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1 Introduction
In this study, we investigate the boundedness of composition operators on Morrey spaces
and weak Morrey spaces. The composition operator C, induced by a mapping ¢ is a lin-
ear operator defined by C,f = f o ¢, where f o ¢ represents the function composition. The
composition operator is also called the Koopman operator in the fields of dynamical sys-
tems, physics, and engineering [12]. Recently, it has attracted attention in various scientific
fields [10, 11]. It becomes more and more important recently to prove the properties of
composition operators mathematically.

Let (X, ) be a o -finite measure space, and L°(X, i) be the set of all -measurable func-
tions on X. We provide a precise definition of the composition operators induced by a
measurable map ¢ : X — X.

Definition 1.1 (Composition operator) Let ¢ : X — X be a measurable map, and assume
that ¢ is nonsingular, namely, (¢ ~1(E)) = 0 for each p-measurable null set E. Let V and
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W be function spaces contained in L°(X, ). The composition operator C, is the linear
operator from W to V such thatits domainis D(Cy) = {he€ W :hop € V},and Cpf =fogp
for f € D(C,).

Subsequently, we employ the result obtained by Singh [16] for the boundedness of the
composition operator on the Lebesgue space L? (X, ).

Singh [16] provided the following necessary and sufficient condition for the map ¢ to
generate a bounded mapping acting on Lebesgue spaces:

Theorem 1.2 ([16]) Let 0 < p < oo. Then, the composition operator C, induced by ¢ : X —
X is bounded on the Lebesgue space LF (X, ) if and only if there exists a constant K = K(¢)
such that for all ji-measurable sets E in R”,

(97 (E)) < Kp(E).

In this case, the operator norm is given by

) (e (E)\
IColrr = sup OO<W> . (L1)

The boundedness of the composition operator on L*(X, ) easily follows from the def-
inition. Theorem 1.2 was extended to several important function spaces, such as Lorentz
spaces [1, 6], Orlicz spaces [3, 13], mixed Lebesgue spaces [5, 7], Musielak—Orlicz spaces
[14], and reproducing kernel Hilbert spaces [9]. However, there are no previous results
on the boundedness of composition operators acting on Morrey spaces and weak Morrey
spaces.

The first aim of this study is to investigate a necessary and sufficient condition on the
boundedness of the composition operator C, on Morrey spaces. Subsequently, we discuss
the boundedness of the operator on weak Morrey spaces.

Hereafter, we consider the Euclidean space R”; i is the Lebesgue measure dx. We denote
by |E| the volume of a measurable set E C R”. Let x4 : R” — R be an indicator function
for a subset A C R”, which is defined as y4(x) = 1 if x € A and x4(x) = 0, otherwise.

Now, we recall the definition of Morrey spaces on R”.

Definition 1.3 (Morrey space) Let 0 < g < p < 0o. The Morrey space M4(R") is the space
defined by

ny _— 0 ny .
MER") = {f € L'(R") : Ifll gz < o0},
endowed with the quasinorm
11
1l vz = sup 1QIP™7IIf xollza,
QeQ

where Q denotes the family of all cubes parallel to the coordinate axes in R”.

A standard argument in functional analysis shows that M (R") is a quasi-Banach space.
From the Holder inequality, we observe that the Lebesgue space L”(R") is embedded
into the Morrey space M4 (R"), where 0 < g < p < c0.
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Remark 1.4 Let 0 < g < p < 0o. Then, we have
17(R") = ME(R") C ME(R").
Moreover, L7 (R") is not dense in MZ(R”) [15].

We now state the main results of the present paper. The following theorem provides a
sufficient condition on the boundedness of the composition operator C, on the Morrey
space M’Z (R™).

Theorem 1.5 Let 0 < q < p < 00. Then, the composition operator C, induced by ¢ : R" —
R” is bounded on the Morrey space MZ(]R”), if g is a Lipschitz map that satisfies the volume

estimate
lo™ (E)| <KIE|, (1.2)

for all measurable sets E in R" and some constant K independent of E. In particular, we
obtain

_n.n E)\1
1Coll A2 gz < (max(1,+/nL)) 77 sup (M) , (1.3)
a7 E0<El<co \  |E|

where L > 0 is a Lipschitz constant of ¢, and the supremum is taken over all Lebesgue mea-
surable sets E satisfying 0 < |E| < 0o.

Conversely, as stated in the following theorem, if ¢ : R” — R” is a diffeomorphism, then
the MY (R")-boundedness of the composition operators C,, and C,-1 indicates that ¢ is
bi-Lipschitz. Note that any bi-Lipschitz mapping satisfies the assumption of Theorem 1.5.

Theorem 1.6 Let n € N, and ¢ : R" — R" be a diffeomorphism in the sense that ¢ and its
inverse ¢! are differentiable. Suppose 0 < q < p < 00, or q = p and n = 1. If the composition
operators Cy and C 1 induced by maps ¢ and @7, respectively, are bounded on Mg(R”),
then ¢ is bi-Lipschitz.

Remark 1.7 In the case where p = g, n = 1 and ¢ is a diffeomorphism, Theorem 1.6 is
equivalent to Theorem 1.2. Unless n = 1, condition g < p is essential in the following sense.
If n > 2 and g = p, then the same conclusion as in Theorem 1.6 fails. We present a coun-
terexample in Example 3.3 in Sect. 4. Noting that the Morrey space M5 (R") coincides
with the Lebesgue space L(R") (see Remark 1.4), we observe a new phenomenon from
Theorem 1.6. Whenever the composition operator generated by a diffecomorphism ¢ is an
isomorphism in the Morrey space M4 (R") with 0 < g < p < 00, ¢ must be bi-Lipschitz con-
tinuous. This phenomenon cannot be observed as is seen from Example 3.3. Unlike other
function spaces, Morrey spaces are not rearrangement invariant. This is because some
geometric conditions are included in the definition of the norm. Due to these geometric
conditions, it seems natural for the Lipschitz continuity to come into play.

Subsequently, we investigate the characterization of the boundedness of the composi-
tion operators acting on weak Morrey spaces, which are defined as follows:
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Definition 1.8 (Weak Morrey space) Let 0 < g < p < co. The weak Morrey space
WM (R") is the space defined by

— 0 .
WME(R") = {f € L°(R") : If llyrsz < 00}
endowed with the quasinorm
I g aqe = sup Al xern:jreoisn Il pee-
1 >0 K

Another standard argument in functional analysis shows that M4 (R”) is a quasi-Banach
space. The weak Morrey space WM (RR") has the following basic properties:

Remark 1.9 Let 0 < g < p < oo. Then, we have
MO(R") CWME(R"),  WME(R") = WLP(R”).

The following theorem provides a necessary and sufficient condition on the bounded-

ness of the composition operator on weak Morrey spaces.

Theorem 1.10 Let 0 < g < p < 00, and let ¢ : R" — R" be a measurable function. Then,
@ generates the composition operator C, which is bounded on the weak Morrey space
WME(R") if and only if there exists a constant K such that for all measurable sets E in
R”, the estimate

”Xw‘l(E)“Mﬁ; < I(”XE”Mé;'
holds. In particular, we obtain

[Psr v

1Co vy a2 -y aq2 = SUP
VM T el

where the supremum is taken over all measurable sets E in R” with 0 < ”XE”M‘,; < 0.

Remark 1.11
(1) Theorem 1.10 indicates that the composition operator C, is bounded on weak
Morrey spaces once it is bounded on Morrey spaces (see Sect. 4 for more).
(2) The conclusion of the case g = p in this theorem was provided in [2].
(3) Theorem 1.10 is a special case of Theorem 1.13 below.

In fact, we will establish the boundedness of the composition operator in a more general
framework.

Definition 1.12 Let (B(R"), || - ||3) be a linear subspace of L°(R") such that |||f]||z = |||l
for all f € B(R"). The weak-type space (WB(R"), || - |lwz) of B is defined by

WB(R") = {f € L°(R") : |fllws < o0},
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endowed with the quasinorm
"f”WB = sup)‘”X{xER”:[ﬂx)bk}”B'
A>0

For example, the space WL?(R") is the weak Lebesgue space whose norm is given by

If llwze = supy.o Al Xf-1(00 17 (see [8, Chap. 1] for more).
Now, we can rewrite Theorem 1.10 as follows:

Theorem 1.13 Let (B(R"), || - ||5) be a normed space. Then, the composition induced by ¢
is bounded on the weak-type space (WB(R"), || - llws) if and only if there exists a constant
K such that for all measurable sets E in R”, the estimate

IXo-1p)lls < Kl xellB (1.4)
holds. In particular, we obtain

| Xo-15)ll5

(1.5)
xells

”C(p llws—wg = sup
E

where the supremum is taken over all measurable sets E in R” with 0 < || xg||g < 00.

Here is a list of standard notation used in this paper in addition to that which has already

appeared above:

+ The space L°(R") stands for the set of all L>°(R") functions with compact support.

« The linear space M, (IR") is the set of all # x n-matrices.

« Foray,an,...,a,, the matrix diag(a, ..., o) is the diagonal matrix with entries
1,02, .5 Oy

+ The matrix E € M,,(R") denotes the identity matrix.

« For A € M,,(R"), the quantity ||A||r denotes the Frobenius norm defined by /tr(ATA).

+ The space C2°(R”) is the set of all smooth functions with compact support.

« For a cube Q, £(Q) stands for its side-length.

o Let A,B>0. Then A < Band B2 A mean that there exists a constant C > 0 such that
A < CB, where C depends only on the parameters of importance. The symbol A ~ B
means that A < B and B < A happen simultaneously. For example, for functions A(x)
and B(x) of x, we use shorthand A(x) < B(x) to denote an estimate A(x) < CB(x) with
some constant C > 0 independent of x. As a result, notation A(x) ~ B(x) represents
A(x) < B(x) and B(x) < A(x).

« For a differentiable vector-valued function ¢ = (¢y,...,9,)T on R”, we denote by Dy
the Jacobi matrix of ¢, that is,

dp;
Dy = (—l> = (i <ijzn-
9% ) 1<ij<n

The remainder of this paper is organized as follows: In Sect. 2, we prove Theorems 1.5
and 1.6. In Sect. 3, we present some examples and counterexamples of the mapping that
induces the composition operator to be bounded on Morrey spaces. In Sect. 4, we prove
Theorem 1.13.
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2 Proofs of Theorems 1.5 and 1.6

In this section, we prove Theorems 1.5 and 1.6. The proof of Theorem 1.5 is provided in
Sect. 2.1. However, Theorem 1.6 is more difficult to prove. In Sect. 2.2, we reduce matters
to the linear setting. We divide its proof into two steps: we consider case p < nq in Sect. 2.3

and case ng < p in Sect. 2.4.

2.1 Proof of Theorem 1.5

Proof of Theorem 1.5 A cube Q € Q is fixed. We note that, according to the Lipschitz

continuity of ¢, the estimates

diam(¢(Q)) := sup |p(x) — @(X)| < L sup |x - & = V/nLE(Q),

x,x€Q x,%€Q

hold; thus, there exist cubes Q;, Q; € Q such that

QDOQ  @D2¢@Q, |Qil=1Q,l=(max(1,+/nL)"Ql

Since ¢ satisfies condition (1.2), we can apply the L7(R"”)-boundedness of the composition

operators (Theorem 1.2) to obtain

< ((max(1, /7L)) "I Qul)? 7 - 1Cy 010 (/R @) x0 () dx)q
< (max(1, \/EL))_IE’+$ 1CollLa—ra |[f||Mg,

which indicates that the composition operator C, is bounded on M#(R"). Moreover, by

applying equation (1.1), we obtain (1.3), which completes the proof of the theorem. [J

2.2 Reduction of the diffeomorphism to the linear setting

In this subsection, by applying the following lemma (Lemma 2.1), we reduce the diffeo-
morphism ¢ : R” — R” in Theorem 1.6 to the linear mapping D¢ : R” — M,(R). By the
estimate of the singular values of the Jacobi matrix Dy, we will show that ¢ is bi-Lipschitz

(see Proposition 2.6 below).

Lemma 2.1 Let 0 < g < p < 00. Suppose that a diffeomorphism ¢ : R” — R" induces a
bounded composition operator C, from My(R") to itself. Then, there exists a positive con-
stant K > 0 such that

1€t I agy = [ (Deo)-) | np < KWl
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for all xo € R" and f € MY(R"). In particular, the operator norm of || Cpyy) | is bounded
above by a constant independent of x.

Proof of Lemma 2.1 Set K = ||C¢||M1‘;%M§ < oo. First, we prove the assertion for f €

C*(R"). Let ¢t > 0. We calculate
p(ﬂ-) - (0(960)) H

‘P(fp(xo +t) - w(xo)> H o
t ME N
A=)
t M

= KIlf p

n
p

<Kt

By letting ¢ — 0, we obtain the desired result for f € C°(R").

Let f € L°(R"). Then, for any p € (0, 00), we can choose a sequence {]54}1‘?:01 of compactly
supported smooth functions such that f; converges to f in L*(R") as j — co. By passing to
a subsequence, we may assume that f; converges to f, almost everywhere in R” as j — oo.
Thus, by the Fatou lemma, the inequality

[ (Do) = imintl (Do) g
holds. As we have proved the assertion for f;, we have
(Do) |y < KUl

Since L?(R") is embedded into M;(R”) (see Remark 1.4), f; converges to f in Mg(R”) as
j — 00. Consequently,

tim inf Il vy = 1
By combining these observations, the following estimate holds:
I (Dpao)) | sy < KWl
Finally, let f € M4 (R"). For k € N, we define an element f; € L°(R") by

S =f @) xiaar @ xon (@) (xeR").

Then, we have

(D)) [ agp < Klfll gy < K11l rgg

according to the previous paragraph. By using the Fatou lemma again, we obtain

If (Deeo)) | s < KIF ez

as required. d
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Let ¢ : R” — R” be a diffeomorphism and Dg : R” — M, (R) be its Jacobi matrix. For
xo € R”, the Jacobi matrix D¢ (x,) can be decomposed by the singular value decomposition
(see Lemma 2.2 below) as

Do(xo)=UZV, (2.1)

where ¥ = X(x¢) = diag(o1(x0), - - .,@x(%0)) is a diagonal matrix with having positive com-
ponents satisfying a;(xp) < --- < a,(x0), and U = U(xp) and V = V(xp) are orthogonal
matrices.

Lemma 2.2 (Singular value decomposition) Let A be an n X n real regular matrix, and
ay,...,0, > 0 be the singular values of A. Then, there exist orthogonal matrices U and V
such that

UAV = diag(ay, ..., o).

Now, by the definition of the Morrey norm || - || M and a simple computation, we have
the equivalence

SIx

n? 4 Cso) | aap o pz < 1 Copta)  p o a2 = n 771 Cyay)  pt = -

Here, the operator norms || - || MO ME of the composition operators induced by the or-
thogonal matrices are bounded above by a constant independent of the selection of the
rotation matrices. Therefore, we have the following lemma:

Lemma 2.3 Let 0 < g < p < 00. Suppose that a diffeomorphism ¢ : R" — R", induces a
bounded composition operator C, on /\/lz(]R”). Let a1(xp), . .., (x0) be the singular values
of Do(xo), and let us denote X (xg) := diag(o1(xo), ..., @, (x0)). Then, the operator norm of
Cs(xy) is bounded above by a constant independent of x.

Proposition 2.4 Let 0 < g < p < 00, %0 € R”, and ¢ : R" — R" be diffeomorphism. If the
composition operators C, and C -1 induced by ¢ and @', respectively, are bounded on the
Morrey space M‘Z (R™), then we have

n
[ Joxo) ~1,
k=1

where a1(x0), ..., 0ty (x0) are the singular values of Dg(xo).
This proposition can be proved by combining Lemmas 2.1 and 2.5 below.

Lemma 2.5 Let 0< g < p < oo and {ay,...,a,} C R,y be a positive sequence and set D =
diag(ay,...,a,). Then, the following estimate holds:

n

-p
>
k|71| ax = ”CD”Mz;_)Mz'
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Proof We introduce matrix W € M, (R) corresponding to the transform
(X1, %25 vy K1) > (X2, X35+ 00y Xy X1)-

Then, for any k € {1,...,n}, we observe that
wWkpwk = diag(@, k1) ABnics2s - r Ay A1, A2, -+« +» Ay

holds, since W* maps the /th elementary vector e; to e;_¢ if [ > k and e;_,,, otherwise.
Since W leaves Q invariant and DCy = E,

ICw—kpw | p o paz = NCD I g ae2

hold. Noting that the identity
n n

[[w*pw*= (]‘[ ak>E

k=1 k=1
holds, we learn that the equality

"\
I wosowi ez = ( [ Tax
k=1

holds. By combining this and identity Cryz, wkpwk = [Ti-: Cw—«pwk, the conclusion of
this lemma is proved. d

To obtain the bi-Lipschitz continuity of ¢, we use the following proposition, which is
obtained using the mean value theorem.

Proposition 2.6 Let ¢ : R" — R” be a diffeomorphism. Let o1 (xo) be a minimal singular
value of Do(xo). If there exists a positive constant C > 0 independent of xq such that for all
X0 € Rn,

a1(x) = C, (2.2)
then the inverse function ¢~ of ¢ is Lipschitz.

Proof Assume x,x € R" are fixed. Since the mapping ¢! is differentiable on the line seg-
ment between x and , by the mean value theorem, we can consider point xy on the line
segment between x and X and obtain

7 (%) — 07 (®)] = | Do (x0) | % — &I
Now, using the decomposition (2.1), we can calculate
n

[Py~ (x0) = (Z

j=1

1

aj(xo)

c

2>%Eﬁ

Consequently, we obtain the Lipschitz continuity of L. O
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According to this proposition, to obtain Theorem 1.6, it suffices to show that there exists
a positive constant C > 0 such that for each xy € R”, estimate (2.2) holds. We divide the
proof of (2.2) into the two cases p < ng and nq < p.

2.3 Proof of (2.2) in the case p < nq

To obtain estimate (2.2), we introduce a parameter m, we estimate the operator norm of
the diagonal matrices X (xp) in the decomposition (2.1) as follows using Lemma 2.7 and
Proposition 2.8 below.

Lemma 2.7 Let n € N and 0 < g < p < 00 satisfy p < nq. Assume in addition that the
sequence {a; ;"1 satisfiesap=1<ay <--- <a,_1. Then,

m-1 1 n_m
— q r-q
”X[o,l]x]‘[;?;ll[o,aj]||/\/1§ = (1_[ a; )“ml )
j=1
where m € (2,n] is the unique integer satisfying0<q < 7.q <p < 54 < 0.

Proof Since we have to consider only cubes of form [0, R]” for R > 0 as the candidates for
supremum in the Morrey norm || - || ME»WE have identity

n-1

n_n 1
_ =supRr ¢ min(a;, R)4.
||X[O,1]><l_[7:11[0,uj]”_/\/[§ R})’ !:0[ (@, R)

By considering the case of R = 1,43, ...,4,_1, we can determine the supremum on the right-
hand side of the above identity as follows:

R

k=0,1,...,n—1}. (2.3)

k-1 i
- P
||X[0,1]xH7:11[o,a,] e = max{ (H “/)‘lk

Jj=0

Here, according to assumption p < ﬁq, we observe that

==
e ST
|
QI
L NI
Q=

> 1

l
Q

when m = 2, and

1 1
m-1 9 n_m m-2 4 n_m-1 n_1
pq P q rq
[Ta) @i z(Tla) @’ 2z zal 721

Jj=1

when m > 2. Meanwhile, using the assumption ;g < p, we calculate

1 1 1
m-1 9 n_m i 9 n_msl n-1 9 n_n
r 4 r-q r 4
1_[ dj A1 = 1_[['1/ am Zz H(l/ Zom
j=1 j=1 j=1

to conclude that quantity

Page 10 of 15
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is the largest when taking the maximum in equation (2.3). Hence, this is the desired re-
sult. O

Proposition 2.8 Letnzm22,0<q§%qufﬁq<oo,and1§u1§~--§an_1.

Then, we have

_1
m-1 q _n,m
. . P q
||Cdlag(1,a1,m,un-1)||M§»M‘; z 1_[“1 Ap1 -
j=1

Proof Simply using Lemma 2.7, we have

m-1 q n_m
P q
||X[o,1]x]‘[7:‘11[o,Rj]||M§ = (1_[ Rj) R, 1

j=1
and
m-1 a n_m
-1 -1 7
||X[o,1]xn;;1[o,a/-113,-]||M’,; = <l_[ 4 R/‘) (@1 Ron-1)? ™1
j=1
for <R <--- <R, withl<aj'Ry <---<a;} R, ;. O

Now, we prove estimate (2.2) under the assumption p < ngq. It suffices to consider case
+q<p =159 foreachm=2,...,nsince p < ng. According to Lemma 2.3 and Proposi-
tion 2.8, we calculate

L2 1Cs )l aee (2.4)
1 n,.m
_n ai(xo) \ 77 [ aj(x0)\ P4
> 14 . -
Z o) ll;[(al(xo)) (al(xo)

= (Oll (x0) 1_[ Oli(xo)) K Ol;'(xo)_g 7,

iel

where [ is a subset of {2,...,n} such that #/ = m — 1 and j € I. Combining estimate (2.4)
and Proposition 2.4, we have

_1
q _n.m
12 [ ((al(xw]'[ai(xo)) o;(x%0) )
I1c{2,..,n}, jel iel
#I=m—1

m-1 (n-1 _ﬂ+l )
- O{l(xo)_T(m—l) (a2(x0) . 'an(xo))( » q)(m_z

m— -1 n -2 n_n -2
~ Oll(xo)__ql G+ G-0G) al(xo)(ﬁ_ﬁ)(:f-Z
and then

a1 (%o) Z 1.
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2.4 Proof of (2.2) inthe caseng <p
Let ng < p. We start with an example of a Morrey function.

Lemma 2.9 Let0<q<nq <p<oo. Then, Xj1jxgn-1 € MER").
Proof We calculate

n_n o 1 n-1 n_1 1
| X10.1)xrn-1 Il gz = SUpR? "4 min(1,R)4R ¢ =supR? 7 min(1,R)7 =1 < oo. 0
7 R0 R>0
Using Lemma 2.9, we obtain the following estimate on the lower bound of the singular

values of matrices.

Lemma 2.10 Let 0 < a; < --- < a,. We assume that D = diag(ay,as,...,a,) induces a
bounded composition operator on the Morrey space My(R") with the operator norm M.
Moreover, if 0 < g < nqg < p < 0o, then, a; > M.

Proof Note that x[g1j,gr-1 0 (@1E) = X[o,4,-1)xR-! = X[0,1)xrr-1 © D. Using scaling, we cal-
culate

ar ? || Xoa)xrr-1 e = | X011 xEn1 © (@1E) “MIZ
= [ X[o,1)xRr-1 0D||M1;

< M| Xjo,1] xrr-1 ||M1;~
Thus, according to Lemma 2.9, this is the desired result. O

Using Lemmas 2.3 and 2.10, we conclude that (2.2) holds.

3 Examples

In this section, we present some examples and counterexamples. In Example 3.1, the map-
ping inducing the composition operator satisfies the assumption in Theorem 1.5. In Exam-
ple 3.2, the mapping inducing the composition operator does not satisfy the assumption
in Theorem 1.5; however, the composition operator is bounded on Morrey spaces. Exam-
ple 3.3 presents a counterexample of cases # > 2 and g = p in Theorem 1.6.

Example 3.1 The affine map ¢, written as ¢(x) = Ax + b for some A € GL(»;R) and b € R”
induces the composition operator C, bounded on the Morrey space M%(R"”) whenever
0 < g < p < oco. This follows from the fact that mapping ¢ satisfies the assumption of The-

orem 1.5.

Example3.2 Letn=1and 1 < p < 0o. Then, the composition operator induced by ¢ : R —
R,

-1, ifx>0,
px) =
X, ifx<O,

isbounded on M’f (R) and ¢ satisfies the volume estimate (1.2); however, ¢ is not Lipschitz.
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Here, we prove that the composition mapping C, induced by ¢ : R — R is bounded on
ML (R). We will prove the inequality

1 b
-0 [ sl S g (3.1)

for any —0o < a < b < 0o. Here, when a < 0 < b, we calculate

1 b L 0 ) b
(h—a)lTI/ [f(x)]dxf(—a)z?‘l/ ‘wa(X)’derbrl/o |Cof ()] d
1 1 b
<l + b7 / 1Cof ()| e
0

Then, we may assume that 0 < a < b.
Now, we check inequality (3.1). If 0 < b — a < 1, through the change of variable y = ¢* — 1
and due to the fact that ¢? — e ~ e%(b — a), we obtain

1 b 1 -
b-a)r | |Cof )| dx=(b-a)r™ My) &b
a_q y+1

1 “ eb-1
s{«z“(b—a)}ﬁ‘l-e‘ﬁfea RIS Ve

Furthermore, when b — a > 1, or equivalently, (b — a)™! < 1, we calculate

A |

1 b s
(b—a)f‘lf Iwa(x)ydxsZ/ )| -2
a j=0

2J-1 y+1
00 N 1 PSS |
<3 b2y /QH FO) dy < If 1 e

as desired.

Example 3.3 Let

X
(X1, %) = (xls + X1, 72>

3x:12+1

be a diffeomorphism on R?. Let us consider the boundedness of C, on M';(Rz). In the
case of p = q, C, is bounded, Dg(x,x,) has determinant 1. In contrast, in the case of p > g,

C, is not bounded; in fact, the first component is not Lipschitz.

4 Boundedness of composition operators on weak type spaces

To prove Theorem 1.13, we use the following identity.

Remark 4.1 Through a simple calculation, we have | xz|lws = || xells for all measurable
sets E in R”.
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Proof of Theorem 1.13 First, we assume that the composition operator C, is bounded on
WB(R"), that is, there exists a constant K such that the estimate

I1Cof llwa = Kf llws

holds for any f € WB(R"). Then, upon choosing f = xg, the estimate
I Xo-15)lIws = 1Cy xElWE < Kl XEN WS
holds. By using Remark 4.1, we conclude that

X158 < Kl xell5-

Second, we assume condition (1.4). Considering E = {x € R” : |[f(x)| > A} for a function
f € WB(R"), we have

ICufllws = iug)\“Xw*l({xex:{f(x)bk})”B < 1<iu0pk||X(xex:y(x)|>x}||B = [Ifllws-
> >

Finally, the equation

I Xp-1(2) I8

I1Cy llwp—wp =< sup (4.1)
£ lxels
is trivial. According to the definition of the operator norm || - ||ws—ws,
I Xp-12) I8
ICy Iwews = sup —2—O2 (4.2)
£ lxels
Combining estimates (4.1) and (4.2), we obtain equation (1.5). O

The weak type spaces generated by the Banach lattice are essential.

Definition 4.2 We say that a Banach space (B(R"), || - ||3) contained in L°(R") is a Banach
lattice if the inequality ||f||z < |lg|lz holds for all f,g € B(R”) that satisfy |[f| < |g| almost
everywhere.

Remark 4.3 1f B(R") is a Banach lattice (see Definition 4.2), then B(R") is embedded in
WB(R").

Now, as the special case of the Morrey space B(R") = MS(R”), in Theorem 1.13, we have
Theorem 1.10.

In Theorem 1.10, through real interpolation, it is known that

WME(RY) = M2 (), L% (R7)], .

aslongas 1 < g <p<ooand 0 <r<1satisfy gr >1 (see [4]). Here, as the L>(R”)-
boundedness of the composition operators is trivial and the M¥(R")-boundedness and
ML (R")-boundedness of composition operators, for r > 0, are equivalent owing to the
fact that |C,f|" = C,[|f|"] for mapping ¢, we obtain that the boundedness “C, : M4 (R") —
M(R") implies the boundedness C, : WME(R") — WM (R")”
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