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1 Introduction

In the past few years, the artificial neural networks introduced by Hopfield [1, 2] have
become a significant research topic due to their wide applications in various areas such
as signal and image processing, associative memory, combinatorial optimization, pattern
classification, etc. [3—5]. All the applications of Hopfield neural networks (HNNs) depend
on qualitative behavior such as stability, existence and uniqueness, convergence, oscilla-
tion, and so on [6—10]. Particularly, the stability property is a major concern in the design
and applications of neural networks. Therefore, many researchers have been paying much
attention to the stability study of HNNs.

In addition, since time delays are frequently encountered for the finite switching speed
of neurons and amplify in implementation of neural networks, it is meaningful to discuss
the effect of time delays on the stability of HNNs. Consequently, the scientists put forward
the model of delayed Hopfield neural networks (DHNNs) and made great efforts for the
stability research (see e.g. [11, 12]).

Furthermore, it is worth noting that impulsive effects are also a common phenomenon in
many engineering systems, that is, instantaneous jump or reset of system states of automo-
bile industry, network control, video coding, etc. Hence, the model of impulsive delayed
Hopfield neural networks (IDHNNS) is more representative, and it is necessary to probe
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the stability of IDHNNS theoretically and practically. So far, there have been a number of
research achievements (see e.g. [13-17])

Among the existing stability results of impulsive delayed systems, one powerful tech-
nique is Lyapunov method (see e.g. [18—24]). Wei et al. [18] studied the global exponen-
tial stability in the mean-square sense of a class of stochastic impulsive reaction-diffusion
systems with S-type distributed delays based on a Lyapunov—Krasovskii functional and
an impulsive inequality. Ren et al. [19] considered the mean-square exponential input-
to-state stability for a class of delayed stochastic neural networks with impulsive effects
driven by G-Brownian motion by constructing an appropriate G-Lyapunov—Krasovskii
functional, mathematical induction approach, and some inequality techniques.

It should be pointed out that the key to the Lyapunov method is to construct a suit-
able Lyapunov function or functional. However, finding a suitable Lyapunov function or
functional often involves some mathematical difficulties.

On the other hand, an alternative technique for stability analysis of impulsive delayed
systems has been developed based on the fixed point theorem (see e.g.[25-29]). Zhang et
al. [25] studied the application of the fixed point theory to the stability analysis of a class
of impulsive delayed neural networks. By employing the contraction mapping principle,
some novel and concise sufficient conditions have been presented to ensure the existence
and uniqueness of solution and the global exponential stability of the considered system.

However, the fixed point method has its disadvantage due to using Holder inequalities
at an inappropriate time.

Motivated by the above discussion, we attempt to study the stability of IDHNNs by a
new method different from the Lyapunov method and the fixed point method. As we all
know, there are many works focused on discussion to mean-square stability of complex
dynamical systems. However, mean-square stability is actually a special case of pth mo-
ment stability by choosing p = 2, so the study of pth moment stability will be more repre-
sentative. In our paper, we investigate the pth moment exponential stability of IDHNNs
with the help of impulsive integral inequalities. Compared with the Lyapunov method and
the fixed point theory, our method has two advantages. One is no demand of Lyapunov
functions and the differentiability of the delay function. The other is no demand of seek-
ing the appropriate time to use Holder inequalities. Furthermore, a new criterion for the
exponential stability of impulsive integral inequalities is provided based on our discussion.

The contents of this paper are organized as follows. In Sect. 2, some notations, the model
description, and a useful lemma are introduced. In Sect. 3, we consider the pth moment
exponential stability of IDHNNs and obtain some new sufficient conditions. Inspired by
Sect. 3, we discuss the exponential stability of a class of impulsive integral inequalities in
Sect. 4 and give an algebraic criterion. In Sect. 5, one example is given to illustrate the

effectiveness of our results.

2 Preliminaries

Notations: Let R” denote the n-dimensional Euclidean space. | - | represents the Euclidean
norm for vectors or absolute value for real numbers. A" 2 {1,2,...,n}.R, =[0,00). C[X, Y]
stands for the space of continuous mappings from the topological space X to the topolog-
ical space Y. For some 7 > 0, let C[[-7,0],R] be the family of all continuous real-valued

functions ¢ defined in [-7, 0] equipped with the norm [|¢|| = supsc(_, oy [#(s)]-
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Consider a class of impulsive delayed Hopfield neural network described by

d it n n
’;—t() = —axi(t) + ]21: bifi(x(0) + Y cigi(xi(t - 5(0)), t=0,tHt,

j=1
Axi(tr) = xi(tx + 0) — x;(t) = I (x:(8)),  k=1,2,...,

xi(s) = @i(s), -T1<s<0,ielN, (2.1)

where i € N and # is the number of neurons in the neural network. x;(¢) stands for the state
of the ith neuron at time ¢. fi(e), gi(e) € C[R,R], fi(x;(¢)) is the activation function of the jth
neuron at time ¢ and gj(x;(t — 7;(¢))) is the activation function of the jth neuron at time
t — 7i(t), where 7;(t) € C[R*,R*] denotes the transmission delay along the axon of the jth
neuron and satisfies 0 < 7;(¢) < 7; (1; is a constant). The constant a; > 0 stands for the rate
with which the ith neuron will reset its potential to the resting state when disconnected
from the network and external inputs. The constant b;; represents the connection weight
of the jth neuron on the ith neuron at time ¢. The constant c; denotes the connection
strength of the jth neuron on the ith neuron at time  — 7;(£). The fixed impulsive moments
L (k=1,2,...)satisfy 0 = £y < t; < 5 < - - - and limy_, o tx = 00. x;(£x + 0) and x;(¢ — 0) stand
for the right-hand and left-hand limit of x;(¢) at time #, respectively. [ (x;(¢x)) shows the
abrupt change of x;(¢) at the impulsive moment #; and I (e) € C[R,R]. ¢;(s) € C[[-7,0],R]
and 7 = maxjen {7}

Denote by x(t;¢) = (x1(&¢1),...,%:(&;94))T € R” the solution of system (2.1), where
@(s) = (©1(5),...,9a(5))T € R™. The solution x(t;¢) of system (2.1) is, for time variable ¢z, a
piecewise continuous vector-valued function with the first kind discontinuity at the points
i (k=1,2,...), where it is left-continuous i.e. the following relations are valid:

xi(tx = 0) = x;(£x), xi(tx +0) = xi(t) + L (xi(tr)), i€ N, k=1,2,....

Throughout this paper, we always assume that f;(0) = g(0) = [x(0) = 0 for j € N and
k=1,2,.... Then system (2.1) admits a trivial solution with initial value ¢ = 0.

Definition 2.1 The trivial solution of system (2.1) is said to be pth (p > 1) moment expo-
nentially stable if there exists a pair of positive constants A and C such that

i t’ ’ i it 7)th t 0,
[xi(t0)|” = Cmax{llgil e >
holds for any ¢;(s) € C[[-7,0],R] and i € V.

Lemma 2.1 Suppose 0< 0 <1 and \0(t —s) <1 —0. Then fst e dx > 0(t — s)e* holds for
t>sandA>0.

Proof Construct function F(t) = fs "e* dx — O(t — s)e. For fixed s, it is easy to find that
F(s)=0and

F'(t)=e" —0e" —10(t —s)e" =" [1-0 - 10(¢ - )] > 0.

So, F(t) > F(s) = 0 as t > s, which means fst e dx>0(t—s)er(t>s). O
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3 pth moment exponential stability of IDHNNs
In this section, we develop a new method to discuss the pth moment exponential stability
of system (2.1). Before proceeding, we introduce some hypotheses listed as follows:

(H1) There exist nonnegative constants ¢; such that, for any xl(l),x](.z) €R,

15657 £ < el

, JEN.

(H2) There exist nonnegative constants §; such that, for any x;l),x](,z) eR,

g(+") —g(x)| < Bilx" -], jeN.

(H3) There exist nonnegative constants Py such that, for any x](»l),x]@ €R,

15 (x") = 1 (5”) | < Pl = 57

, JENk=1,2,....

Theorem 3.1 Suppose that

(i) there exist constants > 0 and 6 € (0,1) such that infy_1, {0(tx — tx_1)} > 1 and
maxg-12,. {t = t-1} < oo

(i) there exist constants P; such that Py < Py fori e N and k=1,2,...,

(iii)

n p n p
319—1 {ﬂ}p (Z |bl‘/0lj|) + ﬂl'lip <Z |Cij/3j|) + dilppf} < da;.
j=1

j=1
Then system (2.1) is globally exponentially stable in the pth (p > 1) moment.

Proof Multiplying both sides of system (2.1) with e%* and integrating from #;_; + & (¢ > 0)
to t € (fx-1, ) yields

()" = xi(tx_y + £)e -1+

+ / e : Z byf; (xj(s)) + Z Cigj (xj (s - rj(s))) } ds. (3.1)
g j=1 j=1

k-1t€
Letting ¢ — 0" in (3.1), we have, for ¢ € (-1, &) (k=1,2,...),

xi(£)e" = x;(ty1 + 0)eiti1

+ / e { Z bifi(%i(s)) + Z cigi(x5(s — 7(9))) } ds. (3.2)
i1

k-1 j=1
Setting ¢ = t; — &’ (¢/ > 0) in (3.2), we get

xi(ti — €)= xi(tg_y + 0)e !

. e“”{meu)) + et (s 566) } “
t) j=1 j=1

k-1
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which generates, by letting ¢’ — 07,

xi(tx = 0)e”’ = x;(ty_1 + 0)ei'*1

+ /t ‘ e“iS!Zb,zﬁ(xj(s)) + Zcijgj(x/(s—rj(s)))} ds. (3.3)
k-1 1

J= Jj=1

As x;(t — 0) = x;(fx), (3.3) can be rearranged as

xi(t)e" = x;(t_y + 0)e”it-1

+ / ‘ e { Z byf; (xj(s)) + Z ci,'gj(xj (s - rj(s)))} ds. (3.4)
j=1

tk-1 j=1

Combining (3.2) and (3.4), we derive, for t € (t;_1, %] (k=1,2,...),

(D)€" = xi(te_y +0)et-1 4 / e“l's{zbixﬁ(xf(s)) + chigj(xj(s - tj(s)))] ds.
j=1

-1 j=1

This leads to, for t € (tx_1, ] (k=1,2,...),
t n n
x:(£)e%t = x;(tr_p)e“t%1 + / o { Z byf; (xj(s)) + Z c,-jg,»(x,»(s - rj(s))) } ds
tk-1 j=1 j=1

+ L) (%i (fr1) ) e¥%1.

Hence,

) = e s [ eﬂfs{zbim<x/<s>> D g s~ w))} a

tk—2 j=1 j=1

+ L) (%:(tr2) ) %52,

5]
xi(t2)e"" = x; (1 )e" +/ e

5]

{me<x,»<s>> - e ols - 566) } as

j=

+ I (xi(8)) e,
xi(t1)e"" = i(0) + fo o { Y bifi(x(9) + Y cigilxils - r;<s>))} ds.
j=1 j=1

By induction, we obtain that, for ¢ > 0,

n

() = pi(0)e ! + et /0 e“"!Z bifi(%i(9)) + ) cigi(x(s - 5i(9))) } ds
j=1

+e 4t Z { T (wi () e }.

O<tg<t

j=1

Page 50f 13
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From (H1)-(H3), we know, for ¢ > 0,

|%i()] < |@i(0)]e™" + et Z|b,,a}|/ e“*|x;(s)| ds
j=1

+e it Z |Cuﬁ/| / sup |x, |dS + et Z {Pik|xi(tk)|eaftk}.

s=tj(s)svss O<ty<t

Denote

ds,

Iy = ’<Pi(0)|e_ﬂit» =e Z |b,,ot]|/ e |x,

Iy =et Z Icl,ﬁ,l/ sup  |x(v)|ds,  Lu=e Y {Pulwite)]e¥k).

s=Tj(s)<vss O<ty<t

Condition (iii) implies that there exists x € (0,1) such that

1 - g
#i h p(Z byl ) +a;? <Z |Ci/:31'|) +ﬂ;ppf’} <ai. (3.5)
j=1

By employing Holder’s inequality, we get

@) < X1 + (1= x)' " PUn + I + Tu)

< XTPE 3TN ) P + 3T (1 - ) I + 3PN (1 - ) PE

Moreover, it follows from Holder’s inequality that

p
IZ={ZI%%I ’ |bz1°‘1|p/ ﬂi(t_s)’xj(s)‘ds}
n t P
< (Z |bua,|> ) |bi/a/|{ [ e ds}
j=1 0
" L (p-Dajlt=s) —azlt=s) r
:<Z|bu“1|> Zlbijajl{/ e 7 e » |xj(s)|ds}
i 0
<

t p-1/ " t
(Z|bl,oz,) { /0 e‘“i(t‘s)ds} (Zlbgoql /0 e‘“i(t‘s)|x;(s)|pds>
j=1
n r=1 t
<a” (Z |bl,-aj|) <Z |bijoy| fo 9| (5) | ds).
j=1 j=1

Similarly, we get

I Sail_p <Z ICijﬁj|> (Z Ic,,,BII/ ~4a=) sup ag(v)]” ds).
-1

5= (s)<v<s
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In addition, Lemma 2.1, conditions (i)—(ii), and Holder’s inequality yield

p
L, <

» ‘ P
{ {0t — tiey) [rilte) |e™ ¢ tk)}} < (Pi/ ea"(”)|xi(5)|d3)
0<tk<t 0
- a;(t-s) —a;j(t-s)
pf’{/ el e yx,(s)\ds}
0

t p-1 t
< Pf] < / g ilt=s) ds) < / e‘“"(t_s)|xi(8) |p ds)
0 0
t
ail_pr.’ (/(; e’”"(tfs)|xi(s) |p ds).

Therefore,

n pr-1
()] < %P |@i(0) et + 37711 - ) Fa; P (Z |hi/0‘i|)

j=1

n ¢
X <Z|b,7aj|/0 e‘“f(t_s)’xj(s)’p ds)
j=1

n p-1
+3711 - ) Pa (Z |Cij,3/‘|)

j=1

(Z |CL]/3]|/ i) sup |xj(U)|p dS)

s—Tj(s)<v<s

t
+37 1 - x) Pa; TP ( f e xy(s)|” ds). (3.6)
0

For each i € V, define the following function:

" p
Gi(A) = (A —a) + 3 (a1 - x)' ™ (Z |bi1'°‘i|>

j=1

n p-1 n
+37 (a1 - X))l_p (Z |Cij,3j|> (Z |Cij:3j|ehi> + 37 (ai(1 - X))l_ppf
j=1

j=1

From (3.5), we know G;(0) < 0. Further, G;()) is continuous on R,, G;(+00) = +00, and
Gi(2) > 0for A € R,,soforeachi € N, the equation G;(A) = 0 has a unique solution A; € R,.
Choosing & = minear{A;}, we get, fori € NV,

3¢~ 1 _ _ n p-1 n )
1=yt { p(zlbuo‘}) +“; p(Z ICijﬁjl) (Zlc,yﬂﬂe“/) +al.1 pr’}
j=1

X j=1

<a-7. (3.7)
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Let u(t) = x 7 max;en{||l@i]|?}e %, t € [-7,+00). Obviously, u(s) = u(t)e’* holds for
-7 <s<t,and SUP; g ()<<t u(s) < u(t)e’Y is true for each j € A" and ¢ € R,. Denote

L1 = u(0)e %,

n p-1 sy ¢
L2 = 3}1—1(1 - X)l_pﬂl«l_p <Z |b,7otj|) (Z |bi,‘Olj| [ e_“"(t"s)u(s) dS),
j=1 j=1 0
n p=1 /0y ¢
m:%mfmwé*EJ%m) C:WM/EW” w>uMﬂ>
j=1 0 S—Ti

j=1 (s)<vs=s

t
Ly=3"11 =) Pa ? P’ (/ e~ 49 () ds).

0

As

Ly = u(0)e™ %" = u(t)e" %),

n p t
Ly =u(®)3 (1= x)"Pa,” (Z |bijaj|) e(”‘“i)t/ =8 g
j=1 0

n p-1 sy ¢
Ly <u®3 ' (1- 0" 7a; " (Z |Ci1':3/|) (Z |Czjﬂj|ehj)e(ﬁ_ai)t/ el ds,
j=1 j=1 0
L
Ly =u(@®)3'(1 - X)l_pail*ppfew’”")t/ =0 gg,
0

we obtain from (3.7) that

Ll + Lg + Lg + L4
< u(t)e(ﬂ—u,')t
_ —p 1
(1- eﬁfﬂit) 3 1(1 - X)l pﬂi p(Z,il |bijaj|)p

Ful)———— #3711 - X Pa; 0 1Bl (T leBile”™)
' +3071 1 = ) Pa PP

14

< u(t)e” " + u(t)(1 - e"4") = u(t). (3.8)

Finally, we prove that |x;(£)|? < u(¢) for all £ > —t and i € A by a contradiction. Obvi-
ously, |x;(£)|? < u(t) holds for ¢ € [-7,0] and i € N For each i, assume that there exist
t; >0 and ¢ > 0 such that |x;(#)|” < u(¢) + € as t € [0,£;) and |x;(¢)|? = u(¢;) + €. Choose
2 »+ = minear{t;}. Obviously, x17|¢:(0)P < u(0) + &, from (3.6) and (3.8), we get

e (£) | — ue(£")
n p-1
<3"M1- X)l_pﬂ;*_p (Z |bt*j05j|>

Jj=1

n *
X <Z|bi*/0l/|/0 e‘“i*(t*_s)[|xj(s)|p—u(s)] ds)
j=1
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n p-1
+37 1 - ) ey (Z |Ci*j,3j|)

j=1

x <Z|Ci*jﬂj|/o e @) gup [|xj(v)|p—u(v)] ds)
-1

s-Tj(s)<v<s

t*
+377 (1 - ) Pay P (/ e o (5) [ - uls)] ds)
0

+ X7 |0 () - w(@)]e

*

n P
<ge 4 3P71(1 - X)I’Pa;[p <Z |b,»*,a,|) / e (9 gg
0

j=1
n p £

+e3771(1 - x)l‘pa;*_p (Z |ci*,ﬁj|> / e 49 gg
j=1 0

[*
n 83}971(1 _ X)lfpﬂl}*—ppli (/ o (=) ds)
0

—d t*)

- p(l e
it _ p 1 -
=ge W 4 e3P 71(1 - x)! pai*p<g Ibi*j%'|> —
1

i*

i

1 1-p 1 . p(l —e )
- - 4
+ 3% (1—X) pdi* Z'Cl*1ﬂ1| T

j=1
B 1 _ efai*t*
e (1= gy ralrpr 1)
Ajx
— — 1- 1- 1-
pearnt N1 -0 Plan " (0L byl + @ (T lewiBil)Y + ay " P

ax
x (1- e‘“i*t*)a

<&,

which is a contradiction. This shows that |x;(£)|? < u(t) for all £ > —7 and i € N, which
means that |x;( ¢)|? < x 7 max;en{||@i||P}e? for ¢ € [-T, +00). O

As a special case, we give the following theorem.

Theorem 3.2 Suppose that
(i) there exists constant u > 0 such that infy_ 5, { %} > pand maxg-1,, {tx—tk-1} < %,
(i) there exist constants P; such that Py < Py fori ¢ N and k=1,2,...,
(lll) —a; + 7:1 |bl‘]’Ol]'| + Z;l:l |Ci]‘ﬂ]'| + Pl‘ <0.

Then system (2.1) is globally exponentially stable.
Proof Letp=1and6 = % in Theorem 3.1. d

Remark 3.1 In [25], the fixed point theory was employed to study system (2.1), and the
research shows that system (2.1) is globally exponentially stable on the condition that
Z;’Zl{ali max;en |byl| + alimaxjeN lciikil} + max;en {pi( + uii)} < 1. Obviously, condition
(iii) in Theorem 3.2 is weaker.

Page9of 13
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4 Exponential stability of impulsive integral inequalities
Consider the following impulsive integral inequalities:

7i(t) < Ci(0)e ™ + ) oy / ”y<s>ds+2ﬂl, / “s) - sup yy(v)ds
j=1 0

s—rj(s)sufs

+ Z {Puyit)e W}, >0,

O<tg <t

yl(t) = ¢l(0) € C([_T!O]1R+)’ te [—T,O], (41)

where C > 1, and for each i,j € N, y;(t) >0 fort > —7,0 < 7j(s) < 7 < 7 for s > 0, and
di>0,aij20,ﬂljZO,P,’kZO,k=1,2,....

Theorem 4.1 Suppose that

30ee

maxy-1,,. {tk — ti-1} < g—ai,
(ii) there exist nonnegative constants P; such that Py < Py fori e N and k=1,2,...,
(lll) —a; + ;lzl Olij + Z;;l ﬁij + P,‘ <0.
Then there exist positive constant C and )\* such that

—\*t
7

() <C i te|-1, )
max y,(t) < rl,rerjl\;({lw II}e [-7,+00)

where A* is the minimum solution of the following equations:

n n
ATj
A—a;+ E a; + E Bije"7 + P; = 0.
J=1 J=1

Proof For each i € V, define the following function:

EF(\) =A— a,+ZaU+Zﬁ,} Y+ P

j=1

Note that F;(A) is continuous on R, F;(0) = —a; + ;11 o + 27=1 Bij + P; < 0, Fi(+00) =
+00,and Fj(2) > 0 for A € R,, so for each i € \V, the equation F;(1) = 0 has a unique solution
A; € R,. Choosing A* = min;epr{A;}, we get

n n
* o, .
M—ai+ Y |bjogl+ Y|Pl T+ P <0, ieN.
j=1 j=1

Let u(t) = Cmax;en{||¢sll}e "%, t € [-, +00). Similar to Theorem 3.1, we get
e~ ity (0) + et Za,,/ u(s) ds + e %t Z,B,,/ e’ sup wu(v)ds
0 s—Tj(s)<v<s

et Pyu(te)e®™ ) <u(t), t=>0.
21 }

O<tg<t

Page 10 0of 13
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0.8

Figure 1 The simulation in the example

Finally, we prove that y;(¢) < u(¢) for all £ > —t and i € A/ by a contradiction. This is
similar to the proof of Theorem 3.1, so we omit it here now. This shows that y;(t) < u(t)
for all £+ > —7 and i € N/, which means that max;cxr y;(t) < C max;en-{||¢;]|}e*" for t €
[-7, +00). O

Remark 4.1 Inequalities (4.1) can be considered as multidimensional Halanay inequali-
ties with impulses. In [30—32], the authors used the one-dimensional Halanay inequality
to consider the stability of delayed neural networks. However, they did not consider the
impulse effect, and they needed to construct a complicated Lyapunov function [30, 31]
or define a complicated matrix norm [32]; in addition, their results are not easy to verify
in practice. The advantages of our multidimensional Halanay inequalities with impulses
are that we take into account the impulse effects, and we neither require to construct a
complicated Lyapunov function nor to define the adaptive matrix form; furthermore, our
results are easy to verify.

5 Example

Consider the following two-dimensional impulsive delayed Hopfield neural network:

dx, 2 2
J;it) = —ax;(t) + Z byf(%(2)) + chjgj(xj(t -7(1)), t=0,t#4

j=1 j=1

Axi(t) = itk +0) — x;(t) = Lye (%:(8)),  tx = 0.25k,k =1,2,...,

with the initial conditions x;(s) = cos(s), x2(s) = sin(s) on —t < s < 0, where a; = a, = 4,
b11 =0, b1y =0.1, by = —0.2, by = 0, c11 = 0.2, c12 = 0, ca1 = 0, 23 = =0.1, f;(s) = g;(s) = (|s +
1= 1|s=1|)/2 (j = 1,2), Li(x;(tx)) = arctan(0.45x;(¢)) fori=1,2and k= 1,2,... (k=1,2,...).
Itis easy to find that u = 0.125, o = B; = 1, and Py = 0.45. Select P; = 3.6 and then compute
—a; + ;l=1 |bijej| + 27=1 lc;iBjl + P; = =0.1 < 0. From Theorem 3.2, we know this system is
globally exponentially stable (Fig. 1).



Zhang et al. Journal of Inequalities and Applications (2021) 2021:113 Page 12 of 13

Acknowledgements
The authors would like to thank the editors and reviewers for their valuable contributions, which greatly improved the
readability of this paper.

Funding

This work is supported by the National Natural Science Foundation of China with Grant Nos. 61573193, 61473213,
61671338, by Hubei Province Key Laboratory of Systems Science in Metallurgical Process (Wuhan University of Science
and Technology) with Grant No. 2201901, and the Joint Key Grant of National Natural Science Foundation of China and
Zhejiang Province (U1509217).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors have equally made contributions. All authors read and approved the final manuscript.

Author details

'School of Mathematics & Statistics, Nanjing University of Information Science & Technology, Nanjing, 210044, China.
2Hubei Province Key Laboratory of System Science in Metallurgical Process, Wuhan University of Science & Technology,
Wuhan, 430065, China. *College of Science, Wuhan University of Science & Technology, Wuhan, 430065, China. “School
of Information & Control, Nanjing University of Information Science & Technology, Nanjing, 210044, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 10 September 2020 Accepted: 2 June 2021 Published online: 27 June 2021

References

1. Hopfield, JJ.: Neural networks and physical system with emergent collective computational abilities. Proc. Natl. Acad.
Sci. USA 79, 2554-2558 (1982)

2. Hopfield, J.J.: Neurons with graded response have collective computational properties like those of two-state
neurons. Proc. Natl. Acad. Sci. USA 81, 3088-3092 (1984)

3. Paik, JK, Katsaggelos, AK. Image restoration using a modified Hopfield network. IEEE Trans. Image Process. 1(1),
49-63 (1992)

4. Tatem, AJ, Lewis, H.G.,, Atkinson, PM,, Nixon, M.S.: Super-resolution land cover pattern prediction using a Hopfield
neural network. Remote Sens. Environ. 79(1), 1-14 (2002)

5. Zhu, Y, Yan, Z.. Computerized tumor boundary detection using a Hopfield neural network. IEEE Trans. Med. Imaging
16(1), 55-67 (1997)

6. Pratap, A, Raja, R, Alzabut, J, Cao, J, Rajchakit, G, Huang, C.: Mittage-Leffler stability and adaptive impulsive
synchronization of fractional order neural networks in quaternion field. Math. Methods Appl. Sci..
https://doi.org/10.1002/mma.6367

7. Pratap, A, Raja, R, Alzabut, J, Dianavinnarasi, J, Cao, J, Rajchakit, G.: Finite-time Mittag-Leffler stability of
fractional-order quaternion-valued memristive neural networks with impulses. Neural Process. Lett. 51, 1485-1526
(2020)

8. Iswarya, M, Raja, R, Rajchakit, G, Cao, J, Alzabut, J, Huang, C.: A perspective on graph theory-based stability analysis
of impulsive stochastic recurrent neural networks with time-varying delays. Adv. Differ. Equ. 2019, Article ID 502
(2019)

9. Alzabut, J, Tyagi, S., Martha, S.C.: On the stability and Lyapunov direct method for fractional difference model of BAM
neural networks. J. Intell. Fuzzy Syst. 38(3), 2491-2501 (2020)

10. Iswarya, M, Raja, R, Rajchakit, G, Cao, J,, Alzabut, J, Huang, C.: Existence, uniqueness and exponential stability of
periodic solution for discrete-time delayed BAM neural networks based on coincidence degree theory and graph
theoretic method. Mathematics 7(11), 1055 (2019)

11. Zhang, Q, Wei, X, Xu, J.. On global exponential stability of delayed cellular neural networks with time-varying delays.
Appl. Math. Comput. 162, 679-686 (2005)

12. Arik, S, Tavsanoglu, V.: On the global asymptotic stability of delayed cellular neural networks. IEEE Trans. Circuits Syst. |
47,571-574 (2000)

13. Ahmad, S, Stamova, |.M.: Global exponential stability for impulsive cellular neural networks with time-varying delays.
Nonlinear Anal. 69, 786-795 (2008)

14. Liy, X, Teo, K.L.: Exponential stability of impulsive high-order Hopfield-type neural networks with time-varying delays.
|EEE Trans. Neural Netw. 16, 1329-1339 (2005)

15. Qiu, J.L: Exponential stability of impulsive neural networks with time-varying delays and reaction-diffusion terms.
Neurocomputing 70, 1102-1108 (2007)

16. Stamov, G.T, Stamova, .M.: Almost periodic solutions for impulsive neural networks with delay. Appl. Math. Model.
31,1263-1270 (2007)

17. Li, K, Zhang, X, Li, Z: Global exponential stability of impulsive cellular neural networks with time-varying and
distributed delays. Chaos Solitons Fractals 41, 1427-1434 (2009)

18. Wei, T, Lin, P, Wang, Y., Wang, L. Stability of stochastic impulsive reaction-diffusion neural networks with S-type
distributed delays and its application to image encryption. Neural Netw. 116, 35-45 (2019)


https://doi.org/10.1002/mma.6367

Zhang et al. Journal of Inequalities and Applications (2021) 2021:113 Page 13 0f 13

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

. Ren, Y, He, Q, Gu, Y, Sakthivel, R: Mean-square stability of delayed stochastic neural networks with impulsive effects

driven by G-Brownian motion. Stat. Probab. Lett. 143, 56-66 (2018)

Wu, Y, Yan, S, Fan, M, Li, W.: Stabilization of stochastic coupled systems with Markovian switching via feedback
control based on discrete-time state observations. Int. J. Robust Nonlinear Control 28, 247-265 (2018)

Wang, P, Feng, J,, Su, H.: Stabilization of stochastic delayed networks with Markovian switching and hybrid nonlinear
coupling via aperiodically intermittent control. Nonlinear Anal. Hybrid Syst. 32, 115-130 (2019)

Han, X-X., Wu, K-N,, Ding, X.: Finite-time stabilization for stochastic reaction-diffusion systems with Markovian
switching via boundary control. Appl. Math. Comput. 385, 125422 (2020)

He, D, Qing, Y. Boundedness theorems for non-autonomous stochastic delay differential systems driven by
G-Brownian motion. Appl. Math. Lett. 91, 83-89 (2019)

Wang, H., Wei, G, Wen, S, Huang, T.: Generalized norm for existence, uniqueness and stability of Hopfield neural
networks with discrete and distributed delays. Neural Netw. 128, 288-293 (2020)

Zhang, Y, Luo, Q: Global exponential stability of impulsive cellular neural networks with time-varying delays via fixed
point theory. Adv. Differ. Equ. 2013, 23 (2013). https://doi.org/10.1186/1687-1847-2013-23

Chen, G, Li, D, Shi, L, Ganns, O.V, Lunel, S.V. Stability results for stochastic delayed recurrent neural networks with
discrete and distributed delays. J. Differ. Equ. 264, 3864-3898 (2018)

Luo, J.: Fixed points and exponential stability for stochastic Volterra-Levin equations. J. Comput. Appl. Math. 234,
934-940 (2010)

Luo, J, Taniguchi, T.: Fixed points and stability of stochastic neutral partial differential equations with infinite delays.
Stoch. Anal. Appl. 27, 1163-1173 (2009)

Luo, J.: Fixed points and exponential stability of mild solutions of stochastic partial differential equations with delays.
J. Math. Anal. Appl. 342, 753-760 (2008)

Huang, C, He, Y, Wang, H.: Mean square exponential stability of stochastic recurrent neural networks with
time-varying delays. Comput. Math. Appl. 56, 1773-1778 (2008)

Huang, C, He, Y, Huang, L, Zhu, W.: pth moment stability analysis of stochastic recurrent neural networks with
time-varying delays. Inf. Sci. 178, 2194-2203 (2008)

Jiang, M., Mu, J,, Huang, D.: Globally exponential stability and dissipativity for nonautonomous neural networks with
mixed time-varying delays. Neurocomputing 205, 421-429 (2016)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1186/1687-1847-2013-23

	Inequalities and pth moment exponential stability of impulsive delayed Hopﬁeld neural networks
	Abstract
	Keywords

	Introduction
	Preliminaries
	pth moment exponential stability of IDHNNs
	Exponential stability of impulsive integral inequalities
	Example
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


