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Abstract

In this paper, we use the properties of error estimation and the analytic method to
study the reciprocal products of the bi-periodic Fibonacci sequence, the bi-periodic
Lucas sequence, and the mth-order linear recursive sequence.
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1 Introduction

The so-called Fibonacci sequence {F,} and Lucas sequence {L,} are defined by
Fo=0, F =1, F,=F,1+F, n>2,
and
Ly=2, L=1, L,=L,1+Lyo n>2.
The Fibonacci and Lucas sequences have many interesting properties and applications

[1]. In addition, in [2], Ohtsuka and Nakamura considered the partial infinite sums of

reciprocal Fibonacci sequence and proved that:

1 F. if n is even;
= = n>2,

o Fi F,o—1, ifnisodd,

and

oo 71 . .
1 F,.F,-1, ifniseven;

Y= = n=2,

i Fi Fy_1F,, if n is odd,

where | -] (the floor function) denotes the greatest integer less than or equal to x.
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Many authors have studied the Fibonacci and Lucas sequences by changing initial con-
ditions or recursive relations. For instance, for any two nonzero real numbers a and b,

Edson and Yayenie [3] introduced the bi-periodic Fibonacci sequence {f,} as:

1+ fup, ifnmi ;
=0, fizl,  fy= AW thes ifniseven (1)
bfy-1 + fu—2, ifnisodd,

For a = b =1, {f,} reduces to the Fibonacci sequence {F,}. If a = b = k, then {f,,} becomes
the k-Fibonacci sequence {g,} defined in [4], etc. Similarly, for any two nonzero real num-
bers a and b, Bilgici [5] introduced the bi-periodic Lucas sequence {/,} as:

bl,_1+1,,, ifniseven;
lh=2, L =a, L, = n>2. (2)
al,_1 + 1,5, ifnisodd,

For a = b =1, {l,,} reduces to the Lucas sequence {L,}. If a = b = k, then {[,} becomes the
k-Lucas sequence {p,} defined in [6]. In [7], Tan and Leung considered a generalization of
Horadam sequence {w,}, which is defined by the recurrence relation

aw,_1 + cw,_», if niseven;
Wo = Wo, wy =W, Wy = n>2,
bw,_1 +cw,_y, ifnisodd,

with arbitrary initial conditions wy, w; and nonzero real numbers 4, b, and c. In [8], Tan
considered the sequence {w,} when ¢ = 1. In [9], Ramirez and Sirvent introduced a q-bi-
periodic Fibonacci sequence by

Flah (g, 6) = aFn”_’f)(q, s) + q”’ZSFfffs) (g,s), ifniseven; .
! ' bF}(ﬁ’f)(q, s) + q”‘2sF,(l“_’12’)(q,s), if n is odd, -

with initial conditions F(()“’b) (¢,8) =0 and Fi“’b)(q,s) =1 and nonzero real numbers a, b, g
and s. Motivated by [9], in [10] Tan introduced a q-bi-periodic Lucas sequence by

bL“ (q,5) + LY (g, qs), if n is even;

(a,b) (a,b) . . n= 21
al,”(q,s) +sL,”, (q,qs), ifnisodd,

with initial conditions L(()“’b)(q,s) =2 and L(la’b)(q,s) = ¢, and nonzero real numbers a , b ,q
and s.

In [11], Holliday and Komatsu obtained the infinite sums of the reciprocal of k-Fibonacci
sequence {g,}. In [12], Basbiik and Yazlik obtained the infinite sums of the reciprocal of
the bi-periodic Fibonacci sequence {f,}. Various authors studied the infinite sums of the
reciprocal of the other famous sequences [13—-15].

Recently, some authors studied the nearest integer of the sums of reciprocal of some
linear recurrence sequences. In [16], Komatsu proved that there exists a positive integer
n; such that:

[

=4n —Y4n-1» n=n,
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where {g,} is the k-Fibonacci sequence. || - || denotes the nearest integer. Specifically, sup-
pose that ||x| = [x + %J.

On the other hand, Wu and Zhang [17] considered an mth-order linear recursive se-
quence {u,} defined by

Uy = X1Up_1 +Xolhpyo + -+ Xpylhy_yy, N>, (3)

where initial values u; € N for 0 < i < m, at least one of them is different from zero, and
X1,%2,..., %, are positive integers. The characteristic polynomial of the sequence {u,} is
given by

V) =y" = a1y = = K1y = e

For m = 2, x; = x, = 1 and initial values uy = 0, u1 = 1, {u,,} reduces to the Fibonacci se-
quence. If m =2, x; =% = 1 and initial values ug = 2, u; = 1, then {u,} becomes the Lucas
sequence.

In addition, they proved that there exists a positive integer 7, such that:

(E2)

for any positive integers x; > x5 > - - - > x,, > 1. For more the nearest integer of the sums of

=Uy— U1, HNZ=Hy,

reciprocal of the recurrence sequence studies, see [18—21]. Specifically, in [19], Trojorsky
considered finding a sequence that is “asymptotically equivalent” to partial infinite sums
and proved that

00 -1
1
[(Zria) |, o0 -

are asymptotically equivalent, where P(z) € C[z] is a non-constant polynomial. Specifi-

cally, we say that two sequences {G,} and {H,} are called “asymptotically equivalent” if
{G,}/{H,} tends to 1 as n — o0.

In addition to the study of the infinite reciprocal sums of recursive sequence, we can also
consider the infinite reciprocal products of recursive sequence. In 2006, Wu [22] studied

the partial infinite products of %-~. He used the element method and the properties of

the floor function and proved that

%) 1 -1
1- 1-— =qn—qn-1, nN=>2,
L( 1_[( qk)> J On = n1
and
- 1 B %% - q;%z—p if n is even;
HI6-2) |-
k=n qk qﬁ—qi_l—l, if n is odd,

where {g,} is the k-Fibonacci sequence. For more the partial infinite products of the other
sequences, see [23, 24].
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Inspired by [19], in this paper, we apply a different research method from the previous
one and use the properties of error estimation and the analytic method to study the re-
ciprocal products of {f,}, {{,} and {u,}. We derive some sequences that are asymptotically
equivalent to reciprocal products including {f,,}, {/,} and {u,}. Our main results are the
following:

Theorem 1 Let {f,} be the bi-periodic Fibonacci sequence, and {l,,} be the bi-periodic Lucas
sequence. For positive integers a and b with a > 1, b > 1, the sequences

00 -1
l_[ 1
: (1 ) k=n (1 _‘}Tk)> }n i {ﬂl _'ﬂlil}n (4)

are asymptotically equivalent, and the sequences

o -1
(0] e

are asymptotically equivalent.

Corollary 1 We obtain the infinite products of the reciprocal of the k-Fibonacci sequence
qn and k-Lucas sequence p,, when a = b = k. Then, the sequences

. -
1
{(1_11(1_%)) }n and  {qn— qn-1}n ©)

are asymptotically equivalent, and the sequences

00 -1
l_[ 1
: (1 ) k=n (1 ) p_k>> }rz o {pn _pn_l}n (7)

are asymptotically equivalent.

Theorem 2 Let {u,} be an mth-order linear recursive sequence with any positive integers
X1 > % > -+ > %, > 1. Then, the sequences

00 -1
(-2 e

are asymptotically equivalent.

2 Proof of the theorems
To complete the proof of our theorems, we need the following:

Lemma 1 ([3, 5], Generalized Binet’s formula) The terms of the bi-periodic Fibonacci se-
quence {f,}, and bi-periodic Lucas sequence {l,} are given by

a{(n+1) a” _ﬂn
i (ah )
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and

at

ln:m(a +IB ),

Va2p2 —a2h2 . .
where o = W and B = W’ i.e.a and B are roots of the equation x* — abx —

ab = 0. It is obvious that o > 1 and -1 < B <0 with a > 1, b > 1. In addition, ¢ (n) is the
parity function, such that {(n) =0 if nis even and {(n) = 1 if n is odd.

Lemma 2 Let {f,} be the bi-periodic Fibonacci sequence defined by (1), and {l,,} be the
bi-periodic Lucas sequence defined by (2). Then, we have

ca” cp”

P S & if n is even;
a a
Ju= " 0
(Z)"‘%l —(:)L,%l, if nis odd,
a a
wherec:f,d:ﬁ,and
n n . .
CAE N A if n is even;
1 = (ab)2 (ab)2
n - n

AR if nis odd.

Proof By Lemma 1, we can easily prove it. 0

Lemma 3 ([17]) Let {u,} be an mth-order linear recursive sequence defined by (3). The
coefficients of the characteristic polynomial v (y) are satisfied that x; > xy > - -+ > x,, > 1.
Then, the closed formula of {u,} is given by

up=sy"+O0(t™"), (n— o0),

wheres >0, t > 1, y is the positive real zero of Y (y) for x1 < y <x1+ 1, and “O” (the Landau
symbol) denotes if g(x) > 0 for all x > a, we write f(x) = O(g(x)) to mean that the quotient
f(x)/g(x) is bounded for x > a.

Lemma 4 Leta, b, c, d, «, and B be defined by Lemma 1 or Lemma 2 and s, y, and t be
defined by Lemma 3. Then, we have

(-2 -o((2))

%) 1 (b)l k (b)l 2n (9)
aop)?2 ap)?2
() el((0))
10 () ol(*7))
1- o
1—[( (ab)id< o« )7 a?
(10)

00 1\ k 2n
S ) (),
“—~ (ab)id\ « o
[1(1- 5z + 00 2r4)) 1= 30 v 0l ™). &
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Proof We shall prove only (6) in Lemma 4, and other identities are proved similarly. The

identity ab = —af now yield |B] < (azb)% = (—a,B)% <a, where o >1 and -1 < B8 < 0. First,
we prove the following equation

Tr(L_L(@)2\" o ((ab)p)"
H0-2(5) »o((%7))
k=n
n+m (ﬂb)% om
S ()
We prove (9) by mathematical induction. When m =1,
n+1 1 (ﬂb)% k (ﬂb)%ﬂ k
[(0-2(55) ~o((%%7)))
k=n
(-5 () vel(7)
c\ «
(e () el() )
c\ «
(@) 1(@h)i\" 1 ((@b)t) ! (ab)? B
i ) B ) B G B (G )
n+l (ab)z (ﬂb)7 2n % n
() o((0) ) ()
n+1 1 1
B (1)),
—c\ «

(12)

Fi(- 220 o (22)))
(S ()
(-2 o ()
R () ()

o (1)) o ()

AR () ) ol
() ()
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That is, (9) is true for m = 1 or m = 2. Suppose that for any integer m, we have

w1 ((ab)r\F (ab)2p\*

0-2(%) »o (%))

. n+m (ﬂb)Z (ﬂb)% 2n

-3 () ()
Then, for m + 1, we have

n+m+1 1 (b)% k (b)%ﬁ k
I1(-2(50) ~o((57))
k=n
. 1_n+m1((ﬂb)%>k+o<((ﬂb)%>2n
B on Cc o o

(13)

1 (ﬂb)% k 1 (ﬂb)% n+m+1 1 (ﬂb)% n+m+l [n+m (ﬂb)% k
-2 7y ) al) (Z(a>

k=n

Taking m — 00, we have

1027 ()

* 1 [ (ab)> \ (ab)? \»"
-2 () ro(((9) )

which completes the proof. O

Proof of Theorem 1 We shall prove only (4) in Theorem 1, and the identity (5) is proved
similarly. From the geometric series as € — 0, we find

1
1+e

=1+ 0(e).

If n is even, with n > 2. Using Lemma 2, we have

1 1 ) 1 _(ab)? B\
foo ek kg () cak (“O(E) )

k k
(ab)2 (ab)2 (ab)




Du and Wu Journal of Inequalities and Applications (2022) 2022:154

By Lemma 4, we obtain

)62 (22
R ()
2 ) (2))

Taking the reciprocal of this expression yields

-1
o0
1 1
()
( 1_! fk) @h)? .« (ab)?

=1-

i coc”n (a _(ab)%>(1 . O((ab)%>”>
(ab)2 o o

LB e ) (1 O((ab)%
(f" e " (ab)?  (ab)'T ! o

where |8] < (ab)% yields

n n-1
B P . ) tends to (f, — f,-1),

(f" R e

1
as n — o0. In addition, as (ab)? < a, we obtain

(1-TTE,a - 70"
(fu = 1)

as n — Q.

tends to 1,

If n is odd, with n > 1. Using Lemma 2, we have

1 1 . 1 _(ab)'T AN
foo ek A e (B dof <“0(5> )

k-1 k-1
(ab) 2~ (ab) 2~ (ab) 2

By Lemma 4, we obtain

10 2)-F1 (=) o((=22))
1-=2)= 1- o
ﬂ( fk) p( (ab)%d< « )" a?

% k % 2n
-yt e(())
o ab)zd \ & o

))
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(e of()),
da" \ g — (ab)2 o

Taking the reciprocal of this expression yields

o -1

1 1
1- (1__>> n-1 1
( 0-2)) ~am )+ O

Ao ab)?
1
= =) ;
a2 ()14 Oy
a—(ab)?2

i () o))
(ab)"T o o

- o ) ( ((ub); )n)
=\Jn—Jn- N 1 1+0 ’
(f St (ab)?  (ab)T " o

where |8] < (ab)% yields

(fn —fa1 + % - (:5;:211 ) tends to (f, — f-1),

1
as # — o0. In addition, as (ab)? < a, we obtain

(-1, 0~ 2
(s~ i)

tends to 1,

as n — 00, which completes the proof. g

Proof of Theorem 2 Using Lemma 3, we have

1 1 1 1
= - - - (1+0(y ).
uy  syk+ Ot *)  syk(1+ O(y~*t*)) syk( " (y ))

By Lemma 4, we obtain

Tl N\ v, L ok ik
g(l w){!(l syk+0(y t)>
:1_ii+o(y-2")
kznsyk
Y —2n
=1- @)
SV"(V—1)+ ™)

o -1
1 1
1- 1- — -
( H( uk)> S O™



Du and Wu Journal of Inequalities and Applications (2022) 2022:154 Page 10 of 11

1
- m(l +O0(y™)
"(y -1
= M(l +O(y™)

Y
= (un - un—l)(l + O(y_n));

which yields
1-TI,a -0
¢ £ tends to 1,
(un - Mn—l)
as n — 00, which completes the proof. d

3 Discussion
In this paper, we obtain the sequences that are asymptotically equivalent to reciprocal

products of ]%, lkl—;l and “ ;1 , where {f,,} denotes the bi-periodic Fibonacci sequence, {/,}

denotes the bi-periodic Lucas sequence, and {u,} denotes an mth-order linear recursive
sequence. For any positive integers j, an open problem is whether there exists the similar

i -
identities for the infinity products of f"—jl, bl gnd 4t
fk 4( ’/k
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