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1 Introduction

Fractional calculus was a natural outgrowth of conventional calculus concerned with the
integrals and derivatives of arbitrary order. This subject has earned significant recognition
due to its applications in diverse domains of science and engineering. An eminent distinc-
tion of this field is that the researchers who proposed more effective solution of physical
phenomena have tuned to new operators with strong kernels over time. There are several
mathematical problems and their related real world applications where fractional deriva-
tives occupy a significant place [1-5]. In recent years, fractional calculus has been utilized
in defining the complex dynamics of real world problems from various fields of applied
sciences. In the literature many applications can be found [6—8]. Fractional operators com-
bined with the notion of convexity have been extensively used to attain new results in the
theory of inequalities. Fractional integral inequalities provide uniqueness and existence
of solutions for mathematical problems in terms of fractional models. Applications of in-
tegral inequalities, such as statistical problems, transform theory, numerical quadrature,
and probability, are found in applied sciences. In the last few years, many researchers have
contributed in establishing various types of integral inequalities by employing various dif-
ferent approaches. Moreover, the integral inequalities are linked with other areas such as
differential equations, difference equations, mathematical analysis, mathematical physics,
convexity theory, discrete fractional calculus, and fuzzy theory. The theory of convex func-
tions has undergone a rapid progression. This is due to several factors: first, applications
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of convex functions are precisely involved in modern analysis; second, numerous essen-
tial inequalities are outcomes of convex functions. The Hermite—Hadamard inequality is
the first fundamental result for a convex function. The classical Hermite—Hadamard in-
equality gives us an estimation of the mean value of a convex function f : [9;, 02] — R and
01,02 € Rwith 01 <02

01+02 1 e fle1) +f(02)
f( 5 >§QZ_Q1/Qlf(x)dx§f~ (1)

Bullen [9] proved the following inequality, known as Bullen’s inequality, giving the bound
for the mean value of a convex function f: I € R — R for 01,02 € I with 01 < 03, then

. sz(x)dxg l[f(@ +Q2) +f(91) +f(92)} o
G2=01 Jg 2 2 9

Currently generalizations and applications of Bullen’s inequality are extensively investi-
gated in the framework of convex function [10-14]. But in much smaller extent, Bullen’s
inequality is also considered in the framework of numerical integration. Bullen’s inequal-
ity corresponds to a convex combination of the midpoint and the trapezoidal rules having
weights % Hammer [15] proved an alternate version of Bullen’s inequality, which says that
for the convex integrands the absolute value of error in the midpoint quadrature rule is al-
ways less than the absolute value of the error in the trapezoidal rule. That is, the midpoint
formula is always more accurate than the trapezoidal formula for any convex function.
Bullen’s inequality is a refined form of the renowned Hermite—Hadamard inequality.
These inequalities are of essential interest in numerical quadratures. We may note that
Bullen’s inequality should be considered as an extension of the right-hand side of the
Hermite—Hadamard inequality. This follows immediately by applying the second inequal-

ity in (1) twice on the intervals [0, #3%] and [#3%, 0] and adding the resulting inequal-
ities. The primary goal of the paper is the establishment of fractional Bullen-type inequal-
ities. This paper is organized as follows. After this Introduction, in Sect. 2 some basic
concepts are discussed; in Sect. 3 some results related to the topic are discussed; in Sect. 4
examples to ensure the validity of the derived results are discussed. In Sect. 5, applications

to the quadrature rules and f-divergence measure are discussed.

2 Preliminaries

This section deals with some basic definitions that are used.

Definition 1 ([16]) Let I C (0, 00) be a real interval and p € R\{0}. A functionf: I — Riis

said to be p-convex if

f({’/txl’ +(1- t)yp) <tfx)+(1-8)f(); Vxyeltel01].

Definition 2 ([17]) Let f € L*([01,02]). The Riemann—Liouville integrals ]gf and ]gf of
order B > 0 with p; > 0 are defined by

&
110 = 5 | €00 6o )
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and

G pa— / - fOdt, <o @

r'(B)
respectively, where I'(B) = [~ e ™“uP~' du.

Definition 3 ([18]) Raina defined a class of functions formally by

Fp®) =) s (k+ﬁ) £ pB>0E€R,

k=0

where the coefficient o (k) (k € No = N U {0}) is a bounded sequence of positive real num-
bers.

Definition4 ([17]) The left-sided and the right-sided fractional integral operators, named
Raina’s fractional integrals, are defined respectively by

&

W)= [ (€= 0P 157, [ -0 YO, &5 0150, 5)
01

(3100 ) (E): / (L&) 150 W -8 dt,  0<E <o (6)

where B, >0, w € R and f(¢) is such that the integrals on the right-hand side exist. For
0(0) - 1 and w — 0 in (5) and (6), respectively, then we get (3) and (4).

3 Main results
For establishing our generalized fractional Bullen-type inequalities, the following lemma
plays a significant role.

Lemma 1l Letf:I C R* — R be a differentiable function on I°, the interior of I, 01,05 € I°
with 01 < 02; p, p, B > 0; let g(x) = ¥x, x> 0; u,w,y € Rand A € [0,1], then

Q(f, 01,02 1)

1
= (0h - 9117){(1 - - J/)/O {tﬂg(;,ﬂn[w((l - M)(eh - Qlla))ptp] - uj

1p

< [(L=0)(h + (1= 2)0) + 10l 7 £ ({1 - D (xe] + (1 - )b + tf) dit
1
a0 (et - )] -

1-p

[ ()LQ1 +(1- )\)Qz) +(1- t)Qz:I7

xf({’/t(kg’f +(1-21)g5) +(1-1)h) dt}

= —p[(1 =2 (1= )[{F] pa [w((1 = 1)(05 - &F))"] - u}f (o)

+uf (Y2 + (1= 1)e5)] + APy [{87 g1 [w(r(eh - &}))"] - u}
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< S (1 + (- 0) + (@] + s 1-9)
2~ &1
X< (3 gl 08T+ (1=2002) +¥ (37 1yt ©€)(€2)] @

Proof Integrating by parts

1p
p

1
I = /0 {tﬂg‘;’ﬂﬂ[w((l =005 =)t ] - u}[(1 - O)(re] + (1 - 1)h) + taf]

xf/(\’/(l —1)(re} + (1= 1)dh) + toh) dt
_ ‘ PPEG 5 W((1 - 2)(05 - )))e”] - pu y
(A =1)(d} - of
B /1 PP s w((1 - M) (0h - o)) 2]
0 (A —1)(e5 - 0)

= m[{ P [w((L=2)(05 - o))" ] - ulf(e1)

LptP 15 s w((1 = 1)(eh - o))"t
7y AP _ P\ _ 0B 2 1
+uf (el + (1-1)e5)] / (= 1)(e5 - 1)

0

1

(-2} + (1 - 1)h) + )
0

£ =010} + (1= 0)gh) + 1l) dt

< f({(1-0)(ngh + (1 -)gh) + tef) d,

setting x — (1 —£)(Ao} + (1 - 1)0h) + to!, so that dx — (A —1)(0) —0¥)dtand 0 <t <1 &

1ol + (1 =21)0h <x < of, we have

b = o S0k ) ) -

Py P - 1)) - ;
+uf(\/m)] [(1 = 2)(eh - oD)1M+F

kg€+(l—l)g€ 51
x / [)\Ql; +(1-1)oh —x]
Q

p
1

x 37 s [w(rel + (1= )b - %)°|(f 0 ©) (@) dx

N [(1-2)(eh — P

L
p
= [ =2 - ) {37 [(1 - 25 - o)) ] - ulf (1)
+uf (2ol + 1=15) |+ (37 5 .., S 08) (et + (1=2)e3). ®)

Again, integrating by parts

1-p

1
= [0 [wl(e8 - ) 7] - ) (o] + (1= 0) + 1 0] 7

< f'(t(re! + (1= 1)ah) + (1 - 1)) d

P39 51 WAl - o)) 7] -
_ ‘P p:B+1 ”;( (fz 51 ) puf({/t()»g’f+(l—)»)g§) +(1_t)912,)
01 =0, 0

1
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(e 00t + - e ae

B /1 Pt 5 wOh — o))t
0 et - )
= o B (e = D) —lr (et + (1= 30ek) + ()]
1 2
~ /1 ptPEY slw(i(oh - o)) e
0 Mot -

]f(\’/t(kglf +(1- )»)Qg) +(1 - t)Q};) dt,

setting y — t(Ao} + (1 = X)0h) + (1 — £)oh, so that dy — A(0} — oh)dt and 0 <t <1 &
1ol + (1 =1)oh >y > 0h, we have

s = s 5ot o)) ] (ot + - 9k) o)
1 2

p & p B-lro p 2
T gl Sl W o0

P _P\11+8
N U A A

xf({rel + 1=0a5) + wf@)] + (3] ;1 sy e ©8)(05): ©)

Multiplying (8) by 1 — ¥ and (9) by y and then adding the resulting equalities yields the
desired identity (7). O

Proposition 1 Let f : I C R* — R be a differentiable function on I°, the interior of I,
01,02 € I° with 01 < 02; p, p, B > 0; let g(x) = &/x, x> 0; u,w € Rand A € [0,1], then

1
WP (o) - ) /0 {755 g1 [w(h (05 - of)) t"] - u}

1—

x [t(rf +(1=2)0h) + (1 - t)Q’S]TP

<[ (Je(ngh + (1= 0)gh) + (1 - 1)gh) it

=P [{35 51 [ (e - 1)) ] - ulf (Yol + (1= 2)a5) + uf(05)]
p
(

P
(05 - of)P

b ret 1! 0g)(e2)-

Remark 1
« Lemma 1 is the generalization of [19, Lemma 1.2]. For y, A, u — %;p,ﬂ,a(O) —1;

w — 0, Lemma 1 reduces to [19, Lemma 1.2].

« Proposition 1 is the generalization of [19, Lemma 1.1]. For p, 8,1,0(0) — 1; u — %;

w — 0, it reduces to [19, Lemma 1.1].

We make the following assumptions before going to our main results:

’

o \/ (B + ok + LG (00 + (1= DI (02)I%) + (B + ok + 1*f ()
ks +=
B+ pk+2

Byj=(2—j+ A)V’(g1)|s +( - A)V’(g2)|s.
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Theorem 1 Let f :1 C R* — R be a differentiable function on I°, the interior of I. If f’ €
L'[01,00) and |f'| is p-convex on [01,02], where 01, 02 € I° with 01 < 02; p, 0, B > 0; let
g(x) = Yx, x> 0; u,w,y € Rand » € [0,1], then

|1Q(f, 01,02 u)|
0170 - p)[(l—x)“ﬂu—m
x (o TGO gy 1+ L)
_] R o S 1o+ WBLaY], e [1,00) 10)
oy - ”)[(1—x>1+ﬂ|1—y|
x (3 TMBO 4y 1+ 1)
Hy A, SR G e B L), pe0,1).

Proof By the properties of modulus and repeated application of p-convexity to Lemma 1

for the case p € [1, 0), we have the following:

|Q(f, 01,00 1)|

= ‘—p[(l =P = {FG g [w((1 -2 (05 - )))"] - u}f (o)

+ Mf(\/ )NQ1 1 )‘)QZ)] + )"ﬁy[{sg,fh—l [W()\(QIZj - Q{))p] - M}
X f({he} + (1= 0)e) + uf(e2)]] + W[“ -7)

2

X(‘ig,ﬁ,gfwfog)(wl +(1- X)Q2)+y(dﬂﬂ[)»91+(1 et © g)(e2)]

(&) 1-0- ) [ 1475 [w(0 - 0(eE - 0)#] -

1p
p

x [1-0)(ref + (1 -21)0h) + ]
<[ -00f +(1-2)h) + 1) dt
1
A [0 (oot - )]

=

—»

[ ()LQ1 +(1- k)Qz) +(1- t)Qz]7

< f (et + (1= 2)eh) + (1 - ek dt”

1] o k P _py\ok
p_ P _ 811 _ z : O‘(k)w ((1 - )‘)(QZ - Ql))p B+pk
= (e Q1)|:(1 S yl/(; P I'(pk+pB+1) e

% ol {(1= 0l ({fack + (1= 2eh)| + £lf (o]} e
1

1+8
+ylr /0

—-u

=\ o (wk(r(0h — ob))rk B pk
> Fokipry) L T4

k=0
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o T 0ol el

o o (k) w[*((1 - 2)(eh - o))"
Z C(pk+pB+1)

< (0} - Q‘I)Qi"[(l — W) yl{
k=0

1
< /0 L= ) (Lf ()] + (L= D)f (2)]) + )f (on)|} d

1
+lul [ {@ =] ()] + @ -1 (02)]) +£|f (01|} dt
0

e Iy Ii o (k) wl* (105 - &)

P C(pk+B+1)

1
* / (3] (en)]| + (L= D) (02)]) + (L= 1)|f (02)]|} dt

1
+ ILtI/0 {t(A]f" (o)) +(1_)‘)V/(92)|)+(1—t)[f/(gz)|}dtH

i o () wlk((1 - 1) (e - o))P*

_ (P _ P\ 1P _W)+B1 —

y ()\lf'(Ql)|+(1—k)[f’(Qz)| . [f"(01)] )
B+pk+1)(B+pk+2) B+pk+2

. |M|<Mf/<@1)| +A- DI, Wfl)')}

k=0

Ly ii o (RIwl(r(h - )

pary T'(pk+pB+1)

o (?»lf’(Ql)I +(1-21)|f"(02)] . [f"(02)] )
B+ pk+2 (B + pk+1)(B + pk+2)

. |u|(klf/(gl)| + (-1l @)l | lf’(m)l)”

2 2

i o (k) WK (1 = ) (0 — o))k

= (b -oD)or? [(1 )P - yli

8 (/\If’(gl)l +(1=A)[f"(@2)| + (B + pk + l)lf/(Q1)|)
(B + pk+1)(B + pk +2)

Py I'(pk+B+1)

S aenlren] <0 —mwgz)p}

g | 2 o R (u(0h - o))
+lrix lz T'(pk+pB+1)

k=0

y ((ﬂ + pk + 1)(Af"(e)] + (1 =1)|f"(02)]) + lf/(Qz)|)
(B + pk+1)(B + pk+2)

G0 + <2—A)Lf’<gz)|)”.

u
2
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Now, for the case p € (0,1), using the fact
1-p
[(1-5)(re} + (1 =2)dh) + tal] 7

1-p

<[a-t)(reb + A -1)h) +th]? <o, (11)

and

1-p

[t(ref + (1 =1)0h) + 1 -1)dh] 7

')
P

<[t(reh + A =2)0h) +(1-Deb] 7 <0,” (12)

and applying the same procedure like p € [1,00), we obtain the desired result. O

Corollary 1 Under the conditions of Theorem 1, for 6(0),p, 8 — 1, A, ¥, u — %, and w —
0, we have

1(f(o1) +f(02) 01+02 1
R G | By CL

= 22 13lf ()| + 11]f e2)]]

_ (02— 0)([f'(en)l + f'(@2))
< 5 )

Theorem 2 Let f : 1 C R* — R be a differentiable function on I°, the interior of I. If f’ €
L'[01,05] and |f'|° is p-convex on [01,02], where 01, 02 € I° with 01 < 02; p, p, B> 055 > 1;
let g(x) = &/x, x> 0; u,w,y € Rand ) € [0,1], then

|Q(f, 01,02 1)|
Qi"’(a"—gi’)[(l—x)“ﬂl— |

) (32, ORI (Bt

C(pk+B+2)

(IS 3
By | (5 TG (B, pe [1,00);

Q;”(@"—Q‘f)[(l—x)“ﬂl— |
) (Y2, O D )™ (Bt

C(pk+B+2)

IA

, S,
By (5 TG (B2, pe (0.

Proof By the properties of modulus, power-mean inequality, and repeated application of

p-convexity to Lemma 1 for the case p € [1,00), we obtain the following:

|Q(f, 01,00 1)|

= ‘—p[(l =P = {FG g [w((1 = 2) (05 - &))" ] - u}f (o)

+uf (el + (1= 2)e5)] + My [{87 g [w(r(e5 - o) "] - u}

Page 8 of 23
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< S (1 + (- 0) + (@] + s 1-9)
2~ &1

(3;/3@ +wf°g)()‘g1 +(1- ’\)92) +y("pﬂ[w (1 AQ§J+Wf g)(Qz)]

(&5 -ab) [(1 - -y)

/ (95 pa [W((1 = 1) (b - &) 2] — )
< [(1 -0t + (1= + el 7
xf/({/(l —£)(hof + (1 - 1)eh) + tof) dt

1
R /0 {735 g [w((e - 0F)) ] - u}

1-p

x [t(rol + (1 -2)ah) + (1 - 5] 7

><f \/t Agl +(1- A)QZ) +(1- t)Q2 dt:|

o o (k) |w|“((1 - 1) (0} — &)
5(9”—@”)[(1—1)“5I1—y|[ :
> kX(; T(pk + B +1)

1p
p

1
x/ tﬂ”’k[(l Dol +(1- A)Q2)+t91]
0

< ({1 =0)(20} + (1= 1)) + 1) | d

1 1-p
+|u|f0 (-0 + (1-1L) + "] 7

({0 = (20} + (1= 1)h) + 1) | dt

e Iyl {i o (Wl (1(e5 - o))

Py I'(pk+pB+1)

1p
»

1
x/ PPkt (rol + (1 - 1)0h) + (1 - )b ]
0

< | (e(re! + (1= 2)ah) + (1 - 1)) | de

1-

1 p
+ IuI/O [t(ref + Q1 -1)h) + 1 -1)5] 7

< | (2ol + (- 2)ch) + (1 - t)gs)\dt”

p_p B =, o (k)| wlk((1 = 2)(0h - o))k
S(Qz Q1)|:(1 AP V|{kz=0: F(ok+ B +1)

1-4
X (/ t’g”k[(l H(ref + (1 -1)ah) + th]Tp dt>

0
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1 1-p
x |:/ tPPR[(1 - 0)(rof + (1-1)eh) + tal] 7
0

1
s

<=0t + 0=k e et
! -» 1-4
+ |ul (/(; [ -6)(ref + (1 -21)e3) + th]T dt>

1
X |:/0 [A-t)(hel + (A -2)gh) + ] 7

< I ({fa-n0l + (l—A)Q§)+tQ‘;’)‘sdt]i}

Iy ii o (K)Iwl* (A(05 — &)™

P C'(pk+ B +1)

1 » -
x(/ K[t + (1-2)e) + (1‘t)92]pdt>
0

1-p

y [ f L[ + (-2t + (- 0et] 7

0

< |f (el + (L= 20g8) + (1 - t)Q‘g)\sdt]s

1
I-5

1 P
+|u|( /0 [t(hef + (1= 2)dh) + (1—t)92]pdt>

1 1p
X (/ [ ()‘Ql +(1- }»)Qz) +(1- t)Qz] ’
0

< (et + (1= 1)k + (1 - t)Qg)}sdtj| H
] . o () ik (1= 2)(h - )P
= p(Qg_Q}f)[(l_Ml ﬁu_yl{g TR prD)
1 1-1
X |:/ tﬂ”’kdt]
0

1 s
< [ / (L= (I (o0 + (L= DIf en)) + £lf (0] dt]

0

1 !
. |u|( / (L= @] + =D @)) + £lf (e[} dt) }

Fly Al {i o (k)wl((f ~ o))"

Py I'(pk+B+1)

1

1 1-1
x [ f Pk dt]
0
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1

1 S
* |:/0 PR el + =R (e2)]) +(1—t)lf/(Q2)|S}df]
1 .
+ |u|</0 {t()\lf/(Ql)|s + (1 —)\.)lf/(gz)|s) + (1 _ t)lf/(QZ)r} dt) }:|

i k '3 k
o (e o) [(1 0 ﬂiz o (RIwk(1 - )] - )’

< Dok + B+ 1)(B + pk+ D'~

5 (W'(Ql)|5+(1—x)lf/(gz)ls s [f"(e1)l® )1
B+pk+1)(B+pk+2) B+pk+2

' LKJ{W/(QI)F +1=W)f )] + lf/(91)|s}%l

4y Al Z o (k) [wl*(L(0% - of ))”k
T'(pk+ B +1)(B + pk + 1)1~

» {Mf’(@l)ls +(1-2)|f"(02)[* . If'(02)I° }i
B+ pk+2 (B + pk+1)(B + pk+2)

]

_ lp(p_ p L7 o o (k)| wlk((1 - 1)(0h - o}))P*
=0, " (% al)[(l PSR} V'{g SPTYES)

=

- el + - nlf e + e

y (xlf’(gms + (L= 1)If (@a)I* + (B + pk + 1)1f’(g1>|S)%
B+ pk+2

'—1'{<1+A>Lf(gl)| F - @) }i}

1p | o o (R Iwl (A (eh - D))
+tlrix LX(; T(pk+ B +2)

. ((/3 + ok + DI (@0)F + (L= 1)If (2)19) + V’(gz)r)i
B+ pk+2

+'2ij{w/<gl>|3+<z VI (o) }%”

Now, for the case p € (0,1), using inequalities (11) and (12), and repeating the same pro-
cedure like p € [1, 00), we obtain the desired result. O

Corollary 2 Under the conditions of Theorem 2 for B,u,s,p,o(0) - 1,1 — %, andw,y —
0, we have

Q1+Q2 2 QIL’Z
P( 2 >_Q2—Q1/g flx)dx| <

Theorem 3 Let f: 1 C R* — R be a differentiable function on I°, the interior of 1. If ' €
L'o1,02] and |f'|f is p-convex on [01,02], where 01, 03 € I° with 01 < 02; p, p, B> 0; 1,5 > 1

91 22781 (718 (o)) + 2| (0)))-
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1,1 _ 4. _ .
such that & + < = 1; let g(x) = Yx,x>0; u,w,y € Rand A € [0,1], then

’Q(erl:QZ;M”
1-p, p_p 1
01 " (ey-07) s
ls—f[u—x)“ﬁu—yws,l
k)
{Z ‘W| QP Ql + |l/l|}

ﬂ+pk)+1) V l"(pk+ﬂ+1)

+|y|A1*BBs 2lld MQP 2" +|ul}], pell,o0);
b4 Z{Zk 0 ﬁ+pk)+1)r1‘(pk+ﬂ 5 lul}], pell,00)

%[(1 A)“ﬁu le
(X2 Kywik( x)@” -&) +|u|}

B+pk)+1) V I‘(pk+ﬁ+1)

k QPQP
Iy IS K +lul}l, pe(01).
YRR L A ful)), pe @)

IA

Proof By the properties of modulus, Holder’s inequality, and repeated application of p-
convexity to Lemma 1 for the case p € [1, 00), we have the following:

|Q(f’91192; M)|
- ]—p[u A [ - W~ o)) ] - ulf (o)
ruf (Jaeh + A= 1)00)] + APy [{85 pa [w(r(ch - &))" - u}
x f(Jref + (1= 1)ah) +uf(e2)]] + ﬁ[(l -v)
2~ &1
x (3¢ 3 st +wfog)()»gl +(1-21)gh) +y(3pﬁ[kgl+(1 Vel L) © 0g)(eh)]

p_ B _ o o (k)| wl* (1 = 1) (e} — o))"
< (o5 Q’f)[(l WP yl{; k1B D

1-p

1
x/ P PR[(1 - 0)(hof + (1-1)eh) + tal] 7
0

< (-0l +(1-2)h) + 1) | e

+|u|/ (-0 + (1 -2)eh) + 0] 7

< (-0l +(1-2)eh) + 1) | e

g ) o o (B)Iwl (10 - )
+lrid :g T(pk+B+1)

1-p

< (gl + (- 20e) + (- 0] P
0

< (el + (1= 2)a5) + (1 - 1)) | e

1p
»

+|u|/ t(hof + (1= 1)0h) + (1 - 1)05]
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X [f’({/t(kgf +(1-21)e%) +(1- t)Q;)idt}]

i o (k) [wlK((1 = ) (0 — o))

_ _n\+B81 _
< (o> Q’f)[(l Aadl! y|{ Tkt 84D

k=0

1
r

1 1-p
X (/0 (tﬂ*pk[(l —1)(ref + (1 -M)gh) + tgf]l’)rdt>

1 :
« ( /0 (- 00 + (- 1) +tgf)|sdt)

1

' ri-p)
el [ (=00 +a-nef) + o) 5 )

: !
x( fo V’({/(l—t)(kgf+(l—k)g’2’)+t9f)‘sdt) }

1op | o o (Rl (1(h - o)
+lyid HZ C(pk+B+1)

k=0
1
5

1 r1-p)
« ( / P00 + (L= 2)k) + (1= 7 dt>
0

: !
‘ ( [ 1 (et~ a =)+ (1—t)Q§)|sdt>

r

1 r(-p)
+ |u|</0 [t(re} + (1 =2)dh) + (1 -1)eh] P dt)

X (f"llf/(%(wf +(1-2e) + (1 —t)e‘z’)lsdt)i H

o o (k) [w[*((1 - 2)(0h - &))"
Z C(pk+pB+1)

<0, (b -db) [(1 -1 - y|{
k=0
1

1 ir
x[ / t’<f’+p’<>dt] [ f [(1—t){w/(gl>|s+<1—A)V’<gz>|s}+tV’(gl>r]dt]
0 0
. 1
+|u|(/0 [(1—t){x[f’(91)\s+(1—A)lf/(g2)!s}+tlf/(g1)ls]dt) }

1

1p | o= o (R)Iwl* (15 - o)) /1 ok |
*tlyix i; T'(pk+pB+1) 0 g at

1 '
: [/0 ([l @)l + -l )]’} +<1—f>b"<@2>|s]‘”]

1
+ |M|</0 [t{)tlf/(Ql)|5 +(1 —)»)lf/(gz)r} el _t)lf/(gz)r] dt) }:|

1
s

)

= %Qif”(g’z’ - o) [(1 =PI =y (W + W] )] + L= 1)|f (02)
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§ { < o () wik((1 - A)(Q‘Z P))ek Iul}
(r (/3+P/<)+1) F(pk+p+1)

1
s

x +y AP (Af ()] + @ - W)|f (02)])

5 = o k)wk (b - o))k ol
= (r(B + pk) + 1) 7T (ok + B + 1) '

Now, for the case p € (0,1), using inequalities (11) and (12), and repeating the same pro-
cedure like p € [1, 00), we obtain the desired result. O

Corollary 3 Under the conditions of Theorem 3 for p, B, 1, y,0(0) — 1,5 > 2, u — %, and

w — 0, we have

f(Ql) +f(Q2) 1 02 02— 01 / - : .
2 _Q_Ql/é;] fx)dx| < 276 (2+\/§)\/V(Ql)| + |f (o).

Theorem 4 Let f: I C R* — R be a differentiable function on I°, the interior of I. If ' €
L'01,02] and |f'|® is p-convex on 01, 02], where 01, 02 € I° with 01 < 02; p, p, B> 0; 7,8 > 1
such that % + % =1;let g(x) = &x, x> 0; u,w,y € Rand X € [0,1], then

1Q(f, 01,005 1)

4 P__Py\pk
oh-of 1 RIwlk(1-2)(eh-o))”
G- P = Y R et

2rs
1 1-
x (250 + r(r(B + pk) + 1)By1) + [ul (250} + rBg 1)}
r(1-p)
14800 o RIWF (0] -eD) 2s0] P +r(r(B+pk)+1)Bs,2)

I G(B+pR) DT (pk+fe1)

+|u|(2891 i +71Bs)}, p € [1,00);
oh-d} 1 ©)wlk (1-2) (b -e))P*
LA - -y (r(/s+pk>+1) (p2k+/3+1)

2rs
x 2505 P + r(r(B + pk) + 1)By,) + |ul (2505 + rB;,))

r(1-p)
148 o (R)Iw* (b -a)) (205 P +r(r(B+ok)+1)Bs2)
+ Y IPIE * RCEmR ey

+1ul2s0y ) + rByo)Y], pe(0,1).

(13)

IA

Proof By the properties of modulus, Young’s inequality, and repeated application of p-
convexity to Lemma 1 for the case p € [1, 00), we have the following:

|, 01,005 1)

- [l 4= 1 [l - 2065 - )] - e

+uf (0] + (L=2)h)] + APy [{35, 5.1 [w((05 1)) ] - u)
X f({he} + (1= 0)e) + uf(@2)]] + m[u -7)

2 1

X ( 0,8 Q + wf Og) ()“Ql (l - )")Qg) + V(ﬁ;'ﬂ,[)hgllq(l_x)glz’]wf Og) (Qg)]

vl oy oI 2@ - 1)@ - o))t
< (e Ql)|:(1 A y|{§ ks B+ 1)
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=

=<

1 i}
x/ t’3+pk[(1—t)(kgf+(1—k)gg) +L‘Q’f]17p
0

% [f’({'/(l —t) (Aol + (1-1)dh) +tof)| dt

1p
p

1
+ |u|/0 [1 -5 (o) + (1 -1)h) +tol]

<P ({fa =00 + (1 =2)0)) + ]

g ) e o (B)Iwl (1 — o))
+lrix :Z T(pk+ B +1)

k=0

1-p

<[ L[l + (1= 2et) + (- 0et] 7
0

< F({e(ngh + (1= 0)gh) + (1 - 1)h) | de

1p
p

1
+ 1l /0 [£(he” + (1= 1)) + (1= )]

x| ({fe(ef + (1= 1)gh) + (1 - r)@g)th
(

(@‘5—@’5)[(1—A)“ﬂ|1—y|[i 7@l (0 - 1)(e; =

k=0

0
rs

r

1
y {l /0 (PP =) (r0? + (1= 2)h) +1e”] 7) e

1 1 s
e [ Ir(a-n(eh+ (1 -0)eh) + ool [ de
S Jo

[S——;

r(1-p)

1t r(-p)
+|u|{;/0 [A-t)(hel + (A -N)gh) +tdl] 7 dt

+l V’({'/(l—t)(kgf+(1—k)g§)+tQ’f)|sdt}}

1o ) oo o (R) Wl (1 — )P
Flylx {g I'(pk+pB+1)

1 1-p
y {l / (P[0l + (L= 1)) + (L—Dl] 7) de
rJo

1! s
+ ;fo I/ (e(r! + (1= 2)@8) + (1 - D)) df}

1t r(—p)
+ |u|{—/ [£(rof +(1-2)0%) + (1 -1)db] 7 dt
rJo

1
+ % /O F({e(ret + (1= )f) + (1 - t)g’z’)th} ”

C(pk+pB+1)

(&) [(1 T {i o (RIwl(1L - 2)(eh - &))"

k=0
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r(1-p)
x {Ql_ / prBeok) gy
r 0

1
= /O [(A-0{lf @] + A=W )] +tlf’(91)\s]dt}
r(1-p) 1 rt s
+|u|{QlT+;/O [(1-{r|f (01)]
c =D )] + el 0] d:}}

(1-p)
Iy :io(k)IWIk(A(Q’f—QIf))pk {ai i /1 -
0

Py I'(pk+pB+1) r

1/ [t{Alf )] + =W ()|} + A =8)|f'(02)[ ]dt}

-p)

S il

+(1-W)|f') ) + A =0)|f ()] dt} ”

iak)w(l 2)(05 — o))"

_ (PP _1\1+8
—(Qz Ql)[(l AL = i T'(pk+p+1)

k=0

y { o' )l + (- DIf (@)l + I )l }
r(r(B + pk) + 1) 2s
o L MUl + (L= W)If (@)l + I (o)
+1ul r 2s

g em o (RIWF (b =)k o
Hlyix {Z r(pk+,3+1) 7B + pk) +1)

. Mf' () + (L=M)|f"(02)F + |f"(02)I°
28

(1 -p) s ( s s
+|u|{ . Mf(é?l)| +(1- A;Lf (02)I° + | (02) }}]

}

(P PV (1B o o (k)| wl* (1 = 1) (0} - o}))P*
= (05 @1)[(1 PSR} y|ik§ Tk D

2001 1B+ pR) + DBt | (2501 4 By
+ || ——
2rs(r(B + pk) + 1) 2rs

+ Iyt ii o (Il (1(e5 — o)) <2sg’“ 1B + pk) + DBy

— C(pk+ B+ 1)

ZSQ;(I_p ) 4 ¥Bs.
H ey

Now, for the case p € (0,1), using inequalities (11) and (12), and repeating the same pro-

cedure like p € [1, 00), we obtain the desired result.

2rs(r(B + pk) + 1)
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Table 1 Validity of Theorem 3 through numerical approach

01 02 u y A LHS of (13) RHS of (13)
02 3 -2 -3 0 5.8320e+03 2.4448e+09
5 7 -3 11 0.2 2.6291e+05 7.5952e+05
0.2 0.9 3 11 0.5 7.7838e-04 16.7265

7 1000 -0.2 -03 0.7 1.1859e+15 4.880Te+25
2 13 3 -11 0.8 1.3682e+07 1.0246e+11
4 25 10 80 0.99 1.7487e+11 9.2853e+14
9 11 -17 -18 1 3.7948e+08 7.2025e+08

Table 2 Validity of Theorem 1 through numerical approach

01 02 u 1% A LHS of (10) RHS of (10)
1 704 -180 19 0 8.2727e+04 1.138%e+06
2 404 -18 19 0.2 416.0355 3.7142e+03
0.2 09 14 130 03 125349 216725
1 1001 -201 500 0.5 1.3898 7.3137e+03
1 795 102 103 0.8 1.7962e+04 7.1857e+04
15 21 21 -20 0.999 294.4720 3214211
7 80 -19 -10 T 1.1967e+03 2.6212e+03

Corollary 4 Under the conditions of Theorem 4 for A,w — O, y,p,u — 5, s — 2 and

1
2
B,0(0) — 1, we have

f(01) +f(02) 1 vex
- d
5 ﬁ_@/m f(Wx)dx

< @{logz +9o(|f e + | (e)[))-

4 Examples
Example 1 Let f(x) = % such thatx € (0,00),p=6,w=0,0(0)=1,t=10,r=7,s= é. We
compute the values from result (13) of Theorem 3. In our calculation, we find out values
separately for the right-hand side and the left-hand side of (13). We easily find from Table 1
that the numerical solution agrees with the analytical solution.
Example 2 Let f(x) = 2,/x such that x € (0,00), p = %, w=0,0(0) =1, ¢=11. We compute
the values from result (10) of Theorem 1. In our calculation, we find out values separately
for the right-hand side and the left-hand side of (10).

We easily find from Table 2 that the numerical solution agrees with the analytical solu-

tion.

5 Applications

5.1 Application to quadrature rules

Let I; be a partition of the interval [g1,0,] such that: (01 =)xp < %1 < -+ < x,(= 03) and
lj = xj;1 —%;, 0 <j <t — 1. Consider the following trapezoidal formula [20]:

t-1
T(f,1,) := Zwlj; (14)
j=0
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and the approximate error of fgglz f(x)dx by T(f,I,) is defined by

EfL) = [ fo)de—T( L),
Q1

Let S, (f,1;, %), xj.1; u) be the extended quadrature formula, R, (f, I;, xj, x;.1; u) be the asso-
ciated error of I, (f o g, I, xj, xj.1; u) by S, (f, 1y, %, %15 u), so that

Ry (f’]t}xj’xj+1; M) = Iy(f nglt’xj1xj+l; I/l) - Sy (f}lt;xj’x]'Jrl; M)
provided that

Sy (f Ity %, %415 1)
-

1
]+1 (1 )‘)ﬁ(l )/)
j=0

X {87, pa [W(( = 27 = ) ] =l o)+ af (2] + (1= 2]

1y ({85 [ (s =) ] =l (2 + (L= 2000 ) + uf ()],

Iy(fog11t¢xj)xj+l;u) (15)
t—

= / [(1 - V)(ﬁz,ﬂ,x;aﬁwfog) ()fo +(1- )‘)xj’il)

~.

—_

~.
Il
(=]

+y(‘Jpﬁ[/\x”+1 P wfog)(x;[’il)]’

/+1

Ry (frlt;xj1xj+l; M)

t—

,_‘

(xﬁil )= -y)

~.
I
(=]

X ({875 (1 =Dy =) ] = ) + af (2] + (1= 2)a)]
+A y[{gpﬁﬂ[ ( (xﬁl )) ] ”y(\p/ )‘xp+ 1- )‘) 1+1)+Mf(x1+1)]]

t—1
Z(l ME pﬂxp o8+ (1-1)a2,))

j=0

¥ () gt s eod 08 ()]

For y — 1, identity (15) reduces to the following formula:
o The fractional trapezoidal formula

t—1
Sulf ol n) = 3 (5 = a)2) ({85, 50 [WO- (s ~ )] - )
j=0
x f(& A+ (1- x)xfﬂ) + uf (%7:1)]. (16)

Moreover, for o — 0 and p, 8, A, 2u,0(0) — 1, identity (16) reduces to (14).

Page 18 of 23
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Proposition 2 Let f : I € R* — R be a differentiable function on I°, the interior of 1. If
f' € L'01,02] and |f')* is p-convex on [01,02], where 01, 02 € I° with 01 < 02; p, p, B > 0;
s> 1;let g(x) = &x, x> 0; u,w,y € Rand A € [0,1], then

’Ry(f,lt,x}',x/q.l; M)}

_1" Py W (1-2)(F, )Pk
Zfo#[(l PSP EEVIT) B (pk+ﬂ+]2;

(et B+ok+ DI () +A=2) I (1)1 1
x( ;3+pk+2 )

W+ @) +A-MIF (1)1 | L
+ u (L)
Rl (o = )P

+ APy 10 W

((ﬁ+pk+1)()»If’(x,')\s+(1—)»)lf’(xj+1)\S)+Lf’(x/+1)|5)l

/3+pk+2 s

g (LT p € [1,00);
1-p 1 o Rk (1=n) @2, P )Pk

t—1 %41 (’fﬂ_xf) 8 1 [e'9) j+17%j
D (e ) Pl -y (pk+ﬁ+/—2)
(et B+pk+ D ()15 +(1-2)|f (x7,1)[* | 1
X ( /S+/pk+2 : )
QR )1+ Q-2 ()1 | 1
+ ul( — f)5)
)Pk

R)lwl* (o,
1+8 j+1
+ APy 130 T (ok+p+2)
((ﬁ*karl (f’ (x],)‘s (1-2)|f (x/+1 [5)+1f"( x}+l )%
B+pk+2

# ul (LR R ), pe©);

IA

U (@D P, (02)FF} §~t-1 X
max{|f le If"(e2)l* Z/ 0% P( xf)ﬂﬂ’ pell,o0)
)

(I ()1 (02)I°) llp B+1
Y- -2, pe(0).

max{|f’ (o1
P 0 /+1 1+1

j+1

IA

Proof Application of Theorem 2 for the case p € [1,00) on the subinterval [xj,%,.1], 0 <

j <t -1, yields the following:
j+1 xp) [ =27 =y)[{B7 g [w((1 = 1) (] j1 ))p] ulf (%)
+uf(p)hxf+(1_)‘)xf+l)] +)\ﬂy[{gg,ﬂ+1[ ()‘( j+1 xf)) ] }

|~

s f(Yf + (=2 4 )] + [(L-7)

X (3;,5Y,§’+;Wfog)()‘x§g+(1_)‘)xf+1) ( pﬂ[kxp+1 A +1]+wfog)( +1):H

1-p 1+ )

Xl ) » o () w*(L = M),y -2k
=T R D D Y R

. ((x + B+ pk+ DIf ()l + (1~ A)lf/(x,-u)ls)i
B+ pk+2

+ |ul

((1 O )+ (1 - x)m(xj+1)|5)% ]
2

=, o (Ol G, - )™

j+1

1+8
A '”:23 T(pk+ B +2)

k=0
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8 ((ﬂ + pk + D) 0e)° + (1= V" (x551)°) + lf/(xm)ls)%
B+ pk+2

(A[f/(x,-)ls r@2- )»)lf/(xj+1)|s>% H
+ |u| 5 .

Finally, summing over j from 0 to ¢ — 1 and taking into account that |[f'|* is p-convex, we

deduce, by the triangular inequality, the following:

\L(f 0 g, 1, %, 3115 4) — Sy (f I, 2, %15 1) |
— 1-, + 00

< i ST [(1 _)L ] {Z oW1 - 1), - )"
=0

= P pary C(pk+pB+2)

y ((?» + B+ pk + Df(x)]° + (1 - l)lf/(xju)IS)i
B+ pk+2

((1 O )+ (1 - )»)lf/(xj+1)|s)% }
+1ul

2
g [ o WG, — a2
o |V|:k20: C(pk+ B +2)

x ((ﬂ + ok + DO ()1 + (L= DIF C)[) + lf/(x;‘+1)|s>%
B+pk+2

(mx,)w + QJ)WN)P)%H
+1ul

2
, s , sy -1
< max{[f (QII)J 7If(Q2)| } ijl_p(xfu —xf)ﬁﬂ.
j=0

Now, for the case p € (0,1), repeating the same procedure like p € [1,00), we obtain the

desired result. O

Remark 2
« For y — 1, Proposition 2 provides an approximate error for the fractional trapezoidal
formula.
« For y — 0, Proposition 2 provides an approximate error for the fractional midpoint
formula.

« Fory — %, Proposition 2 provides a generalized fractional Bullen-type inequality.

5.2 f-divergence measure

Let ¢ be the set and i be the given o finite measure, and let the set of all probability densi-
ties on p be defined as Q2 := {x|x: ¢ > R, x (&) > O,f¢x($)du(.§) =1}. Let f: (0,00) - R
be the given mapping and consider Dy(x, ) defined as

Df(Xxl/f):/d)X(E)f<%> an&), x, ¥ eQ. (17)

Page 20 of 23
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If f is convex, then (17) is known as Csiszar f-divergence. The Hermite—Hadamard (HH)
divergence is defined as

< A‘t\

f)
)1

D;{H(X’w)—/)((%_)f dﬂ($)> X:I/fGQ>

@\

where f is convex on (0, 00) with f(1) = 0. Note that DZH(X, ¥) > 0 with the equality holds
ifand only if x = .

Proposition 3 Let f : I C R* — R be a differentiable function on I°, the interior of I,
01,02 € I° with 01 < 03 such that |f'| is convex and f(1) = 0, then

1 1)+ ¥ (©)
’Z[Df(x,wm /¢ x(é)f<w> dms)] —Dfm(x,w)‘

< 1[[}“(1)\/|w(s)—x<s>|du<s)

1w x| (L)) | aute)|

Proof Let ¢ :={§ €p: ¥ (§) > xE)ida:={5 €p:¥(§) <x(§)and p3:={§ €p:¥(§) =
x(£)}. If &€ € ¢, then clearly the equality holds. Now if £ € ¢;, then for o; — 1 and 0 —
‘f{'(@ in Corollary 1, multiplying the obtained result on both sides by x (§) and integrating

over ¢, we have

1 X(©) + ¥(©)
) rer(Gg ) aner o2 [ xer(2EEE anee |

v(E)
X&) d
[ 0 S0 4ue)
1 ey 1
x(&)
1 , (V)
=5 [¢ (v (&) - x(é))[<v 3] P (@) m ap(&). (18)

Now if & € ¢y, then for g — 1 and o7 — % in Corollary 1, multiplying the obtained

result on both sides by x (§) and integrating over ¢,, we have

! Ve x(®) + ¥ (®)
L (B ) aner 2 [ xer(XEEE Y anee |

v(E)

X d
/¢ @)%d @)’

x(€)

i, v©)
<3l [ ce-verames [ wo-ve)r (43 we] o

Adding inequalities (18) and (19) and utilizing the triangular inequality, we have obtained
the intended result. O
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6 Conclusion

New estimates for the generalized fractional Bullen-type functionals have been derived
to provide some error estimates for quadrature rules and of inequalities relating to f-
divergence measures.
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