +4¢r<290 el °) + w(ZQ@—Zb@ﬂ
®=1 0=1 ®=1
FA+@) () * <
Z@ | (be — a(—))w](m):l 20-Yo-1 a@)_ilf (@Z; o OZ; o

= A A1 A1
= (Z(b@) - a@)> |:Gl Q)| -Q1 ) _|¥'(6)| - Q "(be ]
o-1 o-1 o-1 o-1

-1 -1 A1
+Z(bo—ao)|:Gzz|W(Qo)|—Q3Z|W(%)|—Q4Z|I/f/ c i|,

0=1 =1 v=1 =1

where Gy, Gy, and Q,—Qy are the computations explained below.

Proof By taking the modulus on both sides in Lemma 2.2 and using the Niezgoda—
Jensen—Mercer inequality, we have

-1 A A-1
0=1 0=1 ®=1 0=1
F(l + @) »
B " (bo — ae)™ o (51 20552 a6)- <Z S0 - Zbo)
0 1\Ye 0=1 0=1

dk

a—1
<3 (b0 - ao[yp ||
0=1

(Z Qo - i (kae + (l—K)b@)>

=1 0=1
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A-1
=Y (bo -

®=1
-1

+ be — ag
;( ) o)/

s r-1 r-1
x [Z! ( (x ¥/ (@o)| + (1 —x) Y|/ (be) )]dx.

A-1 A-1
(K |W/(a(~))|+(1—K)Z|¢/( ® )]dK

Here, we have

1

2 1
612/ (Kw——)
0 6
1 2 1 w+1 1 1 w+l
= —_— — —+ — 5
36 @+1\6 w+1\2
Gy = 1 w0
=) |\ %
2
5 1 5 w+l 1 o+l
=—+ -2 = +| = +1].
36 w+1 6 2
Now, by using integration by parts we have
a- [ +(-3)
1= K|\ K ——
0 6
7 2 1 w+2 1 1 w+2
= - - + = ,
432 @ +2\6 w+2\2
1
ool
= —_— K' —_——
Q 0( K 5
5 1 5 1 w+l 1 o+l 1 ) 1 w+2 1 w+2
= —_—— - _ —_ _ + —_ —_ —_ N
432 w+1 6 2 w +2 6 2
1 o 5
= [ (< -2)
2
25 1 5 w+2 1 w+2
=—+ -2 = +1{ = +1{,
waa2E) G)
1
Q- [ -0 (xw
2
35 1 5 o+l 1 o+l
=—+ -2 = +{ = +1
432 w+1 6 2
1 ) 5 w+2 1 w+2 )
- 2| = +| = +1].
w +2 6 2

Using computations G, G, and Q;—Qq in (28), we obtain the required result.

dx

dk

dk

dk

|
Nl
S———

(28)
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Remark 4 If we take A = 2 in Theorem 3.2, we have

’%[W(QI+s22—a)+4¢<91+92—%b) +¢(§21+92—b)}

(b a)w]91+92 a)~ 1/f(91 + QZ - b)‘

< (b-a)[Gi|¥'(Q)] + G1|¥ ()| - Qu|¥'(a)| - Q2| ¥/ (b)|]
+(b - a)[Ga|¥'(Q1)] + Ga| ¥ ()] ] - Q3|¥/(a)] - Qa

(29)

which is a new inequality in the literature.
« If we take @ =1 in (29), we have

‘é{w(91+92—a)+4l//(91+92—%b)+1ﬁ(§21+§22—b)}

Q1+Q2-a
! /Q w(z)d(%)‘

(b-a) 1+Q2-b

5Y,,, 5\ (.
5([’_“){<5)W(Ql)|+(ﬁ)‘w<92)|_<1296|w |+ 1296W })

5 , 5 )
+ <ﬁ)|¢ (Q1)] + <7—2>|1/f ()] - <1296|1/f (a)] + 1296|¢ (b)|)}, (30)

which is a new inequality in the literature.

» If we take 27 = a, 2, =b and @w =1 in (29), we have

b
Hw(a) w(*3) vol- 1 [ w(%)d%‘
< (%)(b o[ @] + [¢®)[] (31)

which was given by Alomari in [10].

Theorem 3.3 Under the assumptions of Lemma 2.1, if the mapping |V'|7 with q > 1 is
continuous convex on the interval I, then we have the following inequality:

(e ) o i)

0=1
r r-1 e +2b() r A-1
39 (Y Qe-Y ———|+¥|Y Q- beo
0=1 0=1 0=1 0=1

0=1

I'l+w)
i b
ol (be —ag)” 5k 20-3 o) (Z Qo — Z 0)

-l
<) (bg - ao)|:(01) (01 ZW/ (Q0)|*

=1 =1

a1 i
(le‘lﬂ/ ae) +722W be) ))

=1 =1
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1

r-1 A-1
+(02)"" (@)ZZM Qo)|” (TBZ\w/(a@)\q+T4Z!1/f’(b@)\q)>

=1 =1 =1

-1 A1 %,
+(03)" (@ZW(QO)V <TSZ|¢(a@)|"+nZ|w(b@)|")> ]

0=1

where notions ©®1-03 and Y1-Y¢ are defined in Theorem 3.1.

Proof By taking the modulus on both sides in Lemma 2.1, we have

1 X -1 A -1 246 + bo
sl v D Qo-) ao|+3y ZQO—ZT
0=1 0=1 0=1

6-1
A 1 e+ 260 -1
+3y ZQG’_ZT ZQ(a Zbo
6-1 6-1 0-1

F(l + ) i1
(Z (bo - ao))w]Zo 1Q0-Y57 0)” ZQ() Zb@

A-1 A-1
Z b ‘ (ZQ()—Z KCl@+(1—K)b@)> di
0=1 0=1
A-1 A-1
+Z(bo ‘ <ZQ() Z Kap + 1 K)bo)) di
0=1 O= 0=1
A-1 A-1
+ (bo ‘ (Z Qo Z Kap + (1 K)b@)) di
0=1 O= 0=1

by using the power-mean inequality and Niezgoda—Jensen—Mercer inequality, we have

[ (Z% Za®>+3w<ZQ@ SM)

®=1
A r-1 a +2b A -1
® ®
vav(Lme- Ty (T S|
®-1 O-1 ©-1 ©-1
r-1

F(1+w) i w(ig < b)
T (U (be — ag))r TbaSerXeaeer T\ L0 T L0
Al 3 -4 3
be — ag
Sy w[(/o ) (/0
A-1 A-1
KZW(OO +(1—K)Z|w’(b@>|")>dx>
0=1
1 A
s

=1

1

K% ——
8

-

a1 a1 :
o L4 Z|W(ﬂ@)|q +(1-«) ZW’(%)V)) dK)
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K% — —

(

3

A-1 A-1 i
- ( 3 [ (@e)| + (1 - ) Z|w/<b@>|q)) dx) ] (32)

®=1 0=1

1
7 it
@ dK) ! (/
8 2
3

i s
K - §’<Z|w’<9@)|‘f
=1

By using computations ®;—03 and Y;-Ys given in Theorem 3.1, the proof is com-
pleted. g

Remark 5 If we take A = 2 in Theorem 3.3, then we have

|%|:1//(Ql+92_a)+31/f<91+92— 2a3+b> +31//<Q1+QZ— a+326>

I
FY(Q+ Q- b)} - ﬁf{g&z_a)_w(ﬂl v - b)‘

<(b- a)[(@ﬂl‘% (O] (@)|" + O1|¥'(Q)|" = (Ta]v/(@)]" + szwb)!q)ﬁ
+(©2)71 (O] Y/(0)| + O]y ()| — (T3|9/ (@] + L9/ (0)]7)) ¥

+(0)7 (O3] (Q)|" + O3 |9 Q| = (T5|¥/(@)|* + Ys|v'(0)[7)) 5], (33)

which is a new inequality in the literature.

« If we take @ =1 in (33), then we have

1 2a+b 26
‘§|:I/I(Ql+92—a)+3l/f<91+§22— a; >+3¢r<91+92—a+3 )

1 (Q1+823-a)

+ (2 +Qz—b):| W(%)d%‘

(b - a) (21+922-b)

17\ /17, 17\, ,
s(b—a)[(%> [<%)|w(91)|q+(%>|w(92)|"

1
251, 973 ., a\17
- <41,472|w @[+ 41,472"/’ ®) )}

I\ 1Y, |, 1\,
+ (&) [(%)W @)|" + (%)W ()|*
1, 1, g
~(hv@rs Slvor)]
NI 17N a7\ g
+(%) [(%)Iw(w +(ﬁ)|w(92)<

973 | 4 251 . A\14
- (41,472|w @[*+ 41,472|w ®) )} }

which is a new inequality in the literature.

—_

Page 18 of 34



Butt et al. Journal of Inequalities and Applications (2023) 2023:16

« If we take Q21 = a, Q9 = b and @ =1 in (33), then we have

1 b 3 20+b
‘(b—a)/u ‘/’(”)d”_(§>‘”( 3 )
_<§)¢<u+26>_W(a)+W(b)‘
8 3 8
_(b-0 251 g
= 36 [((16) [1152|¢"()| 1152|¢( o) ] )

1

1, 1, , a
SHZCESZC

17 973
+(<E) [Lﬁﬂw<| 1BJW(”})}

which appeared in [9].

Theorem 3.4 Under the assumptions of Lemma 2.2, if the mapping |¥'|? is continuous
convex with q > 1 on the interval I, then we have the following inequality:

é[w<§:ﬂ@_§ia®>+4w<ﬁjg®_§fa@;b@> (E:Qo EZbO)}

0=1 =1 0=1 0=1 0=1

ri+o) 7@ w(i Q@_ib@)

Zo " (bo — ag)” X6-1%0- PRCRLE

0=1 0=1
r-1 -1 -1 :
(bo — ae)(G1)'~ [Gl @Dw (@e)|" - QY |y’ (bo)|q]
O=1 0=1 = 0=1
r-1 L
+) (be —ae)(Gy)'
=1
A r-1 r-1 :
x [GQZW Qo)|” - Qszlw (a0)|" - Qa4 } :
®=1 = ®=1

where G1, Gy, and Q1—Q4 are the computations explained in Theorem 3.2.
Proof The proof of the theorem is similar to the proof of Theorem 3.3. g

Remark 6 If we take A = 2 in Theorem 3.4, we have

E[l[/(Ql+§22—a)+41ﬁ<§21+92—%b) +¢(S21+§22—b):|

F(l +w)
(b—a)”

<(b- a)(Gl)l*é[Glh/f’(szl)V + G|y ()" - Qi (@) - Q2|w’(b)|"]%

]Q1+92 o- V(@1 + €0 - b)‘

+(b-a)(Gy) 7 [Go| ¥/ (@0)|" + Go| ' (22)|" - Q3| ¥/ ()| - Q4\1ﬁ’(b)|q]71’. (34)
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» If we take @ =1 in (34), we have

‘é{w(gl+92—a)+4¢(91+92—%b)+¢(Ql+92—b)}

1 Ql +§22—a

- d
(b-a) Jo,+0,-6 v () %‘

5\"4([5 5,
f(b—a)<72) {[5|w<91)!q+5|w(92)|q
(1296W I+ 1296|w ) )}

1

5 / q 5 4 1
@l s 2@l - (155 @l el ol)] '}

which is a new inequality in the literature

o If wetake Q; =a, Q9 =b @w =1 in (34), we have

1 a+b 1 b

‘g{w(anw(T)ww)}—m/ w(z)d%‘
<(b—a)(3)l {[ W @] + 2 |y (o)1 ]
- 72 1296 1296

q q
[itvor s Zwor] )

which was proved by Alomari in [10].

N

Theorem 3.5 Under the assumptions of Lemma 2.1, if the mapping |V'|? is continuous
convex on the interval I, then:

0=1

g 5= e i)

rl+w) N - b
(Zt ll(b() - a()))wjzo 1 Q0-L67 66) Z e- o

[ (ZQ()—Za(a) +3w<i90 Aizao“’”)

0-=1

A— 1 wp+l wp+l 1
6-8% 1 1\“P* 1 P p

<§ (be = —2.(—
B=aa " [<3.8—“§”+(wp+1)[<3> ( ) D

1
8%

12 = 5 il i
(g 5@l - (E SVl + 2 zw(b@)v))
0=1 0=1 ®=1

e wall) GO

SIH

+

d
s
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= l)ﬁl :
o 2V W(bn)q»
- (Gt iz
27%171’ 1 27%“ 2“’1’*11%
(CGE) )G GG )

(;2 ﬂ—(lgzw E' )H

holds, where p and q are conjugate exponents with p,q > 1.

Proof Utilizing Lemma 2.1 along with the modulus property yields,

L 206 + be
[ (ZeB) w(p )
A o b s a1
+3¢<ZQO = O)+¢<ZQ@—ZbO):|
0=1 0=1 0=1 0=1
ril+w)
_ J; Q b
( g;ll(b@—a@))w (X6-1 2026 20" (; ° O)
-1 a1
< (be - —‘ (ZQO OZ Ko +(1-,<)b@)) dic
0=1 1
-1 s a1
+ Z(bo ‘ /<Z Qo Z(KCL@ + (1 - K)b(.))) di
0=1 0=1 0=1
A1 s a1
+ Z(bo ‘ /<Z Q() Z(Kﬂ@ + (1 - K)b@)) di
0=1 0=1 0=1

By using Holder’s inequality and the Niezgoda—Jensen—Mercer inequality,

[ (ZQO Zao>+3w(zgo AXEM)

O=1 O=1
Alao+2bo
+3y ZQO 27 Zszo Zbo
O=1 O=1 0=1

I'l+w)
A-1 )) ]Zo 1Qe- Zo 1060)”7 (Z QO 4 bo)
1

(5 (b — a6

-1 L , ) o
E@X;(b(a_a@)[(/og KTU_%' dl() (/(;§<®2;“[/(Q®)|q

M

-1 a1 %
(x v/ (ae)|" + (1 - K)Z|1/f(bo)|q)) )
©=1 0=1
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-1 a1 %
- (x > ¥ @e)|" + (1 -x) Z!w’(b@»\q)) dx)

0=1 0=1

1 A
(ZW(Q@)

0=1

7

=) ()

k% — —
3

-1 A-1 %
- (xZIw/(a@)lh(1—K)Z!w’(b@>\">>dx) ] (35)

®=1 0=1

q

Consider

6— 8% 1 1 wp+l ) 1 wp+l
= + = -2 ,
3877 (@p+1)|\3 8w

similarly,

B 6— 2% 1 1 wp+l ) 1 wp+l 2 wp+l
+ = -2 — +1 = ,
T32% (pw+1)|\3 2% 3

L oprl wp+1
7\? 7\? 1 7\ @ 2\ 7°
<(2(2) -1)(%) + ——|-2(= +( 2 +1|.
8 8 (po +1) 8 3
It follows from (A — Ap)? < (AY — Af) forany A; > Ay >0and p > 1. |
Remark 7 If we take A = 2 in Theorem 3.5, then we have

1 2a+b 20
‘§[¢(91+92—a)+3¢<91+92— “; >+31//<szl+92—a+3 )

'
PP+ - b)} - ﬁ/égfmz_u)_w(m +Q- b)‘

co-of (S5 [0 ()T
- 38222 (wp+1)|\3 \g=

1 ! / 1 / 5 , Cli
x (§[|I// @)+ ¥ ()] - (wa @]+ wa (b)|’f>>
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+

(o= @ml)[(l)w”—z( G
«(Srvor-lyiean-(Awor-bvor))’
() )@ el (ZV ()]

x(%[|1//(szl>|"+|w’<szz)|’f] ( V@[ + 5 Vo) ))] (36)

which is a new inequality in the literature.

» If we take @ =1 in (36), then we have

1 2a+b 26
‘§[¢(91+Qz—a)+31/f(§21+£22— a; >+31//<Ql+§22—a+3 )

1 (Q1+22-a)
SR+ - b)} - / 460 d%l
(b—a) Jig,+2,-0)
oo (2 Lyt (MY
<09 (55 rn(5) () )
(L@l + @) - (L v @]f + 2 v ®) %
3 ! 2 18 18
4 1 1 p+l 2 1 p+l 2 p+l 1%
(s enl) 2G) +G) )
1 / q / q 1 / q 1 / q %
< (30w @0l + @]~ (Gl @l « v o))
3\ /7\? 1 7\ /2P
(DG w26 6 )
1 , 5 1 g
< (5wl « vl - (vl g lvor))']

which is a new inequality in the literature.
» If we take Q7 = a, 2, = b and @w =1 in (36), then we have

o [ v (3 (5°)
_<§)w<a+26)_w(a)+w(b)
8 3 8
) 1 1 p+l 1 p+l P%
<e-ol(s55onl ) 2() )
5 1 5
< (gl @I+ g lvor)

4 1 1 p+l ) 1 p+l 2 p+1 1%
e emlG) 26) () )
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1

1 / q 1 / q a
x<g|w(u)| +g|w(b)|)
3\ /7\" 1 7\ 2\ »
(G)E) orl2@) +6) 1))
1, 5. . 4\
< (vl s glvor)')

Theorem 3.6 Under the assumptions of Lemma 2.2, if the mapping |¥'|? is continuous
convex on the interval I, then we have the following inequality:

(g £ (g £ (o £0)

0=1 0=1

Il +w) 7@ (i Qo — ,\2—1: b@)

( Q ag
Y bh(be —ag)” Cba e T e "\ L= o1
b
w

+1 1
»
+ 1):|

= 2 1\ 1 1 1\
Z bo “(”H( Pt ‘i)awu(‘z(a)

1 r
[— ZW (bo)|q:|

0=1 O 1

66 ><5>" ()0
A=) + 2| = +| = +1
6 op+1 6 2
1 Py 3A—1 1A-1 %,
x[§Z|w’(sz@>q DI ACOIN 82|w’(b@>|"] }
O=1 v=1 0=1

where p and q are conjugate exponents with p,q > 1.

Proof The proof of the theorem is similar to the proof of Theorem 3.5.

Remark 8 If we take A = 2 in Theorem 3.6, we have

’%[1//(521+92—a)+4w<91+92—%b) +¢(§21+§22—b):|

l"(l +w)
(b—a)”

<(b- ”H(éf%)é*w;ju( () )

](QIJer a)- Y1+ Q23— b)‘

< 510 @+ @l - glv @ - 21w

j
1 )
090 )07
i|q

< 5 Iv@l+ @) Sl - gloer|' | @)

which is a new inequality in the literature.

Page 24 of 34



Butt et al. Journal of Inequalities and Applications (2023) 2023:16

« If we take @ =1 in equation (37), we have

‘é{¢(91+92-a)+4w<91+92-%[’>+¢(91+92-b)}

Q1+Q-a
! /Q e d%‘

- (b - a) 1+22-0b

1 1 1\ v
5([’_“)”_6P+1+p+1(_2<8) ”)}

1, 1, 1, 3 a
< 5lr@l g lv@l - (vl o)

(OE FHEE™ 07

1 , 1 , 3 , 1 , 7
<[t gt~ (el glvor)||

LSTI

which is a new inequality in the literature.
o If we take Q21 =a, 2, =b @ =1in (37), we have

1 a+b 1 b
‘E{W(a)+41&(7)+lﬂ(b)}—m/‘l W(%)d%‘
1\ z 1, .
ol o ) v o

(EH 706 )

1
X [gwf (@) + §|¢ ()] ] }

(o)

which is a new inequality in the literature.

Theorem 3.7 Under the assumptions of Lemma 2.1 and if the mapping |'|? is continuous
convex on the interval I, then we have the following inequality:

1 A A-1 A-1 2(1() + b@
g W Z Q@ - Z e | + 310 Z QO Z
=1 0=1

®=1
Alao+2b@ A a1
+3¢ Zszo Y5t - be
0=1 0=1 0=1

A
1"(1+ZZT) ] (Z QO bo>

(Z() 1(b() —0g))? (X1 Q0-X 60 90)”

i oo+l wp+1
6-8% 1 1\ 7% 1L\™

< (b 3 “2\ T

S5 () )

( > lv'@ (ISZIw )| le be) ))

0=1 =1 ()1
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6— 2% 1 1 wp+l 1 wp+l 2 wp+l
ht _of = It
) 2Gr) () ])

1 A 1 r-1 1 r-1
(5 @Z;Wsz@) ‘- (g D[V @e)["+ 2> |¥(be) ‘f))
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0=1 0=1

+
Q|
—_
W

M>

holds, where p and q are conjugate exponents with p,q > 1.

Proof Utilizing Lemma 2.1 along with the modulus property yields,

1 A A-1 A-1 2(1() + b@
g W Z Q@ - Z e | + 310 Z QO Z
0=1 0=1

0=1
A A-1 ae + 2b A A-1
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A1 1 =1
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and by using Young’s inequality and the Niezgoda—Jensen—Mercer inequality we have
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g W Z Q@ - Z e | + 310 Z QO Z
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A r-1 ae + 26 )\ A-1
S )
0=1 o=1 o 1 o=1

I(l+w)
(ZO 1(b0 - a®))w]20 1R0-Y60 a0)” (Z Qo -

S ){1( ew 1 (39)
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It follows from (A; — A)? < (AY — Ag) for any A; > A, > 0 and p > 1. Hence, simple
calculations complete the proof. O

Remark 9 If we take A = 2 in Theorem 3.7, then we have
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which is a new inequality in the literature.

« If we take @ =1 in (41), then we have
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which is a new inequality in the literature.

« If wetake Q; = a, Q9 = b and w =1 in (41), then we have
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Theorem 3.8 Under the assumptions of Lemma 2.2 and if the mapping |¥'|1 is continuous

convex on the interval I, then we have the following inequality:
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where p and q are conjugate exponents with p,q > 1.
Proof The proof of the theorem is similar to the proof of Theorem 3.7. d

Remark 10 If we take A = 2 in Theorem 3.8, we have

E[w(ﬂl+§22—a)+41/f<§21+92—%b) +¢(szl+szz—b)}

ra
— ﬁ](glfﬂz a)~ ’30(91 + QZ_ b)‘

wp+l

oG )
- pl\gz 2/) 6 wp+1 6

11, , , L, 3.,
+;_§[|¢(91)|q+W(Qz)‘q]_gw(a)‘q_gnw(b)'q]

1) w0 6]

+ =2 = -—= )= + 2| = +1| = +1

rl 6 2 6 op+1 6 2

11, , , 3, L, g
+5_§[|1//(91)|q+|1/f(S22)|q]—§|1/f(a)lq—§|1/’(b)|q} } (42)

which is a new inequality in the literature.

« If we take @ =1 in equation (42), we have
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« If we take Q1 = a, Q9 = band @ = 1in (42), we have
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which is a new inequality in the literature.

4 Applications

4.1 Applications to numerical quadrature rule

We now look at how the integral inequalities created in the previous section can be utilized
to approximate composite quadrature rules in which it turns out to have a significantly

lower error than what can be achieved using older techniques [28, 29].
Theorem 4.1 Under the assumptions of Theorem 3.1 for w =1, ifI. : Q1 =&y <& <& <

<be1<E = is ﬂpﬂrtition Of [er SZ2] and Ey,l: Ey,2 € [Eyr‘i:}ul]r with hy = §y+l - Ey
forally =0,1,...,€ — 1, then we have:
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and the remainder term satisfies the estimation:
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Proof Applying Theorem 3.1 with A =2 and @w =1 oninterval [£,,§,,1], ¥ =0,1,...,e -1,

we obtain
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Summing (43) over O to € — 1 and using the triangular inequality we obtain the above

estimation. J
Theorem 4.2 Under the assumptions of Theorem 3.2 for w =1, ifI. : Q1 =&y <& <& <

+ <bey <& = is a partition of [Q21, ] and §,1,8y 5 € (6,8, 1], with b, =&, - §,
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and the remainder term satisfies the estimation:
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Proof Applying Theorem 3.2 with A =2 and @ = 1 oninterval [§,,§,,1], ¥ =0,1,...,e -1,

we obtain

1
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Summing (44) over 0 to € — 1 and utilizing the triangular inequality we obtain the above
result. O

5 Conclusion

In this study, the main finding is novel Newton—-Simpson-type inequalities involving a
fractional integral operator via majorization. This novel framework is the convolution
of the majorization concept and estimation of definite integrals. Adopting the novel
approach, we extended the study of Newton—Simpson-type integral inequalities using
power-mean, Young’s, and Holder’s integral inequalities. Finally, some applications to the
quadrature rule are presented. Our approach may have further implementations in the
theory of majorization. It is interesting to extend such findings for other convexities. We
presume that our newly announced concept will be the focus of much research in this
fascinating field of inequalities and analysis. The incredible methods and marvellous con-
cepts in this article can be expanded and enlarged to coordinates and fractional integrals.
Our long-term plan is to continue in this way with our research.

Acknowledgements

The work of JIN has been partially supported by the Agencia Estatal de Investigacion (AEl) of Spain under Grant
PID2020-113275GB-100, cofinanced by the European Community fund FEDER, as well as Xunta de Galicia grant ED431C
2019/02 for Competitive Reference Research Groups (2019-22).

Funding
Not applicable.



Butt et al. Journal of Inequalities and Applications (2023) 2023:16 Page 33 of 34

Availability of data and materials
Not applicable.

Declarations

Competing interests
The authors declare no competing interests.

Author contributions

Analysis of the idea done by (SIB), (1)), (PA). Develop the initial draft of the paper by (SIB), (1J), JJN) and (PA). Check and
verify the all convergence conditions of the results by ((SIB), (1)), (JJN) and (PA). All authors have read and accepted the
final manuscript.

Author details

'COMSATS University Islamabad, Lahore Campus, Pakistan. 2Department of Mathematics, Anand International College of
Engineering, Jaipur, India. *Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman, United Arab Emirates.
“4Instituto de Matematicas, CITMAga, Universidade de Santiago de Compostela, 15782, Santiago de Compostela, Spain.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 1 July 2022 Accepted: 4 January 2023 Published online: 31 January 2023

References
1. Mitrinovi¢, DS, Pecari¢, J.E., Fink, AM.: Classical and New Inequalities in Analysis. Mathematics and Its Applications
(East European Series), vol. 61. Kluwer Academic, Dordrecht (1993)
2. Dragomir, S.S., Pearce, C.E.M.: Selected Topics on Hermite-Hadamard Inequalities and Applications. RGMIA
Monographs. Victoria University (2000)
3. Dragomir, S.S., Agarwal, RP, Cerone, P: On Simpson’s inequality and applications. J. Inequal. Appl. 5(6), 533-579 (2000)
4. Gao, S., Shi, W.: On new inequalities of Newton's type for functions whose second derivatives absolute values are
convex. Int. J. Pure Appl. Math. 74(1), 33-41 (2012)
5. Mehmood, N, Butt, S.I,, Pecari¢, D., Pecari¢, J.: Generalizations of cyclic refinements of Jensen's inequality by Lidstone’s
polynomial with applications in information theory. J. Math. Inequal. 14(1), 249-271 (2019)
6. Li, YM, Rashid, S, Hammouch, Z, Baleanu, D., Chu, Y.M.: New Newton's type estimates pertaining to local fractional
integral via generalized p-convexity with applications. Fractals 29(05), 2140018 (2021)
7. Cortez, MV, Ali, MAA,, Kashuri, A, Sial, |.B., Zhang, Z.: Some new Newton's type integral inequalities for co-ordinated
convex functions in quantum calculus. Symmetry 12(9), 1476 (2020)
8. Siricharuanun, P, Erden, S., Ali, M.A,, Budak, H., Chasreechai, S, Sitthiwirattham, T.: Some new Simpson’s and Newton's
formulas type inequalities for convex functions in quantum calculus. Mathematics 9(16), 1992 (2021)
9. Noor, M.A, Noor, K1, Iftikhar, S.: Newton inequalities for p-harmonic convex functions. Honam Math. J. 40(2), 239-250
(2018)
10. Alomari, M., Darus, M., Dragomir, S.S.: New inequalities of Simpson’s type for s-convex functions with applications.
RGMIA Res. Rep. Collect. 12(4) (2009)
11. Sarikaya, M.Z, Set, E., Ozdemir, M.E.: On new inequalities of Simpson’s type for functions whose second derivatives
absolute values are convex. J. Appl. Math. Stat. Inform. 9(1), 37-45 (2013)
12. Igbal, M., Qaisar, S, Hussain, S.: On Simpson'’s type inequalities utilizing fractional integrals. J. Comput. Anal. Appl.
23(6), 1137-1145 (2017)
13. Ozdemir, M.E., Akdemir, A.O,, Kavurmaci, H.: On the Simpson’s inequality for convex functions on the co-ordinates.
Turk. J. Anal. Number Theory 2(5), 165-169 (2014)
14. Butt, S.I, Yousaf, S., Akdemir, A.O., Dokuyucu, M.A.: New Hadamard-type integral inequalities via a general form of
fractional integral operators. Chaos Solitons Fractals 148, 111025 (2021)
15. Set, E, Butt, S, Akdemir, A.O, Karaoglan, A, Abdeljawad, T.: New integral inequalities for differentiable convex
functions via Atangana—Baleanu fractional integral operators. Chaos Solitons Fractals 143, 110554 (2021)
16. Kilbas, A.A,, Srivastava, H.M,, Trujillo, JJ: Theory and Applications of Fractional Differential Equations. North-Holland,
New York (2006)
17. Mercer, AM.: A variant of Jensen's inequality. J. Inequal. Pure Appl. Math. 4(4), Article 73 (2003)
18. Horvath, L: Some notes on Jensen—-Mercer's type inequalities, extensions and refinements with applications. Math.
Inequal. Appl. 24(4), 1093-1111 (2021)
19. Liy, JB, Butt, S|, Nasir, J,, Aslam, A, Fahad, A, Soontharanon, J.: Jensen-Mercer variant of Hermite-Hadamard type
inequalities via Atangana-Baleanu fractional operator. AIMS Math. 7(2), 2123-2141 (2021)
20. Wang, B.Y. Foundations of Majorization Inequalities. Beijing Normal Univ. Press, Beijing, 2(2.4) (1990)
21. Niezgoda, M.: A generalization of Mercer's result on convex functions. Nonlinear Anal., Theory Methods Appl. 71,
2771-2779 (2009)
22. Marshall, AW, Olkin, I: Inequalities: Theory of Majorization and Its Applications. Mathematics in Science and
Engineering, vol. 143. Academic Press, New York (1979)
23. Bhatia, R.: Matrix Analysis. Springer, New York (1997)
24. Horn, RA., Johnson, C.R: Matrix Analysis. Cambridge University Press, Cambridge (1990)
25. Jorswieck, E.A, Boche, H.: Majorization and matrix-monotone functions in wireless communications. Found. Trends
Commun. Inf. Theory 3, 553-701 (2006)



Butt et al. Journal of Inequalities and Applications (2023) 2023:16 Page 34 of 34

26.

27.

28.

29.

Faisal, S., Khan, M.A,, Igbal, S.: Generalized Hermite-Hadamard-Mercer type inequalities via majorization. Filomat
36(2), 469-483 (2022)

Faisal, S., Khan, M.A, Khan, T.U,, Saeed, T., Alshehri, AM., Nwaeze, E.R.: New “conticrete”
Hermite-Hadamard-Jensen-Mercer fractional inequalities. Symmetry 14(2), 294 (2022)

Cortez, MV, Awan, M.U,, Javed, M.Z,, Kashuri, A, Noor, M.A,, Noor, K, Vlora, A.: Some new generalized «-fractional
Hermite-Hadamard-Mercer type integral inequalities and their applications. AIMS Math. 7(2), 3203-3220 (2022)
Erden, S, Sarikaya, M.Z.: Generalized Bullen type inequalities for local fractional integrals and its applications. RGMIA
Res. Rep. Collect. 25(8), 18-81 (2015)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Newton-Simpson-type inequalities via majorization
	Abstract
	MSC
	Keywords

	Introduction
	Main results
	Newton-Simpson-type inequalities via majorization
	Applications
	Applications to numerical quadrature rule

	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Author contributions
	Author details
	Publisher's Note
	References


