Mukiawa et al. Journal of Inequalities and Applications (2021) 2021:137 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-021-02673-0 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

A new stability result for a thermoelastic
Bresse system with viscoelastic damping

Soh Edwin Mukiawa'" @, Cyril Dennis Enyi' and Tijani Abdulaziz Apalara'

“Correspondence:

mukiawa@uhb.edu.sa Abstract

' Department of Mathematics, . . . . . . . .

University of Hafr Al Batin, Hafr Al We investigate a thermoelastic Bresse system with viscoelastic damping acting on the
Batin 31991, Saudi Arabia shear force and heat conduction acting on the bending moment. We show that with

weaker conditions on the relaxation function and physical parameters, the solution
energy has general and optimal decay rates. Some examples are given to illustrate the
findings.

MSC: 35B35; 35L05; 35B40; 35L.20; 74D10; 93D15

Keywords: General decay; Fourier law; Bresse system; Viscoelastic law; Convexity

1 Introduction
The motion of the classical Bresse system without any external forces is described by the
following system:

Py —Sy—IN=0, x€(0,L),£>0,
PV —M;+S=0, x€(0,L),t>0, (1.1)
,O1th—Nx+lS=0, xe(O,L),t>O,

where u = u(x,t) is the vertical angle displacement, v = v(x,¢) is the shear angle dis-
placement, and w = w(x, £) is the longitudinal angle displacement. The physical constants
p1 = pA, py = pl, | = R!, where p, A, I, R are the material density, cross sectional cur-
vature, second moment of the cross-section, and radius of curvature, respectively. The
constitutive laws denoted by N, M, and S are respectively the axial force, the bending mo-
ment, and the shear force. System (1.1) has been investigated by many authors in the liter-
ature, and the results of well-posedness, stability (polynomial and exponential) have been
established, see for example results in [1-13] and the references cited therein. Recently,
Messauodi and Hassan [14] considered

p1uty — k1 (tty + v+ W), — k3l(wy — lu) = 0, x€(0,L),t>0,
02V — KoV + ki (Uy + v + Iw) — fotg(t — 8)Vue(,8)ds =0, x€(0,L),t>0, (1.2)
1 Wi — ks(Wy — lu)x + k1 l(uye + v + Iw) = 0, x€(0,L),t>0,
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with Dirichlet—~Neumann—Neumann boundary conditions and proved that the solution
energy has a general decay rate if

K
ik nd K=k (1.3)
pL P2

Furthermore, they established a weaker stability result for strong solution provided

E 3/& and kl = kg. (14')
p1 - P2

Now, considering the thermoelastic dissipation effect on the bending moment of a Bresse
system, where the heat is given by Fourier’s law, we have (see [15, 16])

030 + g+ yv =0, x€(0,L),t>0, (1.5)

where 0 = 0(x, t) is the temperature difference, g represents the heat flux, p3 and y are ca-
pacity and adhesive stiffness, respectively. Coupling (1.1) and (1.5), we arrive at the ther-
moelastic Bresse system

o1ty —Sx—IN=0, x€(0,L),t>0,
oV —M,+85=0, x€(0,L),t>0
Wy —N;+1S=0, x€(0,L),t>0,
030 + gx + yva =0, x€(0,L),£>0.

For the physical and mathematical justification of (1.6), we refer to some constitutive laws
of mathematical physics which connect the works of Timoshenko [17, 18] to the elastic or
thermoelastic relations for a thin beam or plate which is assumed to be homogeneous and
elastically or thermally isotropic, see [15, 16, 19-23, 29] and the references therein.

In the present work, with the viscoelastic law applied to the shear force, the following
constitutive laws are imminent:

S=ki(ux +v+w) = [§ gt —s) sy + v+ W) (x,5)ds,
M = kv, — y0, N = ks3(wy — lu), q=—-PB06,

(1.7)

where k; =« GA, ky = EI, ks = EA, E, G, k, and B are the modulus of elasticity, shear mod-
ulus, shear factor, and diffusivity, respectively. The viscoelastic term (represented by the
convolution, see [24, 25] for details) acts as a damping mechanism to decrease the effect
of unwanted vibration from internal or external forces such as beam’s weight and wind.
Substituting (1.6) into (1.7), we arrive at the following Timoshenko-thermoelastic Bresse
system:

o1y — k1 (thy + v+ W)y — k3l(wy — lu) + fotg(t — )ty +v+Iw),ds =0,
PaVi = KoV + ki (s + v + Iw) — [§ gt —8) (s + v+ W) ds + y 65 = 0,
P1Wy —ks(Wy — ), + kl(uy + v + Iw) — lfotg(t —$)(ux +v+1Iw)ds =0,
P30 = BOxx + Y Ve = 0,
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where x € (0,L), t > 0, the physical parameters [, k1, ks, k3, p1, p2, p3, B, y are all positive
constants, and g is a given function to be specified later. Recently, Mukiawa [26] considered
(1.8) with Maxwell-Cattaneo law and established a general decay estimate. Next, we sup-
plement (1.8) with the Neumann-Dirichlet-Dirichlet-Neumann boundary conditions:

1y (0,8) = u, (L, t) =v(0,£) =v(L,£) =0, ¢>0,

- (1.9)
w(0,t) = w(L,t) = 0,(0,¢) = 6,(L,£) =0, t=>0,
and the initial data
M(x: 0) = MO(x): Mt(x! O) = u1(x),
v(x,0) = vo(x), v (x,0) = v1(x), x€[0,L], (1.10)

w(x,0) = wy(x), We(x,0) = wi(x), 0(x,0) = 6y(x), x€][0,L]

Our main focus is to show that the solution energy of (1.8)—(1.10) decays in the same
way as the relaxation function g provided k; = k3. Thus, without additional conditions
on the physical parameters ki, p1, k2, p2 and without stronger regularity on the solution
(u,v,w,0) of system (1.8)—(1.10), we obtain a general and optimal decay estimate for the
solution energy. The result obtained in this paper is general and optimal in the sense that
it agrees with the decay rate of g (see conditions on g in Sect. 2). This work is organized as
follows: In Sect. 2, we present materials that will be helpful in establishing the main results.
In Sect. 3, we state and prove some useful lemmas. In Sect. 4, we look at the stability rate
of the energy functional associated with problem (1.8)—(1.10).

2 Assumptions and functional setting
We denote by (-,-) and || - ||, the usual inner product and the norm in L2(0, L), respectively.
In addition, we assume that the relaxation function g satisfies

(A1) g:[0,+00) — (0,+00) is a decreasing C' - function such that
g(0)>0, k- /Ooog(s) ds=1y>0. (2.1)
(A3) There exist a nonincreasing C!'— function & : [0, +00) — [0, +00) and a C! function
H: [0, +00) — [0, +00)

that is linear or is strictly convex C2~ function on (0, 7], r < g(0), with H(0) = H'(0) =
0 such that

g <-£@®H(g®), t=o0. (2.2)

Remark 2.1

1. Condition (A,) implies there exists an extension H of H such that

H : [0, +00) — (0, +00)
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and H is a strictly increasing convex C2-function. For example, for any ¢ > r, we can
define H by

H(t) =

o+ (H'(r) = H"(r)r)T + H(r) = H'(r)r +

70 H0) 2.3)
2 2

2. From (A;), g is continuous, positive and g(0) > 0, hence for any £, > 0, we obtain

t to
/ g(s)ds > / g(s)ds=g0>0, Vt>t. (2.4)
0 0

3. Again, condition (A3) implies that £ and g are continuous, nonincreasing, and
positive. Moreover, H is continuous and positive. Hence, Vt € [0, £y], we obtain

0<gl(to) =gt) =g(0),  0<&(to) <&(2) <£(0), (2.5)
which implies
by < &(t)H (g(t)) < b,

where by and b, are some positive constants. Hence, it follows that

) <-£®H(g) < —‘%g(O) < —%g(t), vt € [0, ). (2.6)
Remark 2.2 Let
L L
m(u) = %/0 u(x, t) dx, m(0) = %/0 0(x,t)dx. (2.7)

Integration of (1.8); and (1.8)4 over (0,L) yields

> ksl d
Z o)+ 2 mu)=0 and —m(0) =0. (2.8)
P1 dt

dt?
Solving (2.8) and using the initial data u, #;, and 6, yield

m(u) = By cos(aot) + By sin(wot) and  m(0) = m(6y), (2.9)

where

k3 L 1 [t
o= | —I, BO:/ uo(x) dx, B = —/ u1(x) dx.
P1 0 @o Jo

Now, we define
= u—m(u), 6 =60 —m(0).
It follows that

L L
/ i(x,t)dx=0 and / 6(x,t)dx=0, Vi>O0. (2.10)
0 0
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Therefore, we can use Poincaré on u and 6. Hence, due to (2.10), we have the Poincaré
inequality

19113 < cpll6xl13- (2.11)
Moreover, (i, v, w, 0) satisfies problem (1.8) with initial data for & and ] given as
it = uy — m(uyp), iy =uy —m(uy) and Gy =6y — m(6y).

From now onward, we work with (i, v,w,0); however, for convenience, we write

(&, v, w,0) keeping in mind Remark (2.2). Let us define the following spaces:

L
L*=12(0,L) = {f e L*(0,1) :/ fx)dx = 0},
0

H! =H!0,L) = H'(0,1) N L(0,L),

H}=H}0,L) = {f € H*(0,L) : £(0) = £,(L) = 0}.
The well-posedness of problem (1.8)—(1.10) is the following.

Theorem 2.1 Let (uo, u1,vo, V1, Wo, w1,00) € HE x L2 x H} x L? x H} x L* x H} and con-
dition (A1) hold. Then problem (1.8)—(1.10) has a global weak unique solution (u,v,w,6)
such that

(u,v,w) € C([O, +00), H! x Hé X Hé) n Cl([0,+oo),Li x L? x Lz),
(2.12)
6 € C([0, +00), H}).

Moreover, if

(MO! ui, Vo, V1, Wo, W1, 00)

€ HNH} x H x H* NHy x Hy x H* N Hy x Hy x H> N H,
then the weak unique solution of problem (1.8)—(1.10) has more regularity in the class

u € C([0, +00), H> N H}) N C'([0, +00), H}) N C*((0, +00),L?),
v e C([0,+00), H> N Hy) N C'([0, +00), Hy) N C*((0, +00),L?),
we C((O, +00), H? ﬁH(}) N Cl([O, +oo),Hé) N C2((0, +oo),L2),
6 € C((0, +00), H; N H}) N C*([0, +00), H}).
The result in Theorem 2.1 can be established using the Galerkin approximation method.

The following notations and basic lemmas will be applied repeatedly throughout the
paper. We set

(gof)x,s,t) :/ g(t—s)(f(x,t) —f(x,s)) ds,
0 (2.13)

(@of)(H) = /0 -9 -£()|2 ds.
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Lemma 2.1 For any function f € L2 ([0, +00),L2(0,1)), we have

loc
L t 2
/0 ( /0 dt=9(© —f(s))ds) dx < (1= )(g o f)(8) (2.14)

L x 2
fo ( /0 f(y,t)dy> dx < |f@)]:. (2.15)

For any 0 < « < 1, we set as in [27]

+00 2
h(t) = ag(t) - ¢'(t) and A“:/o O‘g(f)—i'(s)

Lemma 2.2 Let (u, v, w,0) be the solution of problem (1.8)—(1.10). Then, for any 0 < o < 1,
we have

2

L/t
/ (/ gt =) (s + v + IW)(2) = (s + v + Iw)(s)) ds) dx
o \Jo

Aq (h O (Ug + v+ lw))(t), (2.16)
where
(h O (g +v+ lw))(t) = /t h(t —s)|| (s + v+ IW)(E) — (y + v + lw)(s)”j ds.
0

Proof Using the Cauchy—Schwarz inequality, we have

2

/1 (/tg(t s)((ux +v+Iw)(t) — (uy +v+ lw)(s)) ds) dx

2
f( 8lt - e/ h(t = 5) (s + v + Iw)(2) - (Mx+V+lW)(S))dS) dx
0

m
+OO 2
( h(s) ) / / h(t - s)((ux +v+Iw)E) = (g +v+ lw)(s)) dsdx
O )
( 225 —20) ds (h o Uy +v+ lw))(t), (2.17)

O

Lemma 2.3 Let F be a convex function on the close interval [a,b], f : Q@ — [a,b] and j be
an integrable function on Q such that j(x) > 0 and [, j(x)dx = 1 > 0. Then we have the
following Jensen inequality:

F(ﬁi [r00) dy) <o | Feo)o . (218)

3 Technical lemmas
In this section, we establish some lemmas which will be used to prove the main stability
result.
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Lemma 3.1 Let (4, v, w,0) be the solution of (1.8)—(1.10). Then

1
2

d 1
EE(t)=—§g(t)llux+v+lw||§+ (€ o (s +v+w)(®) - Bll6:ll; <0, VE=0, (3.1)

where

1 t
E@®) = (Pl””t”% + pallvells + prllwell + (kl —/ g(s) dS) llotx +v+ lWII%)
0

Proof Multiplying the equations in (1.8) by u;, v;, w, and 0, respectively, then integrating

2

k 3

ko 3 1
+ ?”Vx”% - EH@II% 3 Wy — L3 + E(gO(ux + v+ Iw))(2).

by parts over (0, L) and using the boundary conditions, we get respectively

1d

2

2

1d

2

and

1d L
—pilluells + = —killug + v+ Iwl|3 -k f (e + v + IW)v, dx
dt" T 2 dy 270 ‘

L L
—kll/ (ux+v+lw)wtdx—/(3lf (Wy — l)u, dx
0 0
L t
—/ (ux+v+lw)t/ g(t—s)(uy + v+ Iw)(x,s)dsdx
0 0
L t
+/ vt/ gt —s)(uy +v+Iw)x,s)dsdx
0 0
L t
+l/ wt/ gt —s)(uy + v+ Iw)(x,s)dsdx =0,
0 0
d 1d L
Gl s el ok [ ucv v v, ds
L t L
—/ vt/ g(t—s)(ux+v+lw)(x,s)dsdx+y/ Oxvedx =0,
0 0 0
, 1d 2 t
EmllwtllﬁEzksllwx—lullﬁkgl A (Wx = lu)u, dx

L L ¢
+kll/ (ux+v+lw)wtdx—lf w,/ gt —s)(uy + v+ Iw)(x,8)dsdx = 0,
0 0 0

ps d 2 2 L
5% 1012 + 16 —y/ 6.y, dx = 0.
24t " 2 o t

Adding (3.3)—(3.6) yields

N =

d
%(plllutlli + P2l|Vell3 + pullwelll + ka [l + v + Iw]]3)
d 2 2 2
+ 5%(/@”%”2 + ksl = lull3 + p31l013)

L ¢
- / (e + v+ lw)t/ gt —5)(uy + v+ lw)(x,5)dsdx = —B10x 3.
0 0

Ut

(3.2)

(3.3)

(3.5)

(3.7)

Page 7 of 26
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We estimate J; as follows:

L t
/1=/ (ux+V+lW)t/ (& =) (s + v + IwW)(2) — (uy + v + Iw)(s)) ds dx
0 0
t L
_/ g(s)dS/ (s + v+ W) (uy + v + Iw) dx
0 0
1 pt
- %f / g(t_s)%((u"+v+lw)(x’t)_(”x+V+lW)(x,s))2d5dx
o Jo

1

d
— E/o g(s)ds%Hux +v4+ lw||§

(g0 (ux +v+Iw)(t) - %(g’ O (y + v+ Iw))(2)

i ((/tg(s) ds) ot + v + lw||§> + %g(t)”ux +v+ lw||%. (3.8)
0

Inserting (3.8) into (3.7), we obtain (3.1). Hence, E is decreasing and bounded above by
E(0). O

Lemma 3.2 Suppose that (u,v,w,0) is the solution of (1.8)—(1.10). Then the functional F;
defined by

L x
Fl(t)z—,ol/(; (wx—lu)/(; wi(y, t) dy dx

satisfies, for any positive €, the estimate

k3 (,011)2
Fi(£) < =2 lws — lull3 + eolluell + ( 1 + Iwell3
2 deg

+ Cl|luyg +v + lwllg + CA, (h O (Uy +V+ lw))(t), Vit > 0. (3.9)

Proof Differentiation of F;, using (1.8), integration by parts, and the boundary conditions

give

L x L X
F0)=-p1 [ o=t [ w0y —py [ o=t [ walnordy
0 0 0 0

L X
= pullwell2 = Kllws — 2 +p11/ u/ Wi, 8) dy dx
0 0

J2

L x
+k11/ (wx—lu)/ (uy +v+Iw)(y,t) dy dx
0 0

I3

L x t
—l/o (wx—lu)/0 ‘/0g(t—s)(uy+v+lw)(y,s)dsdydx. (3.10)

Ja
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Applying the Cauchy—Schwarz, Young inequalities and Lemmas 2.1-2.2, we estimate J, —

J1. We have, for any positive 81, €,

(o)

Ja < €olluell; + 1< lwell3,
k36 kil)?
Js < ﬂ”wx _lu||§ + ( 12) |ty + v + lwll%,
2 2k380
, (3.11)
k36 lol
Ja < =2 lwe — Ll + (kga)o ity + v+ wll3
CA,
+ ——(ho (uy + v+ w)) ().
do
Hence, (3.9) follows by substituting (3.11) into (3.10) and selecting 8¢ = % O

Lemma 3.3 Let (i, v, w,0) be the solution of (1.8)—(1.10). Then the functional F, defined
by

L X
F(t) = —,01/ (g +v + lw)/ u(y,t)dydx
0 0

satisfies, for any positive €1, €3, the estimate

lo o7 (ml)?
Fi(t) < ==ty + v+ Iw|? + Pt S
2( ) < 5 [l24x ||2 (pl 4e, 4e,

2 2
)IIM:||2+61IIV¢II2

+€llwell3 + Clllwy — lull3 + CAy (h o (s + v + W) (£), VE=O0. (3.12)

Proof By direct differentiation, then using (1.8);, integration by parts, boundary condition
(1.9) and keeping in mind (2.13), we get

L x L x
Fé(t):plllutllﬁ—m/ Vt/ ut(y,t)dydx—pll/ Wt/ uy(y,t) dydx
0 0 0 0

J5 Jo

t
- (kl—/ g(s)ds>||ux+v+lw||§
0

L x
- /(31/ (U +v+Iw) / (wy — lu)(y, t) dydx
0 0

J7

L
—/ (tx + v+ W) (g o (s + v + W) (x,5,8) dx. (3.13)
0

J8
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Using the Cauchy—Schwarz, Young inequalities and applying Lemmas 2.1-2.2, we have

2 1012 2

<e|lvells + — |luell5,
Js < etllvelly 2e; llzeell5
(p11)?

2
u
o LS

(ksl)*

25, llwy = Lull3,

Jo < €allwell5 +
(3.14)

81
J7 < E”Mx + V+1W||§ +

5 Ay
Js < —|luy + v + w3 + oo (o (ux + v+ Iw) (@),
2 261

Now, substituting (3.14) into (3.13), using the fact that (k; — fot g(s)ds) > Iy, and choosing

81 = %0, we obtain the result. O

Lemma 3.4 The functional F3 defined by

L x t
Fg(t)z—p1A Mt/o Ag(t—s)((uy+v+lw)(y,t)—(uy+v+lw)(y,s))dsdydx

satisfies, for any positive €3, €4 and ty > 0, along the solution of (1.8)—(1.10), the estimate

Fy() <- pngOnuA@ + Clvell3 + CPIwe 13 + €sllus + v + Iwll3 + eallwy — lull;
11 (3.15)
+CA, (1 +—+ —> (ho (uy +v+w)(@).
€3 €4
Proof Differentiating F3, we obtain
L x t
Fi(t)=-p / ut/ / gE=9)((uy +v+Iw)y,t) = (uy + v+ Iw)(y,s)) dsdydx
0 o Jo
Jo
L x t
—,01/ ut/ / gt —s)uy +v+Iw)(y,t)dsdydx
0 o Jo
J10
L x t
- 01 / uﬁ/ / gt - s)((uy +v+w)(y,t) - (uy +v+ lw)(y,s)) dsdydx.
0 o Jo
J11
(3.16)

For Jy, we apply the Cauchy-Schwarz and Young inequalities, then recall that 1 = g — g/,
and applying Lemmas 2.1-2.2, we get, for any positive &y,

L X t
Jo = —pl/(; ut/o /0 h(t - s)((uy + v+ W)y, 1) — (uy + v + Iw)(y,5)) dsdy dx

L x t
- pla/o ut/(; /0 gt =) ((uy + v+ Iw)(3,8) = (uy + v + IW)(y,5)) dsdy dx

Page 10 of 26
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Cp
2 ~F1
< ey +

2
52 (// t—8)((uy +v+Iw) - (uy+v+lw))dsdy) dx
C(p1a)? * 2
+T/ (/ /g(t—s)((uy+V+lw)—(uy+v+lw))dsdy> dx
E52” Wl + C,01/ / </h —8)((y +v+Iw) = (uy +v+1w))d )dydx
</ gt —s)((uy +v+1w) - (uy+v+lw))d) dy dx
2
S%”m”% Cg)l /(/ h(t = s)((ux + v+ Iw) = (uy + v + lw)) d. )

C(pr)*L t
+T/o </ g(t—s)((ux+v+lw)—(ux+v+lw))ds) dx

é C L C 2LA,
<_2|| w2 + ( 2)2 (pl‘;z )(ho(ux+v+lw))(t). (3.17)

For /10, recalling (2.4) and (2.10), we have for any positive &,

L x pt
Jio = —p1/ ut/ / gt —s)uy +v+Iw)(y,t)dsdydx
0 0 Jo

--n( [ ¢ s) | " [ vt dyas

() [ i
o /0 o(s)ds fo “u /0 vyt dyds
) o i

. ( fo ¢ ds)nmu% e /O ) ds /0 ' /0 .0 dyd
) [ i

8 C(p1£0)* C(p1lg0)*
< ~prgolucl + > g1 + 81g° Ivell2 + ;—g" we 2. (3.18)
2 2

Using (1.8), integration by parts, boundary conditions and recalling notation (2.13), we
have

L
Jii = k1/ (tx + v+ IW)(g 0 (s + v+ IW)) (x,5,1) ds dx
0

L x
—kgl/ (wx—lu)/ (go(uy+v+lw))(y,s,t)dsdydx
0 0

L/ ot
_ / (/ gt —8)(ty + v + Iw)(x,5) ds) (g0 (ux +v+1Iw))(x,s,t) dx.
o \Jo

Page 11 of 26
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Applying the Young inequality and Lemmas 2.1-2.2, we have, for any positive €3, €4,

€ sza
Jii < E3||ux +v+lw||% + —; (ho(ux +V+ lw))(t) + €4 Wy —lu||%
€3

L(k3l)2A,
+ _—

1 (h O (Uy +V+ lw))(t) + k1 Aq (h O (Uy + v+ lw))(t)
4

2
(102)6‘4“ (o (1t + v + ) (0). (3.19)

€3
+ Ellux +v+Iw|s+

Substitution of (3.17)—(3.19) into (3.16) and selecting §, = “Tgo yield (3.15). This completes
the proof. O

Lemma 3.5 Let (i, v, w,0) be the solution of (1.8)—(1.10). Then the functional F, defined
by

L
Fy(t) = p2 / vy dx
0
satisfies the estimate

/(2
Fy(t) < —;IIWII% + pallvells + Cllat + v + w3

+ CAg (B0 (s + v+ ) (@) + Cll6k]3,  VE>0. (3.20)

Proof Differentiating Fy, using (1.8); and integration by parts yield

L
E)(®) = pallvill? - Kallval2 = o / Vity + v+ bw) dx
0

J12

L pt L
+/ V/ g(t—s)(ux+v+lw)(x,s)dsdx—y/ VO, dx. (3.21)
o Jo 0

J13 J14

Applying the Young, Poincaré inequalities, Lemmas 2.1-2.2 and recalling (2.13), we obtain
for any §3 >0
83Cp 2

k
Jio <= Zlvill3 + = llus + v + Iwll3,
4 83

¢ L L
Ji3 = / g(s) ds/ W + v + Iw) dx — / v(g o (uyx +v+iw)(x,s,1) dx
0 0 0

_83Cp v % + C(lo)2
4 33
CA,

3

5
s + v + w2 + 3761”||vx||§ (3.22)
(h O(Uuy +v+ lw))(t),

+

3C C)/2
J1a sT"nvxn% + 5—||9x||§.
3

Page 12 of 26
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We substitute the estimates in (3.22) into (3.21) and choose 83 = 2% to obtain the result in

(3.20). This completes the proof. O
Lemma 3.6 The functional Fs defined by
L x
F5(t) = p3 / Vt/ 0(y,t)dydx
0 0
satisfies, for any positive €5 and €4, along the solution of (1.8)—(1.10), the estimate
E 14 2 2 2 I 1
5() < -3 [vell; + esllvally + €6llaes + v+ iwlly + CL 1+ — + — )I6xll3

€5 €6
(3.23)

+ CAq(h o (ux +v+1Iw))(2), VE=0.

Proof Differentiating F5, using (1.8), and (1.8)4, then integration by parts and recalling

remark (2.2) and (2.13) give

L x L X
F@ = [ v [ ondvdse o [ ve [ oodyas
0

k
= ylvlZ+p / vds— 22 [* ) 6
P2 Jo
J15 J16
kips [* ¥
—— | (ue+v+iw) | 0(y,t)dydx
2 - (3.24)

17

) (go(ux+v+lw x,s,t)f Oy, t)dydx

P2

18
p3</ (s) ds) (ux+v+lw/ 0y, t)dydm@u@nz
P2

Ji9
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Applying the Cauchy-Schwarz, Young, Poincaré inequalities and Lemmas 2.1-2.2, we es-

timate Ji5 — /19 as follows:

% B
Jis < Envtn% ||9 113,
( 2,03)
Jis < esllvall; + "467||9 ll2
k 2 L x 2
Jiz < E||ux+1/+lw||§ + ( 1'03)2 / </ G(y,t)dy) dx
2 2605 Jo 0
cp(kip3)?

€g 2
SE””x"’V‘FlW”z"’ 11651

26605
g (3.25)

L x 2
Jis < L3 ((go (tx + v + W) (x, 5, )) dx+ 22 (/ G(y,t)dy) dx
2 P2 2 P2 0

< 2% (o e+ v )(©) + e

T 20
€6 ) pg t 2 L x 2
Ji9 < —llux + v+ w5 + g(S) ds O(y,t)dy | dx
2 26603 o \Jo
< Sl + v+ bl + M||e 12,
26605

By substituting the estimates in (3.25) into (3.24), we get (3.23). This completes the
proof. g

Lemma 3.7 Let (u,v,w,0) be the solution of (1.8)—(1.10), and suppose ki = ks. Then the
functional Fg defined by

L L
Fs(t) = —p1 / u,(wy — lu) dx — pr / Wity + v + Iw) dx
0 0
L1 L !
+ —/ wt/ gt —s)(uy + v+ Iw)(x,s)dsdx
k3 Jo 0
satisfies the estimate

, Pl
Fg(t) < —TIIIWAI% + Cllvells + Clllse + v+ wll3 + prlllull
— ksl||\w, — lu||§ +C(1 +Aa)(h O(Uuy+v+ lw))(t), vVt >0. (3.26)
Proof Derivation of Fg, using (1.8), integration by parts, and the fact that Kj = k3, we get

Fg(8) = —prlllwel5 = kalllws = a5 + palllel5 + kalllax + v + Iwlls

L L t
- 01 / W dx —l/ (U +v+ lw)/ (uy + v+ Iw)(x,s)dsdx
0 0 0

J20 J21

0 L
+M/ we(ty + v + Iw) dx
ks Jo

J22

Page 14 of 26
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Ly pt 2
+ kll/ (/ gt —s)(uy + v+ w)(x,5) ds) dx
o \Jo

J23

L t
+ ﬂ/ wt/ gt —s)(uy +v+Iw)x,s)dsdx
ks Jo 0

J2a

L t
—lql/ (uy + v+ lw) / gt —s)(uy + v+ Iw)(x,s)dsdx. (3.27)
0 0

J25

Applying the Cauchy—Schwarz, Young inequalities and Lemmas 2.1-2.2, we estimate J5o —

Jos:

4 C

J20 < E”Wt”% + all%ll%,

Jo1 < Cllue + v+ Iw|3 + CAa(ho (y +v+ lw))(t)
) C

Jon < Zlwel3 + = Ny + v+ w3,
6 N

o3 < Clluty + v+ w3 + CAq (1o (ux + v + Iw))(2),

o - t (3.28)
Jou = — / wt/ gt —s)(uy +v+Iw)(x,s)dsdx
ks Jo 0

P1 L !
-—= / wt/ h(t —s)(ux + v+ Iw)(x,s)dsdx
ks Jo 0

(Ay +1)
84

=

C
||wt||§+5—||ux+v+lw||§+C (ho (ux + v+ Iw))(2)
4

204
3
Jos < Clluy + v+ lwll% + CAa(h<> (g +v+ lw))(t).

Substituting the estimates in (3.28) into (3.27) and selecting &4 = 0711, we obtain (3.26). This
completes the proof. O

Lemma 3.8 The functional F; defined by
L t +00
F(t) = / / J(t =) (g + v+ W) (x,8)dsdx, where J(£) = / gls)ds
o Jo t
satisfies, along the solution of (1.8)—(1.10), the estimate
1
F(t) < —E(go (g +v+ lw))(t) +3(1 =)ty + v+ lw||§, vVt > 0. (3.29)

Proof By differentiating F; and recalling that

J(©) =g and J(&) =J(0) /0 2(s)ds,

Page 15 of 26
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we have
L pt
F;(t):/ /]'(t—s)(ux+V+lw)2(x,s)dsdx+](0)||ux+v+lw||§
o Jo
L pt
=—/ /g(t—s)(ux+V+lw)2(x,s)dsdx+](t)||ux+V+lw||%
o Jo
t
+/ g(s)ds||ux+v+lw||§
0

L pt
= —f f g(t—s)((ux+v+lw)(x,t)—(ux+V+lw)(x,s))2dsdx
o Jo

+J(@) oy + v+ lwllg

L t
—2/ (ux+v+lw)/ gt =) (s + v+ Iw) = (s + v + Iw)) dsdx
0 0
< —(go(ux+v+lw))(t)+](t)||ux+v+lw||§

(fy g(s)ds)

20— (g0 (ux +v+Iw))(0)

+2(1 = lo) ||ty + v + I3 +
< —%(go (s + v+ W) (8) + 2(1 = lo) |tz + v + Iw||3 + J(O) |l + v + Iw|3.  (3.30)
Recalling that J'(t) = —g(¢) <0, then J is nonincreasing, hence
J(@) =J(0) = (1 = lo).
The result follows. O

Lemma 3.9 Let (u,v,w,0) be the solution of (1.8)—(1.10), and assume ky = ks. Then, for [
small enough and suitable choices of N, N;, j = 1,...,6, the Lyapunov functional L defined
by

6
L(£) = NE(t) + Y _N;Fi(t) (3.31)

j=1

satisfies the estimates
a1 E(t) < L(t) < apE(¢) (3.32)

and

2 2 2 2 2
L'@) < =a(luelly + 1vells + Iwelly + Nl + v+ wlls + [[vell3)

1
—2(llwx = lull3 + 11613) + Z(g o (ux +v+IW)(8), VYt > to, (3.33)

for some ). >0 and ay,ay > 0.

Proof Applying the Cauchy—Schwarz, Young, and Poincaré inequalities, we get (3.32)
from routine calculations. Recalling that s = ag — ¢, it follows from Lemmas 3.1-3.7 that,

Page 16 of 26
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for any ¢ > £,

N3p180 02 (;mD?\ Nskspil )
() < - ~Njeo-N. P _
() < |: 5 1€0 —No| o1 + 16, + 16, k. Iz 115
[ ¥ N5

|5 —Nye; —N3C — Nyp) —N6C] lIvell

[ Nep1l (p10)?

46()

-N; (,01 + ) - Npep —N3C121| w3

-Nzlo 2
— T —N1CZ—N3€3 —N4C—N5€6 —N6C ||th +V+ lW||2

[ Nak,
2

Nk
—Nseg}nvxn% - [ 12 2 +N6/<31—N261—N3e4]||wx—lu||§

[ 1 1
-|NB —N4C—N5C(1 +—+ —)i| 16113
€5 €6

+ A%(go (ux + v+ Iw))(2)

N 1 1
- [——CAQ<N1 + Ny +N3(1+ —+ —) + N4+ N5 +N(,> —N6C:|

2 €3 €
X (h (U +v+ lw))(t). (3.34)
Choosing
N- Ngprl Nl
Ny=Ny =1, =3 _DNeowr 220
4N1 4N2 8N3
(3.35)
N1k3 N4k2 N2IO
€4 = ) €5 = ) €6 = ——")
4N; 4N5 8N;

inequality (3.34) yields

N: 2 0)? Ngksp1l
L/(t)§_|:%1go_]\[2('01_F P1 +(,01) )_ 6K301 :|||u,¢||§

4_61 462 k1

[ ¥ N5
| —Nye; —N3C — Nyp) —N6C] lIvell

_N6pll (,01[)2
-7 - (/01 + 2o, ~ N3CP ||well3

[ Nakyl
- ﬂ—cz—c—mc}nuxwuwng

| 4
k ks  Nekil
g ell3 - [f * —NZCZ]nwx—lun%

1 1 Nk
_ |:N,B —N4C—N5C(1 t—+ 6—):| 116,112 + 21(1 (g0 (ux+v+Iw)(0)
5 €

Nk, 1 1
—| —-CA (2+Ny+N3[1+—+— ) +N5+Ng | - NgC
2 €3 €

x (ho (ux + v+ 1w))(2). (3.36)

Page 17 of 26
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Now, we select the constants in (3.36) carefully. First, we choose Ng so large that

2
[y = —6:11 - (m + (ZIGZO) ) >0, (3.37)

then we select N; large enough such that

Nol
Wy = % —C-NsC>0. (3.38)

Next, we select N5 large enough such that

N 2 [ 2
I VY (A UL NS (3:39)
4 4eq dey

Now, we choose N5 large enough so that

N
g = % —N3C = py = NeC > 0. (3.40)

We then select / and ¢; small enough so that

Ngksp1l

/Ll—N3Clz>0, /,Lz—Cl>0, Mm3 — >0,
P (3.41)
ZS —N,Cl>0, and jp4—Nre >0.

2 2
ag”(s) ag”(s) . : : :
W) = age) g ® < g(s); thus application of dominated

Recalling that & = g — g’, we have

convergence theorem gives

+00 2
oAy = / L(S) ds— 0 asa— 0. (3.42)
o ogls)-g's)

Therefore, we can find 0 < «g < 1 so that if @ < &g < 1, then

1
< .
2C(2+N, +N3(1+é + é)+N5 + Ng)

aAgy

Finally, we choose N so large and take o = % such that (3.32) remains true and

1 1
,u5:=N,B—N4C—N5C(1+—+—)>O (3.43)
€5 €6

as well as

Nk, 1 1
,u,6:=—2 —CA2+N, + N3 1+ —+ — )+ N5 +Ng | —NgC > 0. (3.44)
€3 €4

A combination of (3.35)—(3.44) yields (3.33). O
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4 Main decay result

Now, we state the main stability result of this paper.

Theorem 4.1 Let (u,v,w,0) be the solution of (1.8)—(1.10). Suppose that ks = k; and as-

sumptions (A1) and (A3) hold. Then, for | small enough, the solution energy functional (3.2)
satisfies

E(t) §M2H1_1 <M1 /}(s)ds), where H,(t) = /r ds (4.1)

sH'(s)

for some positive constants My and My, and H; is a strictly convex function that is nonin-
creasing on (0,r], where r = g(to) > 0 and lim,_, o H; (t) = +00.

Remark 4.1 The decay result in (4.1) is optimal in the sense that it agrees with the decay
rate of g, see [27], Remark 2.3.

Corollary 4.1 Suppose that ks = ky and assumptions (A1) and (A;) hold. Assume that the
function H in assumption (A,) is defined by

H(s)=s1, 1<g<2. (4.2)
Then the solution energy (3.2) satisfies

Mexp(—]_\/[fot?;‘(s) ds) forg=1,
Et)s —M——  forl<g<2 (4.3)

1
(1+ [y 5(s) ds) 1T

E(t) <

for some positive constants M and M.
4.1 Examples

(1) Let g1(¢) = ape™ ™%, t > 0, ag, a1 > 0 be constants and aq be chosen in a way that (4;)
holds. Then

&(8) = —apae ™" = —a1H(g1(¢)), where H(s) =s.
In this case, the solution energy (3.2); satisfies
E@t) <Me™, V>0,
for some positive constants M, A.
(2) Letgy(t) = aoe 1 >0, 40 >0,0<a; <1 be constants and ag be chosen in a way
that (A7) holds. Then
() = —apar (1 + )10 = _£(OH(g(t)),

where

E()=ar(1+2)7, H(s) =s.
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Here, the solution energy (3.2); satisfies
E(t) < M9 e >0,
for some positive constants M, A.

(3) Letgs(t) = uil%’ t>0,a0>0,a; >1 be constants and a, be chosen in a way that
(A7) holds. Then

_ 1
O - —aH(gs(0)), where H(s)=s%,q= T

&O= 1 gmn a

with ¢ satisfying 1 < g < 2. Thus, the solution energy (3.2)

E(t) <

1+t)n

for some positive constant M.

4.2 Proof of Theorem 4.1

Proof Using (2.6) and (3.2), we obtain

/tog(s)H (tty + v+ IW)(8) — (e + v + IW)(E - 5) Hids
0

< _%’) 0t° &) |+ v+ I0)(B) = (s + v+ ) = 5)] 5 s

<-CE'(t), Vte]0,t)]. (4.4)
Thus, from (2.11), (3.33), and (4.4), we have
1
L'(t) < -ME(t) + E(go (uy + v+ Iw)(2)

E0s %/Otog(s) “ (thy + v+ IW)(E) = (ug +v + lw)(t—s)||§ds

+ i/t:g(s)”(ux +v+Iw)(t) — (uy +v + lw)(t—s)“ids

< —AE(t)- CE'(t)

+ zlL /totg(s)H (g + v+ Iw)(2) = (s + v + I)(t - 5) “ids'

Therefore, we obtain

Li(¢) < -ME(@) + i /tg(s)” (g + v+ IW)(E) — (g + v+ IW)(t - 5) ||§ds, vVt >tg, (4.5)

to

where L;(t) = L(¢) + CE(t) ~ E(t) because of (3.32). To complete the proof, we discuss two

cases.
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Casel: H(t) is linear. By multiplying (4.5) by &(¢), keeping in mind (3.2) and (4;), we
get

E()L(t) < -AE(DE(?)
! t ! ! 2d
+ Zé(t)/% g(s)”(ux +v+Iw)(t) — (uy + v+ w)(L‘—s)H2 s

< -A§()E(®)
+ % tS(s)g(s) || (g + v+ IW)(E) = (thy + v + Iw)(£ = 5) ||§ ds

< -AE(E®)

1

-3 /t:g’(s) H(ux +v+Iw)(E) — (e + v+ Iw)(t—s) ”ids

< -AE(t)E(t) - CE'(¢). (4.6)
Recalling that £ is nonincreasing, we arrive at
(L1 + CE)'(t) < —AE()E(r), Vt=>to, (4.7)
and since L; ~ E, we get
&L, + CE~E. (4.8)
Thus, for Ly(t) = £(¢)L1(¢) + CE(t), we obtain
Ly(t) < -AE@)E(t) < -ME(t)La(8), VYt =&, (4.9)

where M is a positive constant. Integrating (4.9) over (¢, t) and recalling (4.8) give

E(t) fMexp(—M’/tE(s)ds) :Msz1<M1/tE(s)ds).

Case 2: H(t) is nonlinear. In this case, let us define the functional £(¢) = L(¢) + F5(£). Then

we obtain, for some positive constant d > 0,
L'(t) < -dE(t), Vt=>t,. (4.10)

The last inequality implies

d / B ds < Lito) - L) < L{to).

to

Thus, we obtain

‘/+OOE(s)ds<oo. (4.11)
0
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Now, we define the functional ®
¢ 2
() :=p/ || (e + v+ IW)(E) = (1t + v+ Iw)(2 —s)”2 ds.
to
Using (4.11), we can choose p such that 0 < p < 1 and
D) <1, Vt>to (4.12)

Note that without loss of generality we assume ®(t) > 0, V£ > £y; otherwise, we immedi-
ately get from (4.5) an exponential stability result. Also, we define the functional ¥ by

W) = - /tg/(s) [ Gt + v+ D)) = (i + v+ W) —5) | s.

to

From (3.1), we get W(t) < —CE'(¢), Vt > t,. Using assumption (A;), we observe that H is
strictly convex on (0, 7], r = g(¢) and H(0) = H'(0) = 0. Therefore, we get

H(us) < uH(s), 0<u<1,5€(0,r]. (4.13)

Thus, it follows from assumption (A5,), (4.12), and Lemma 2.3 that

1 / ,
V0= s | PO Olcs v b0~ s )
1t )
= o . POSOHEONP] s v b0~ v+ b)) s
§0) [ :
2 oo ), HOOEOP st v+ O~ v =9
. @H</tg(s)a||<ux FV IO~ (+ v+ 1w>(t—s)||§d5>
p t
- % (P /t:gmll (4 v+ )0 = (s 4 v+ e =), ‘“)
- %H(p/tg(s)n (s + v+ W) (8) — (g + v+ Iw) (¢t - S)”idS)’ (4-14)

where H is the extension of H on (0, +00), see (2.3). Using (4.14), we have V¢ > ¢,

/totg(s)n(ux +v+Iw)(t) — (U +v + lw)(t—s)”zds < ;H‘l (p:(—t()t)>

It follows from (4.5) that

L\(t) < -AE(t) + CH™! (’%ﬁ?) Vi > t,. (4.15)

Let ry < r be specified later and define the functional U/, by

L[z(t) = ]:1/ <I’0§%)L1(t) + E(t)
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Then U, ~ E since L; ~ E. From (4.15) and using the fact that
E'(t) <0, H'(¢) >0, H'(t) >0,

we arrive at

U0 - n =i (ro@)h(t) +H (ro&)L;(t) CE()

E(0) E(0) E(0)
- E@) o E@)\ 7 V@) ,
Next, we consider the convex conjugate H* of H in the sense of Young (see [28] pp. 61—64)
defined by
H*(s) = s(H") " (s) - H[(H)], (4.17)

where H* satisfies the generalized Young inequality
XiXo < H*(X1) + H(X,). (4.18)

We set

X1:I:I/<ro%> and Xz:H_l(p\;T(tt)))'

Then using Lemma 3.1 and (4.16)—(4.18), we obtain for all £ > £,

Uy(t) < —AE@t)H’ (ro%> + CH* (H’ <ro%)> + Cp% +E'(t)

E E(f) - E W
% ) ' C"’%” (mﬁ) gy +E O (4.19)

< AEOH <’° E0)) " Lew)

E(t

Now, we multiply (4.19) by £(¢) and observe that ry E((O)) <rand

. E®O\ (. E®

Thus we get for all £ > £,

E(OU(0) < -AE(OEWOH (ro %) +Cro %W)H/ (’°%>

+ CpW(t) + E(H)E'(2)

[ E@® E@®), oof, E®
< -AE(t)E(t)H (VO%) + Cr()%%‘(t)H (r°%>

—CE'(¢). (4.20)
Let Us(t) = £(t)U,(¢) + CE(t), then Uj3 satisfies

molz(t) < E(t) < mUs(2) (4.21)
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for some constants m1g, w1 > 0 since Uy ~ E. From (4.20), we have

L(8) < —(LE() - Cro)&(®) E((f)))s() ’(m%), —

By choosing ry < r small enough such that LE(0) — Cry > 0, we obtain for some constant

M>0
t E(t E(t
L (6) < —ME(D) (())S(t)H/< E((O))) MEQ) 2<E((0))) — (4.22)
where

Ho(s) = sH'(rps).
We observe that
H(s) = H'(ros) + rosH" (ros).

Hence, the strict convexity of H on (0, r] implies Hy(s) > 0, Hy(s) > 0 on (0, r].
Let

Us(2)

W(t) = my E(O) .

Then, recalling (4.21) and (4.22), we have

W (£) ~ E(t) (4.23)

and

U’(t)

W'(t) = " EQ) =

< -MiE@QHy(W(8), Vt=>to. (4.24)

Integration of (4.24) over (o, t) gives

t / 1 roW(to) 1
le &(s) W(S) ds=— —ds,
Hz(W(S)) 10 Jrow SH'()

which yields

W(t)< — (le é(s)ds), whereHl(t)—f (4.25)

SHG) ds

Using the assumption on H from (A,), we see that H is a strictly decreasing function on
(0,r] and

lim H;(¢) = +o0.
t—0
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Hence, using (4.23) and (4.25), we obtain decay estimate

E(t) < MpH! <M1 / t £(s) ds).

This completes the proof. d
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