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1 Introduction
Let w > 0 be a constant. In this article we shall seek some criterion to guarantee that the

multiparameter system

u'(t) = a1 () () u(t) — b1 (B)f (u(t — 71(2)), v(£ — £1(2))), (11)
V(t) = ax()g(v()v(t) — nba(£)g(u(t — a(2)), v(t — £2(2)))
admits a positive w-periodic solution, where the functions a;, b;,7;,§; € C(R,R) are w-
periodic, and g; € C([0, 00), [0,00)) are unbounded, i = 1,2. In addition, we assume that
the nonlinear terms f,g € C([0, 00) x [0,00), [0,00)) and A, i are positive parameters.
Here a positive periodic solution of (1.1) means a solution (u,v) € E := X? of (1.1) satis-

fying u > 0, v> 0 on [0, ], where

X= {x € C(R,R) : x(t + w) =x(t)}
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is a Banach space, and the norm of x € X is
ll]l = max |x(£)|.
te[0,w]

Moreover, for (x,y) € E, we denote ||(x, )|l = ||x|| + |||, and write (x,y) > (0,0) if (x,y) € E
fulfills x(¢) > 0, y(t) > 0, t € [0, w].
Obviously, the first equation of (1.1) reduces in some special circumstances to

u'(t) = a()g (u(®))u(t) - Ab@)f (u(t - T(1))), (12)

and when X =0, g(u) = 1, Eq. (1.2) becomes u/(¢) = a(t)u(t), which is famous in Malthu-
sian population dynamics. In recent decades, (1.2) has also been extensively applied to
describe various physiological processes emerging in practical applications, for instance,
the production of blood cells, respiration, cardiac arrhythmias, etc. One may refer to [1-
6] and references therein. Nevertheless, the research work in the above mentioned papers
is mainly dependent on the condition that g(x) is positive and bounded, that is, there are
constants L >/ > 0 such that 0 </ < g(u) <L, u € [0,00). Jin and Wang [7] have recently
studied the spectral problem

U (t) = a(t)e"Ou(t) - Ab@)f (u(t - (1)),

and they obtained some existence results on positive periodic solutions by means of the
fixed point theory. It is worth noting the function e is unbounded on [0, 00). Since then,
Eq. (1.2) has been extensively investigated under the more general case that g(x) is un-
bounded on [0, 00), by applying the lower and upper solutions method, fixed point theory,
and so on. See, for example, [7-10].

Besides, researchers have focused on the differential systems associated to (1.2), namely,

ut) = a,'(t)g,-(ui(t))u,'(t) — Abi(t)f; (ul(t), uy(t),..., u,,(t)), i=1,2,...,n (1.3)

One can see [11-14] for some related results. However, in [11-13], the authors have only
dealt with the special case g;(¢;) = 1,i = 1,2,...,n. Indeed in that case, the Green’s function
corresponding to u}(t) = a;(£)u;(¢) is simple, and some suitable cones could be easily con-
structed. Furthermore, system (1.3) investigated in above papers includes only one posi-
tive parameter A. Hence, it will be interesting to study the multiparameter systems (1.1)
with g; (i = 1,2) being unbounded. On the other hand, what is worth mentioning is that
Zhang et al. [14] considered system (1.1) for the special case g; =1, i = 1,2, where nonlin-
earities f (&, v) and g(u, v) were assumed to be nondecreasing, and only the case £(0,0) > 0,
£(0,0) > 0 was treated. Therefore, we want to know whether or not (1.1) has a positive
periodic solution under more relaxed assumption £(0,0) = 0, g(0,0) = 0. In view of above
reasons, we shall concentrate on the existence of positive periodic solutions for system
(1.1) in the current paper, to further improve and generalize tho results in the literature.
For this purpose, we assume

(C1) a;,b;, 7,8 € C(R, [0,00)) are w-periodic with 3’ a;(¢) dt > 0, [ bi(t)dt > 0,i=1,2.

(C2) Thereis [; > 0 such that 0 < /; < g;(s) < 0o, s € [0, 00).

(C3) f,g € C([0,00) x [0,00),[0,00)) with f(u,v) >0,g(x,v) >0 for (u,v) #(0,0).
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Remark 1.1 For other research work on periodic solutions of functional differential equa-

tions and systems, we refer the readers to [15-17] and references therein.

The remainder of the paper is arranged as follows. In Sect. 2, we introduce some prelim-
inaries needed in our proof. Section 3 is devoted to stating and proving our main findings.

Meanwhile, some related results and remarks will be given.

2 Preliminaries
Recall that E = X? is the Banach space defined as in Sect. 1. We first give the following
lemma.

Lemma 2.1 Assume (C1)—(C3). If (u,v) € E is a solution of (1.1), then
u(t)=r / Gl(t,s)bl(s)f(u(s -7 (s)), V(s - (s))) ds,
VO =1 [ Galt aSlgluls - ), v(s - a) s

where

e 1 ©q1w©) do e I} a2 Op ) do

G t,s) = ) G t,s) = 7] )
1) = T emwoa 2(69) = T T nemvoa

t<s<t+w.

Proof Multiplying the both sides of the first equation of (1.1) with e~ 3 a1081@)ds e can
obtain

(u()e o OO EY _ 3 by (0)f (u(t - 11(0)), v(E — 01(0))) - e oM ds,

Integrating above equation from ¢ to ¢ + w and by elementary calculation, we can easily
get

u(t) = k/ " Gi(t, s)bl(s)f(u(s -7 (s)), v(s -0 (S))) ds.

Similar evaluation shows

W= [ Galt (s - a)vls - 626) . .

Let g > 0 be a fixed constant. Then we can establish a series of lemmas required in the

subsequent discussion.

Lemma 2.2 Assume (C1)—(C3). Let 6; = =)o 4©)40 = 1,2 Then for any (u,v) € E satis-
Sying (u,v) = (0,0) and ||(u,v)|| < q,

Ugf‘ (@
i <G <
0< @ = Gi(t,s) <

l—Ul 1_Gi

i=1,2, (2.1)
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where
& (@) = max gi(s), gix(q@) = min gi(s), i=1,2.
0<s=<q 0<s=<q

Proof Clearly, for (u,v) € E with (u,v) > (0,0) and ||(«,v)|| < g, we have 0 < u < ||u|| <gq.
Thus,

&1+(q) = g1(u) < g (q),
and then simple estimation shows (2.1) holds for i = 1. The case i = 2 is similar. O
Defining fori=1,2,

g (@)

milq) = ——— Mi(g) = - ni(q) = 44)
i = Oy i = N ) i =

1-— O_igi (@) 1-— Glgl*(Q) l(q

=

Then it is not hard to verify 7;(q) € (0, 1), and accordingly,

n(q) := min{n1(q), n2(q)} € (0,1).
Set

P= {(u,v) €E:u(t)>0,v(t) >0t e [O,a)]},

K, = {(u, v) e P:u(t) +v(t) > n(g) ||(u, V)

,t€[0,0]},
and for r > 0,
2, = {(u,v) €Ky ||(u,V)H < r},a.Q, = {(u,v) €Ky H(u,v)” = r}.

Then P and K, are cones in E.

Lemma 2.3 Assume (C1)—(C3). Let 0 < r < q. Then for any (u,v) € £2,,

g (q) g
0; o; 1
0= gun=Gt)=— o5=—05
1—0’il l—O'iL 1_01' 1_0—1'

, i=12. (2.2)

Proof Similar to the proof of Lemma 2.2, we obtain for t <s <t + w,

Ugf‘(r)
l gi () =Gilts) = gix (1)’
1- o; ' 1- 0;

i=1,2.

t
Moreover, since ¢(t) := 1[_';; and ¥ () := 1_10_,

easily see that (2.2) holds true. a

are strictly decreasing on [0,00), one can

Define, for given (u,v) € E,

T, (,v)(®) = (Ax (1, v)(0), B, v)(2),
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where
A (u,v)(t) = A/ G1(t,)b1(s)f (u(s — T1(s)), v(s — 2u(s))) dis

and
B, (u,v)(t) = ,u/ Ga(t, $)ba(s)g (u(s — 72(s)), v(s — a(s))) dis.

Then we have

Lemma 2.4 Assume (C1)—(C3) and 0 <r < q. Then TML([_Z,) CKyand Ty, : 02, — K, is
completely continuous.

Proof For (u,v) € £2,, we can deduce from Lemma 2.3 that

A (uw,v)(E) =2 / Gi1(t,9)b1(s)f (u(s — 71(5)), v(s — £1(s))) dis

< — m/o bi(s)f (u(s = 11()), v(s = 61(5)) ) ds,

81x
1-o07

which yields

”Ax(u, v)H < )\ﬁ /0 by (S)f(u(s -1 (s)),v(s -0 (S))) ds.

1

Meanwhile, (2.2) implies

g ©
o
4G )(0) 2 1D / buS)f (u(s - 11(), v(s - £1(5))) ds
1-oy" Jo
gf(r) 81x(r) w
Loy (=07 1
=\ - fo(r) e gfl*(r) \ bi(s)f (u(s — 1(s)), v(s — ¢1(s)) ) ds
gf(r) g1x(r)
o'V (1-o )
> 2 gf_(i) A, v)|
1-o0]
> n1(q)||Ax(wv) |
> n(q) | A v)|. (2.3)
In an analogous manner, we get
B, (u,v)(t) = n(q) ||Bﬂ(u, v, wv) e,
Hence T}, (£2,) € K. The completely continuity of T;,,, is obvious. d

It is obvious that if (1, v) is a fixed point of the completely continuous operator T} ,, in
K, then (u,v) is a positive periodic solution of (1.1). We conclude this section by giving
the main tool employed in proving our main results.
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Lemma 2.5 ([18, 19]) Assume E is a Banach space and K C E is a cone. For r > 0, let
K, ={ueK:|ul <r}and 3K, = {u € K : ||u| = r}). Suppose T : K, — K is a completely
continuous operator satisfying Tu # u, u € 0K,. Then

() If | Tu| < |ull, u € 3K, then i(T,K,,K) = 1;

(ii) If || Tull > |ul, u € 8K,, then i(T,K,,K) = 0.

3 Main results
Let

fo= lim f) _ lim £®Y)

) 0 .
(u,v)—0 U+ VvV (uv)—>0 U+v

Theorem 3.1 Assume (C1)—(C3) hold and fy = 0 = go. Then for every q > 0, there is a con-
stant y; > 0 such that for all A, > y,, system (1.1) admits a positive periodic solution (u,v)
satisfying ||(u,v)|| <gq.

Proof Choose r; = g and define
Vr(q) = min{f (u,v) :n(q)g <u+v <q},
Yolq) = min{g(u, v):nlg)g<u+v=< q}.

Take

1 1
ram max{ W Qmi(q) [ br(s)ds 20g(qma(q) | bals) ds }

By Lemma 2.4, we know T; ,(£2,) € K, and T}, : £2, — K, is completely continuous. Fix
A, i > yg. Then for (u,v) € 0824, we have n(q)g < u +v < g,and so

A1) = Ay (@) /0 * b6 (uls - 1(9), V(s - 51(6))) s

— i (@Y (q) - /0 bu(s)ds

g _ @)l
>= = ,
2 2
which implies
(,v)
A5 @, v)|| > ” 5 ”, (u,v) € 082,.
Similarly,
1B ()| > ||(u,v)||, (u,v) € 052,

2

Hence || T}, (u, V)|l > || (&1, v) || on 982, and then Lemma 2.5 gives i(T, ., fzq,l(q) =0.
On the other hand, since fj = gy = 0, there exists a constant r, with 0 < r; < g, such that
for (u,v) satisfying O < u + v <ry,

flu,v) <e(u+v), gu,v) <e(u+v),
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where ¢ > 0 is a constant satisfying

2 [ bi(s)ds 1 2ue [ ba(s)ds

@ ’ 5 (@)

3.1)
1-o 1-05

For (u,v) € 982,,, we can deduce by (2.2) and (3.1) that

A; (u,v)(t) < )\ﬁfl*(m /;Hw bi(s)f (u(s — 71 (s)), v(s — £1(s))) ds

AE 0]
= 1= 0@ /0 bi(s)ds - || (u,v)|
[l (u, V)]
< )
2
and hence
At < ”(u;})”, (u,v) € 382,,.

In an analogous way, we get

”Bu(u,v)H < ||(uév)||, (u,v) € 082,,.

Thus || T;,, (4, V)|l < ||(,v)|| on 3£2,,. Lemma 2.5 ensures i(T} ,, K_Zrz,Kq) =1.
Consequently, i(T5 ,,, Qq \ £2,,,K;) = —1. Therefore, T}, possesses a fixed point (x,v) in
S_Zq \ £2,,, and system (1.1) has a positive periodic solution (i, v) with ||(x, v)|| <gq. O

Theorem 3.2 Assume (C1)—(C3) hold and fy = co. Then for every q > 0, there is a con-
stant y, > 0 such that for all A, i < y,, system (1.1) admits a positive periodic solution (u,v)

satisfying || (u,v)|| < q.

Proof Fix r; = q and set
Wr(q) = max{f(u,v): n(q)g <u+v<q}
Y,(q) = max{g(u, v):nlg)g<u+v=< q}.

Define

. 1 1
ez i m‘“{ 20/(@Mi(q) [ br(s)ds’ 20 (@)Ma(q) [y bo(s)ds } '

By Lemma 2.4, T} ,(2,) € K, and T}, : 2, — K, is completely continuous. Thus, for
fixed A, u < y; and (u,v) € 082,

Ay (u,v)(£) = )\Ml(q)/ bi(s)f (u(s = 71(9)), v(s - a(s))) ds
0

=AMV () - /0 bi(s)ds
)|

= ’

<

NSREN

Page 7 of 11
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and then

| A5 @, v)

|| < ”(sz)”, (u,v) € 082,.

By a similar argument, we can also obtain

@, v)]|
2

||Bﬂ(u, v)|| < , (u,v) €082,

Therefore, || T}, (s, V)| < I(z, V)| for (u,v) € 0£2,. Using Lemma 2.5 again, we can easily
get i(Ts,,., 24, K,) = 1.
By the assumption f = 0o, there exists a constant r, € (0, g), such that for (u, v) satisfying

O<u+v<ry,
fu,v) =T (u+v),

where 7" > 0 satisfies

g] 1)

ATn(q) / bi(s)ds > 1. (3.2)

Thus for (u,v) € 0£2,,, we get by (2.2) and (3.2) that

&1 (r2) w
A0 = A= / bi(s)f (u(s = 11()), v(s - 1)) ds
1-o7! 0
200 / bi(s)ds - | w0)]

which means ||A4; (u,v)|| > || (&, v)|| on 32,,. Hence
| Ton@ | = A > @), v) e o,

and Lemma 2.5 again implies i(T},,,, S_Z,Z,Kq) =0.
Consequently, i(T;,,,, 2, \ £25,,K,) = 1. Thus, T3, has a fixed point (,v) in 2, \ £2,,,
and (1.1) has a positive periodic solution (x, v) with ||(u,v)| < g. O

Similarly to Theorems 3.1 and 3.2, we can prove the following

Theorem 3.3 Assume (C1)—-(C3) and gy = oo. Then for every q > 0, there is a constant y, >
0 such that for all A, i1 < v, system (1.1) admits a positive periodic solution (u,v) satisfying
(@ V)l <q.

Remark 3.1 Clearly, the results of Theorems 3.1-3.3 generalize and complement the cor-
responding ones in [7, 9, 12-14].
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To illustrate our main findings, we may choose w = 2w and 7; =0, {; =0 (i = 1,2) in the
subsequent discussion. Let

ai(t) =sint + 1, ax(t)=sint +2, tel0,2r],

bi(t) =cost +2, by(t)=cost+1, te]l0,2r].
Then it is not hard to check that (C1) is satisfied. Moreover, define
ai(s) =€, o(s) =2¢°, s€]0,00),
then there are constants /; = 1 and /5 = 2 such that
0<1=0 <g(s)<oo, 0<2=0 <g(s)<oo, se[0,00).
Hence (C2) is also satisfied.
Example 3.1 For (u,v) € [0,00) x [0,00), let
fu,v) = 3(u +v)? (u2 17+ 1)2, gu,v)=2(u+ 1/)4(u2 17+ 5)2.

Thenf,g € C([0,00) x [0, 20), [0, 00)) with f(u, v) > 0, g(u, v) > O for (&, v) # (0,0). Thus (C3)
holds true. Furthermore, simple calculation gives f; = 0 = gy. Consequently, the results of
Theorem 3.1 are valid.

Example 3.2 We shall follow the same notations and definitions as before. Let us redefine

fv) = Vurv- (@ +v*+1)%,  (4,v) € [0,00) x [0,00).

Clearly, f verifies (C3). Moreover, it is not difficult to see f = 00, and accordingly the results
of Theorem 3.2 are also valid.

At the end of the section, we list some related results and remarks.
Let us consider the multiparameter differential systems

: U (t) = —ar (g1 (@) u(t) + Aby (O)f (u(t — 71.(0)), v(E - 01.(1))), (33)

V(t) = —ax (g (v(0)v(e) + nba(t)g(u(t — 7a(2)), v(£ - £2(2))),

where A, u > 0 are parameters. Under the same assumptions as before, one can check that
system (3.3) is equivalent to

u(t)=x f . G (¢, s)bl(s)f(u(s -7 (s)), V(s -4 (s))) ds,
=i [ Gt baslg(uls ~ra0)vls - )

el O w©)do el & On ) a0

3 GZ(t’ S) =

G t,S = > )
1(6:9) oo’ @) ©)ds _ 1 elo’ 2@)pweNds _ 1

, [<s<t+w.
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Furthermore, by a similar argument as above, it is not difficult to see that the results of
Theorems 3.1-3.3 remain true for system (3.3).

Remark 3.2 It is worth remarking that, under some reasonable assumptions, the results
of the paper are still valid for the more general coupled systems

u(t) + ai(t)gi(u,-(t))ui(t) = )\ibi(t)fi(ul (t - ril(t)), ey u,,(t - ‘L'm(t))), i=1,2,...,n

and
ui(t) = a,'(t)g,-(u,'(t))u,'(t) - kibi(t)ﬁ(ul (t —Ti (t)), e Uy (t - tin(t)))r i=1,2,...,n.

Acknowledgements
Not applicable.

Funding
The first author is supported by National Natural Science Foundation of China (Grant No. 61761002), First-Class Disciplines
Foundation of Ningxia (No. NXYLXK2017B09), and the Key Project of North Minzu University (No. ZDZX201804).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
RC analyzed and proved the main results, and was a major contributor in writing the manuscript. XL checked the English
grammar and typing errors in the full text. All authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 28 October 2019 Accepted: 21 January 2020 Published online: 30 January 2020

References
1. Chow, SN.: Existence of periodic solutions of autonomous functional differential equations. J. Differ. Equ. 15, 350-378
(1974)
2. Wazewska-Czyzewska, M., Lasota, A.: Mathematical problems of the dynamics of a system of red blood cells. Mat.
Stosow. 6, 23-40 (1976)
3. Gurney, WS, Blythe, S.P, Nisbet, R.N.: Nicholson’s blowflies revisited. Nature 287, 17-21 (1980)
4. Freedman, H.l, Wu, J.: Periodic solutions of single-species models with periodic delay. SIAM J. Math. Anal. 23, 689-701
(1992)
5. Kuang, Y.: Delay Differential Equations with Applications in Population Dynamics. Academic Press, New York (1993)
6. Mackey, M.C, Glass, L.: Oscillations and chaos in physiological control systems. Science 197, 287-289 (1997)
7. Jin, ZL, Wang, H.Y.: A note on positive periodic solutions of delayed differential equations. Appl. Math. Lett. 23,
581-584 (2010)
8. Graef, J, Kong, LJ.: Existence of multiple periodic solutions for first order functional differential equations. Math.
Comput. Model. 54, 2962-2968 (2011)
9. Ma,RY, Chen, RP, Chen, T.L.: Existence of positive periodic solutions of nonlinear first-order delayed differential
equations. J. Math. Anal. Appl. 384, 527-535 (2011)
10. Ma, RY, Lu, Y.Q.: One-signed periodic solutions of first-order functional differential equations with a parameter. Abstr.
Appl. Anal. 2011, Article ID 843292 (2011)
11. Wang, H.Y.: Positive periodic solutions of functional differential systems. J. Differ. Equ. 202, 354-366 (2004)
12. Wang, H.Y: Positive periodic solutions of singular systems of first order ordinary differential equations. Appl. Math.
Comput. 218, 1605-1610 (2011)
13. Chen, RP, Ma, RY, He, Z.Q. Positive periodic solutions of first-order singular systems. Appl. Math. Comput. 218,
11421-11428 (2012)
14. Zhang, G, Cheng, S.S.: Positive periodic solution of coupled delay differential systems depending on two parameters.
Taiwan. J. Math. 4, 639-652 (2004)
15. Kiguradze, I, Puza, B On boundary value problems for systems of linear functional differential equations. Czechoslov.
Math. J. 47,341-373 (1997)
16. Kiguradze, I, Puza, B.: Boundary Value Problems for Systems of Linear Functional Differential Equations. Folia, Masaryk
University, Brno (2003)



Chen and Li Journal of Inequalities and Applications (2020) 2020:24 Page 11 of 11

17. Domoshnitsky, A, Hakl, R, Sremr, J.. Component-wise positivity of solutions to periodic boundary value problem for
linear functional differential systems. J. Inequal. Appl. 2012, Article ID 112 (2012).
https://doi.org/10.1186/1029-242X-2012-112

18. Deimling, K.: Nonlinear Functional Analysis. Springer, Berlin (1985)

19. Guo, D.J,, Lakshmikantham, V.: Nonlinear Problems in Abstract Cones. Academic Press, New York (1988)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1186/1029-242X-2012-112

	Positive periodic solutions for multiparameter nonlinear differential systems with delays
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


