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1 Introduction
It is well known that if a series ) k=1 9k is convergent, then its “tail” (3%, ak)u tends to 0

as n — 00. In particular,

1

~ _
lim Z ak = 00.
n—0oQ0
k=n

In the past years, many mathematicians have been interested in studying the properties
and forms of the reciprocal tails (as above) of the convergent series, where a,, is related to
some recurrence sequences. Here, we restrict ourselves only to cases in which a,, is related
to the Fibonacci sequence (F,),>o which is defined by the binary recurrence

Fuo=Fya+F,,
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with initial values, Fy = 0 and F; = 1. In 2008, Ohtsuka and Nakamura [11] studied the
partial infinite sums of reciprocal Fibonacci numbers and showed that

-1
i 1 F, o, if nis even,n > 2;
o Fi Ens—1, ifnisodd,n>1;
and

> 1 B F,.F,-1, ifniseven,n>2;
)= E 8

k=n "k F, 1\F,, ifnisodd,n > 1.

In the same year, Choi and Choo [2] provided formulas related to the sums of reciprocals
of the products of Fibonacci and Lucas numbers, namely

(Sris) | = [(Eet) |

(recall that the Lucas sequence (L,,), satisfies the same recurrence as Fibonacci numbers,

but with initial values Lo = 2 and L; = 1). For more facts in this topic, we recommend to
the reader the papers [1, 3-6, 10, 12, 13].

To study the analytic behavior of these sequences, one introduces another (more qual-
itative) definition. We then say that f, ~ g, if f,, — g, tends to 0 as n — 0o. Very recently,
motivated by this definition, Lee and Park [8, 9] proved, among other things, that

k=n k=n

o -1 o -1
1 1 5 0 2 .
<Zg) ~Fra (Zg) ~Fi-Fly+5(-1)

and

-1
o0
1 4
<Z _2> ~F - F 5+ 5(—1)”-

k=n E%k

Moreover, as formula (5.1) of [8, Sect. 5], they stated (without proof) the following ex-
pected general formula:

[} 1 -1
= |~ Fon oy + (C1 Con, )
r )

k=n = mk

which should hold for any positive integer m, where C,, is a positive constant. Addition-
ally, they remarked that “it looks not easy to find the explicit values of C,, satisfying (2)
except for m = 1 and 3 (for which C; = 2/3 and C; = 4/9). By using computer software
programs (MAPLE 17 and wolframalpha.com), they estimated this constant for m € [1,9].
These computations suggest (as written by them): “We might expect that C,, tends to 2/5
as m — 00"

The aim of this paper is to confirm the expectation by proving these facts (indeed, we
provide quantitative versions for them as well as a completely explicit formula for C,,).
More precisely, we have the following.


http://wolframalpha.com
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Theorem 1 For any integer m > 1, there exists a positive constant C,, such that

oo -1
1 2 2 mn 9.83
(kz ]:ka) — (an — Fm(n—l) + (—1) Cm) < W (3)
foralln> max{%, 2} (where, as usual, o = (1 + /5)/2 denotes the golden ratio). In partic-
ular,
oo 1 -1
Z — | ~Ei - Fipy + (D)™ Cn. (4)
k=n FW‘k

Moreover, for all m > 1,

_2 T + BSm
ws( ) ¥

where 8 = (1-+/5)/2,
P = (1= (=1)")Lom + 5(1 + (<1)")Eper EpuFopm,
and
Sm = (14 (=1)") Fapn(Lom — 2).
Furthermore, the estimate
|Cyn — 2/5] < 1.2/a*™ (6)
holds for all m > 1, and so C,, tends to 2/5 as m — 00.

Now, we shall present two interesting consequences of the previous result. First, observe
that it is immediate, after a standard calculation, that C,, in formula (5) agrees with values
C; =2/3 and C; = 4/9 (provided in [8]). Moreover, the first 10 values of C,, for m odd are
as follows:

2 4 50 338 1156 15,842 108,578 372,100 5,100,818 34,961,522
3797123’ 843’ 2889’ 39,603 271,443 930,249’ 12,752,043 87,403,803

which are rational numbers. However,

2 6 8
Cyo= —(1-28), Ci=—(1-28), Cg=—(1-28),
) 15( B) 4 35( B) 6 45( B)
Co=2(1-28),  Cuo=—2(-26), Cu=-1_2p)
87 235 ’ 107723 ’ 27 161 ’

which (since 1 — 28 = +/5) is the same list as
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42./5 224/5 144
g = ——— 10=—"> Ciz

) =——+5
235 123 805

are irrational numbers.
This suggests that Cy,,,1 € Q.0 and Cy,,, € /5 - Q. for all m > 1. Indeed, the next result
confirms this fact by providing a cleaner formula for C,, depending on the parity of .

More precisely,

Corollary 1 Let m be a positive integer. We have

(i) If mis even, then

2(L2m_2)
C,=" /5.
" 25F,,, V5

(i) Ifm is odd, then

2(Loy, + 2
C, = (Lom + )'
5L2m

In particular, C,, is a rational number if and only if m is odd.

The previous explicit formulas for C,, provide better bounds to C,, —2/5 which together

with Theorem 1 allows to prove the following.

Corollary 2 We have that

(i) Let m be an even positive integer. Then

00 1 -1
L(Z I:T]() J :FZ’IVI_FVZVI(VI—I)
k=n ~ M

holds for all n > 3.
(i) Let m be an odd positive integer. Then

-1
{(i 1 ) J E L —FEry if n is even;
_2 =

k=n — mk F,,Znn - Frzn(n—l) — 1, lfﬂ is Odd,
holds for all n > 3.
The proofs of these results combine several estimates, properties of Fibonacci and Lucas

numbers as well as some facts about the convergence of series. The computations in this

work were performed with MATHEMATICA software.

2 Auxiliary results
In this section, we present a few auxiliary facts which will be very useful in all proofs.

Lemma 1 Let (F,), and (L), be the Fibonacci and Lucas sequences, respectively, and o =
(1++/5)/2 and B = (1 - /5)/2. We have

Page 4 of 16
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(i) (Binet’s formula for F,) formula

an_IBn

NG

holds for all n > 1.
(ii) (Binets formula for L,) formula

F,

L,=a"+p"
holds for all n > 1.

The next two lemmas follow from the previous one.

Lemma 2 We have that
(1) F2n =F,L,.
(11) L,= Fn+l + Fn—l-
(i) Ly, =5F% +2(-1)".
(iv) Ly, =L2-2(-1)".
(v) (D’Ocagnes’s identity) (=1)"Fy,_y = FyuFps1 — Fe1Fn.

We know that Q(8) = Q(+/5) is a quadratic field extension of Q with Q-basis {1, 8}. The
next result asserts the exact coefficients of the Q-linear combinations for powers of S,

namely,

Lemma 3 For any n > 1, one has that
/Sn zﬁFn"'Fn—L
The last ingredients are some known lower and upper bounds for F,,, that is,

Lemma 4 The inequalities

n-2

"2 <F,<a"™!

hold for all n > 1.
We refer the reader to [7] for the proofs of these results as well as for the history, prop-

erties, and rich applications of the Fibonacci sequence and some of its generalizations.

With these tools in hand, we are now in a position to prove our results.

3 The proof of Theorem 1
By Lemma 1(i), we have that

()

Page 5 of 16
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hence

1 5
Frznk T a2k (1= (Bla)mk)2”

However, 1/(1 —x)? = 1+ 2x+ 3% + - - - holds for |x| < 1. Thus, since |8/a| < 1and of = -1,

we have

1 5 :3 mk ,3 2mk
mow(2(e) <) )
00 ' . ,3 imk
= ey +5§l(—1) k(a)

By summing up from k = # to infinity and after a straightforward calculation, we arrive at

00 1 00 00 imk
ZTzazm(}’l 1(a2m 1)+52l2 mk( )

k=n = mk i=2  k=n
. 5 9] . . :3 imn 1
T a2 (g 1) | 5;’(‘1) (E) 1— (=1)™(Bla)im
= ;(1 +f(m,n)), (7)

OlZm(n 1) (a2m 1)

where f(m, n) denotes the following summatory

B azm_l OO‘ ,3 mn(i-1) 1
/ (m’")'_< o )2‘<5> 1- (-1 (Bla)™

Note that, by the reverse triangle inequality (and B/« = —1/a2, which follows from g =

—1/a), one has

2m

B

. 1
|1—(—1)m(ﬂ/a)’m| 21—’— >1-—>0.85.
o o

Thus, we deduce the following upper bound for |f (1, n)|:

1 «

2m_1 o 1 mn(i-1)
fomm)]| = S=—s Z’(;)
i=2
118 K/ 1 \7?
= a2mn §l<a2mn)

1.18 3 > i
o2mn (2 + o2mn + Z a2mn(i—2)>

1.18 i+1
o2mn 2+ aZmn amn(Zt 2)

i+1 1
2+ a2mn oimn ’ a(i—2)mn

a 2mn
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oo

1.18 1 1
< 2.065 + — -
- aZmn ( + 60 Z o["’””)

i=1
1.18 0.171

<= 2.065 + ——
o 60

2.45

q2mn’

where we used that
a™ > 1.6 > 6.55' > 60(i + 1)

for all i > 3 (since mn > 4) together with

1 1 1 1 1 1

PR R —_— o=

o + q2mn + a3mn o at + o8 * ol? ol — <0.171,
because o > a*. Thus f(m, n) tends to 0 as min{wm, n} — oo. Furthermore, |f(m, n)| <
0.06 for all integers m and n with mn > 4.

Turning back to (7), we have that

=1 5
— - - (1 1),
25~ gy (L 0mn)
and hence
00 -1
1 ~ a2m(n—1)(a2m _ 1) 1 (8)
Zk:n 2] 5 1+f(m,n))

Since |f(m, n)| < 1, for mn > 4, then

1
Tefomm ~ LS tmm)+ (Omm))’ = = 1= [l ) + R

where R,,,, := (f(m, n))? - (f(m,n))> + (f(m,n))* — - -- . For our purposes, we need to find

an upper bound for |R,,,|. For that, one has

[Rynl < |(f(Wl, n))2(1 —f(m, n) + (f(m, n))2 — . )|

| (fomm)?
T +f(m,n)
_ (o n)
~ 1-|f(m,n)
6.4
< 1.07(}‘(;71,;/1))2 < 9)

where we used that

2.37

o 2mn

>1-0.06 =0.94.

’1 +f(m,n)’ >1- V(m,n)‘ >1-—
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Turning back to (8), we have

o -1 2m(n-1) (,,2m _
<Z %) = %(1 —f(m, n) + Ryy)

k=n ~ mk
O[2;'r1(;«1—1)(0[2m _ 1) a2m(rz—1)(a2m _ 1)
= — m,n
z z f (m, n)
062 (n—l)(a2m _ 1)
+ s Ry
az (n—l)(a2m _ 1) az (n—l)(a2m _ 1)
= - m,n
z z f (m, n)
+ T,
where
aZm(n—l)(aZWt _ 1)
Tm,n = f . Rm,n
satisfies (by (9))
oD (@ — 1)|R ¥ 64 13
| Tyl = ( )Rl < . < . (10)
5 5 o[4mn a2mn
Hence
00 -1
1 OlZm(n—l)(O[Zm _ 1) a2m(n—l)(a2m _ 1)
Y] = - f(m,1) + T (11)
i Fo 5 5

Now, let us work with the second term of the right-hand side of (11). By the definition
of f(m, n), we can write

aZm(n—l)(O[Zm _

5 l)f(m’ n)

~ 2a2mn(a2m _ 1)2 <IB>WIVI 1

— | o * Dun
S «) 1=C1rBlayn T

2mn(,2m _ 1\2 X mn(i~1)
D= 2 (B v
’ 5a4m o 1-(-1)"(B/a)™

i=3

Since B/a = —1/a?, we deduce that

2a2mn(a2m_1)2 ,B mn 1
5ot <E> 1 (=1)"(Bla)>"

~ 2a2mn(a2m _ 1)2 —1\"™" 1
- 5atm a? 1-(=1/a*)m

2(—1)"" dm _0o2m 4 q > -1 mi
_ ( ) ) o 107 + 1+ Z -1
5 a4m — 014
i=

Page 8 of 16
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2(_1)mn

= 5 (1_Sm)(1 +Em)
2(-1)"™

= ( 5) + (_l)mnGm,

where
2
Gy = g(Em —Sm—EuSm) (12)

and E,, and S, are defined as

2 1 A (=1)™
Sm = (){W — O{m and Em = ;(J) = m. (13)
Now, we use that S, < 2/a*" and
i 1 o' 1 ot 12

1 1
N = - < — < —
054 a4m -1 a4m a4m -1 a4m Ol4’ -1 a4m

i —
Eml <
i=1

(since x — x/(x—1) is a decreasing function for x > 1, and so the maximum of o*”/(a*" — 1)

is attained at m = 1) to infer that

2 212 2 2.4 1.2
|Gm|§§(|Em|+|5m|+|EmSm|)§g MT’”-FO{T’”-FW SaTm’ (14)
which proves (6). Observe that, in particular, G, tends to 0 as m — oo.

For the remaining terms, i.e., Dy, ,, first we can realize that

aZmn(azm _ 1)2 O[Zmn

, 15
5a%7 5 (15)

since (" — 1)? < a*", Therefore, by using again f/a = —1/a?, we get

00 ‘ 1 mn(i—1) 1
Z’(?) 1= D" (Bl

i=3

o~ (Bla)™Y
LT o

i=3

—, 1
<132:) iy
i=3

> 1
<132 Z o 2mnl-1)-21’
i-3

where we used that i < 2/ < o holds for every integer i > 3. Furthermore, since mn > 4,

we have for i > 2
Z2mn(i=1)-2i - (azmn(%)—Z)i > (a@_z)i > (az)i > 2.6
Thus,

; (ﬂ/a)mn(i—l)
— 1 (-1)"(Bla)”

Page 9 of 16
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oo

oo
1 1.32 1
=132- Z o 2mn(—1)-2i ~ gydmn—4 Z o 2mn(i-3)-2(i-2)
i=3 i=3

132 « 1 132 (1 & 1
T yhmn—d — Q2mn(i-D-2i ~ gamn—d \ -2 + Zz o 2mn(i-1)-2i
i= i=

3.78
odmn—4 : (16)
By combining (15) and (16), we infer that
0.76
1Dy, < P (17)
In particular,
~lim D, =0.
min{m,n}— oo
Summarizing, we have
00 -1
1 OlZm(n—l)(az;'n _ 1) 2(_1)mn
Yo = : ~ = = )" G+ Dy + T (18)
k=n F”"k

On the other hand, we can apply Binet’s formula again to obtain

F2 ~ F2 ) (amn _ 'an )2 N (am(n—l) _ ﬁm(n—l) )2
mn m(n-1) \/g \/g

a2mn _ 2(_1)mn + ﬂZmn _ OlZm(n—l) + 2(_1)m(n—1) _ ﬁ2m(n—l)

5
2m(n-1)(,2m _ 1 2(=1)"" 2mn _ p2m(n-1)
_« (o ) 2(-1) (1+(-1)") + B B ’
5 5 5
~ O[2;';'1(;1—1)((%2;’;1 _ 1) 2(_1)mn 2(_1)m(n—1) c(2m -1
- 5 5 5 So2mn

where we used that o8 = —1. Now, we can combine the previous relation with the formula
in (18) to write

-1
o0
1
Amn = <Z T) —(F2, = Fouopy + (1) Cy), (19)
Fox
k=n ~ M
where

1_a2m

W + Dm,n + Tm,n.

2
C = g +(-1)"G,, and A =

Now, we use the formula for A,,,, estimates (17) and (10) to obtain

0.2 53 13 1 53 13 9.83
Amnl < g * + = 02+— +

q2mn - g2mn g 2m(n-1) a2m - 2m < q2m(n-1) ’

Page 10 of 16
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which implies in (3) (we used that 0.76/a?™"~* = 0.760*/a®™"). Moreover, in particular,
A, tends to 0 as n — 00, then (4) holds, i.e.,

[ 1 -1
(Z FT> ~ B~ Edgu + (-1Cp
k=n — mk

Moreover, C,, is positive, because by (14) one has

2

2 1.2
Cm;g"'(—l) GmZg—|Gm|>g—aTm>0,

where we used that 1.2/a*" < 1.2/a* < 0.18 for all m > 2. Additionally, we combine (12)

and (13) to obtain
2 1 2(-1)"  (-1)™
Cn=-|1 -
5 ( + a4m _ (_l)m O[Zm + a4m
2

1
o2m (g — (—1)m) * o (ghm — (—1)’”))' 0

To obtain the formula in (5), we shall rationalize every fraction in (20). First, we observe
that (B)™ =1 for i € {2,4} and

(@™ = (=D)")(B* = (1)) = (@) = ()" (@™ + p*") + 1 = 2 = (-1)"Layn.

Now, let us work with the expression

1 2(-1)"  (-1)™ 2 1 21)
odm — (_l)m - o2m + odm - a2m(a4m _ (_1)m) + a4m(a4m _ (_1)m) (
By rationalizing, one has
1 gy AN
adm — (=1)m T o (=1)"L,, and a2n 2(=1)"B"",
" 2 2pPatn (1))
a4m - (_1) ﬁ and a2m(a4m _ (_l)m) -

2- (_l)mL4m ’
and finally

1 ~ '34m(/34m _ (_l)m)
oot (1)) T 2— (-1)"Lan

By putting all this information together and after a straightforward computation, we de-

duce that
C (1 B )
m= = + )
5 (2= (=1)"Laym)
where

By = U = (-1)" = 4(=1)" B> + 26" Loy + 2(-1)" B*"

_ ,34mL4m _ 2[36m + 2(_1)m’32m + /38m _ (_l)mﬂélm.

Page 11 0of 16
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We then use B° = BF; + F;_; (Lemma 3) to write B,, in the form r,,, + 8s,, (where r,, and s,
belong to Q and they are called the rational and irrational parts of B,,, respectively). After
some manipulations (by using Fyy, = FemLen, where £ is a positive integer, and identity
Fuyp_1 — 1 = Loy,_1Fa, see [7]), we arrive at

P = (1= (=1)") Loy + 5(1 + (=1)") Ep1 FynFom (22)
and

Sm = (1 + (_l)m)FZm(LZM - 2) (23)
as desired. The proof is then complete.
4 The proof of Corollary 1

Now, our goal is to provide a simpler characterization of C,, depending on the parity of m
(and to show how this affects its arithmetic nature). By Theorem 1, we have that

- 2(1 s M)
5 2 — (=1)" Ly,
where
P = (1= (=1)")Lom + 5(1 + (<1)")Ep1 EpuFopm
and
Sm = (14 (=1)") Fan(Lom — 2).

Thus, we only need to work with r,, and s,, for the case in which m is odd and m is even.
Therefore, the proof conveniently splits into two cases as follows.

4.1 The proof of item (i)
When m is even, we start by noting that, by Lemma 2(iii), one has

2= (=1)"Lay =2 - (-1)"(5F3,, + 2(-1)*") =2 - (5F3,, + 2) = —5F5,.
Furthermore, it holds

S = 2F5,, (Lo, —2) > 0.
For r,,, we infer that

Y = 10F,,_1F,,Fs,, = 2(Fgyn_1 + Fapy — 1).

Thus,

2 IOFm_lFmF2m + 2/3F2m(L2m - 2)
Cu= 1+
_5F22m
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_ 25(Fom = 2Fu-1Fm) = 2(Lowm — 2)B

5 5Fy,,
_ % (L2m - 2) - 2(L2m - 2):3
5 5F,

2(L2m - 2) 2(L2m - 2)
=—(1-28)= ——+/5,

where we used Lemma 2(i) and that 1 — 2 = +/5.

4.2 The proof of item (ii)
When m is odd, we note that, by Lemma 2(iv), one has

2= (=1)"Lgy =2 - (-1)"(L},, - 2(-1)*") = L3,,.
Clearly, we get by (22) and (23) that
$S»w=0 and 7, =2Ly,.
Thus,

for any odd m > 1. The proof is then complete.

5 The proof of Corollary 2
First, for m = 1, we observe from (1) that

-1
> 1 F, F,-1, ifniseven,n>2;
2 F2 B

ten Tk E, .F,, if nisodd,n > 1.
However, since
F}—F, ) = (Fy = Fu1)(Fy + Fy1) = FuoaFo1,
we can use Lemma 2(v) to deduce that
F, 2F,.1—1=F,1F,, ifnisodd
and
F, oF,.1=F,1F,—1, ifniseven.

Thus, the formula in Corollary 2(ii) holds for m = 1.

To deal with m > 2, we use Corollary 1 to obtain better bounds for C,,,. If m is odd, then

2 2 2 2
—<Cu<=1+—)==.
5 5 L, 3

Page 13 0f 16
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In the case in which 1 is even, one has
24/5 (L 2 2
0.28 < —\/_(ﬂ——> <Cp<-—,

where we combine items (iii) and (iv) of Lemma 2 to get Ly,,/Fy,, > /5.

To simplify our notation, we shall denote X, , as
o0 1 -1
Xm,n = (Z FT) - (Frznn - F}’%’l(}’l—l))'
k=n ~ mk
Thus, inequality (3) yields

9.83 9.83

(-1)"™C,, - <Xy < (=1)"Cyy + (24)

o2m(n-1) o2m(n-1) :

To prove items (i) and (ii), we may split the proof into two cases as follows.

5.1 The case mn even
In this case, we have C,, € (0.28,2/3), 2m(n — 1) > 8, and so (24) becomes

9.83 9.83 2 9383

9.83
0.07<0.28—?<Cm+W<Xm’n<cm+?<§+?<0.88.

Thus, | X,,,.| =0 and so

-1
0= ii ~(F, - Fo)
sz mn m(n—1)
k=n — M

Hence, if mn is an even integer, we have

© -1
L(Z PTk) J :Frznrz_F;i(n—l)‘
k=n — M

5.2 The case mn odd

Il
—
R
~
e

QE;‘ -
=
\/
L
| I
—_
S0
s
~
Ny
X
L
\\,/_/

In this case, m and # are odd integers. Thus C,, € (2/5,2/3) and (24) implies

2 9383 9.83
-0.7 < 3T o <-

-— <X
al? "o y2mn-1) mn

9.83 2 983

<—CW,+W<—E+W<—O.36,

where we used that 2m(n — 1) > 12 (since m > 3, because > 2 is odd). Thus, | X, = -1,

and so
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Therefore, if mn is an odd integer, we have

-1

=1

2 2
ZFZk :an_Fm(n—l)_l‘
k=n — ™M

This finishes the proof.

6 Conclusions

In this paper, for any m > 1, we provide an explicit constant C,, > 0 for which

00 -1

1 s o 9.83
Z FT]( - (an - Fm(n—l) + (_l)mnc””) < o2m(n-1) ’
k=n ~ M

where (F,), is the Fibonacci sequence and « = (1 + V/5)/2 is the golden number. More-
over, we show that the estimate |C,, — 2/5| < 1.2/a*" holds for all m > 1. These results
solve effectively (and quantitatively) some questions proposed by Lee and Park [8]. As an
application of the previous facts, we find the closed formula

-1
i 1 ) Ey, —Fl 1y if mn is even;
P Fo F,—F., -1 ifmnisodd

The proof combines several estimates, inequalities, properties of Fibonacci and Lucas
numbers as well as some facts about the convergence of series. The computations in this
work were performed with MATHEMATICA software.
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