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1 Introduction

The role of monotonicity in Banach lattices is similar to the role of rotundity in Banach
spaces. It is well known that monotonicity properties of Banach lattices has various ap-
plications in the fields of ergodic theory (see [2]) and approximation theory; in particu-
lar, they are very useful for estimating the errors of the approximation. Also, they have
been introduced and studied in the context of their geometric structure by Birkhoffin [3].
Moreover, Betiuk-Pilarska and Prus showed recently that if X is a weakly orthogonal Ba-
nach lattice with ¢,,(X) < 1, then X has the weak normal structure. Consequently, X has
the weak fixed point property (see [4]).

For lattice theory and monotonicity results in some Banach lattices we refer to [5-14].
Monotonicity has been extensively studied by several researchers in some specific lattices
such as Lorentz, Orlicz or Musielak-Orlicz spaces [15-33].

In this paper, monotonicity properties and the coefficient of monotonicity for Orlicz
sequence spaces equipped with the p-Amemiya norm are investigated.

Let X be a Banach lattice with a lattice norm || - || and X* be the positive cone of X. We
denote by B(X) the unit ball of X, by S(X) the unit sphere of X, and S(X*) = S(X) N X*. We
begin with auxiliary definitions and results that are used in the sequel.

A Banach lattice X is strictly monotonic (STM) if, for all x, y € X*, the conditions x > y,
y#0,and || = |ly|l imply x = y. X is uniformly monotone (UM) if, for any sequence {x,},
{y.}in X*, y, > x,, the equalities lim,,_, o ||, || = lim,,— o ||| imply lim,,_, o ||y, — x| = O.
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A point x € S(X*) is said to be upper (lower) locally monotonic point if, for any ¢ > 0,
there exists §(¢) > 0 such that, for any y € X* (resp. for 0 <y < x), the condition |y| > ¢
implies ||x + y|| > 1 + 8(¢e) (resp. ||x — y|| <1 -48(¢e)). X is said to be upper (lower) locally
uniformly monotone if any x € S(X*) is upper (lower) locally monotone point.

Obviously, each UM Banach lattice is both (upper and lower) locally uniformly mono-
tone, and both these properties imply strict monotonicity. In an UM Banach lattice,
the norm is order continuous and monotonically complete. For example, the lattice L,
(1 < p<00)isan UM, but the lattice L, is not even a STM.

A map @ : R — [0,00] is said to be an Orlicz function if ¢(0) = 0, @ is not identically
equal to zero, it is even, convex, and left-continuous on the whole space of R*. We say
that & satisfies A,-condition at zero (@ € A,(0)) if there exist uy > 0 and K > 2 such that
@ (up) >0 and @ (2u) < KP(u) for any 0 < u < uy.

For a given Orlicz function @, we define a convex functional I on [° by

Ip(x) = Zé(!x(i)b for any x € [°.
i=1

We define supp(x) = {i € N : |x(i)| # 0} and the Orlicz sequence space /» generated by an
Orlicz function @ by the formula

lp = {x € 1°: I (cx) < oo for some ¢ > 0 depending on x}

The Orlicz space [y is usually equipped with the Luxemburg norm

I%llo = inf{s >0:1¢(’—C) < 1}
&

or with an equivalent one

llxllg = sup{Z|x(i)y(i)‘ du:yely,ly(y) < 1}

i=1

called the Orlicz norm.

For any 1 <p < oo and u > 0, define

(1+u1’)1l’ for1 <p<oo,
sp(u) =
max{1l,u} forp=o00

and next define sg ,(x) = s, 0 I (x) for all 1 < p < oo and all x € [°. Note that the functions
sp and sg , are convex. Moreover, the function s, is increasing on R* for 1 < p < oo, but
the function s« is only increasing on the interval [1, c0).

Definition 1.1 ([34]) Let 1 < p < co. For any «x € [, define the p-Amemiya norm by the
formula

1
X =inf —sg ,(kx).
” ||¢,p 0 k @,p( )
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In this paper, the Orlicz sequence space equipped with the p-Amemiya norm will be de-
noted by lp . Itis known that ||x[|¢,1 = [|%[|5 and [%]|e 0 = [%]le (see [34]). Orlicz sequence
spaces lp , are Banach lattices.

For a given Orlicz function @, define

a¢:max{u20:¢>(u):0}, b¢:sup{u20:¢(u)<oo}.

For every Orlicz function @, we define its complementary function ¥ : R — [0, co] by
the formula ¥ (v) = sup{u|v| — @ (u) : u > 0}. The complementary function ¥ is also an
Orlicz function. Let p, be the right-hand side derivative of @ on [0, b¢) and set p, (by) =
limy,, p+(u). Define the function o, : Ly , — [-1,00] by

B @l (p (&) -1, 1<p<oo,
ap(x) = _1) p = OOrLD(x) < 1;

Iy (p+ (%)), p=00,Ip(x)>1
and the functions k; e, \ {0} = [0, 00), k;* :lp, — [0,00) by

k* mf{k > 0:a,(kx) > } (with inf¢ = 00),
k** = sup{k >0:a,(kx) < 0}

It is obvious that k;(x) <ki*(x) foreveryl <p <ooandx elp, \ {0}.

Set K,(x) = {0 < k <00 k;(x) <k< k;*(x)}. Note that K,(x) = ¥ if and only if
k;(x) = k;*(x) = 00. Moreover, the p-Amemiya norm |x|/¢, is attained at every point
k e [k, (x),k;*(x)) where k; (x) < 00, and at k;*(x) whenever this number is finite.

2 Monotonicity in /¢ , spaces
We begin this section with some useful lemmas.

Lemma 2.1 ([10]) Let X be a Banach sequence lattice. X is STM iff, for every x =
(x(1),%(2),...) € X such that ||x|| = 1 for every atom {j} included in supp(x), llxxw g Il < [1%]l.

Lemma 2.2 ([10]) A Banach lattice X is UM iff, for any x € X such that || x| = 1 and for
every ¢ > 0, there exists § > 0 such that, for any measurable set A C supp(x) where ||xx4| > €,

we have ||xxmall < %]l —

Lemma 2.3 Letx € lp ), \ {0} be given. If K, (x) = @, then ||x||lo,p = ro Yooy |%(i)|, where ro =
D (u)

u

limu—> 0o

Proof Let f(k) = %(1 + I (kx))}?. Then limg_, o+ f (k) = +00. Since f(k) is continuous and
K, (x) = ¥, we have

xlle,, = klingof(k) = klggo

@ (kx(i))
ZI D= =" leml -

Lemma 2.4 Let & be an Orlicz function. For any subset A C N and any p with 1 < p < 0o,
the following conditions are equivalent:
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(1) Forany x € lg p satisfying supp(x) C A, we have K,(x) = .
(2) I (q-(ro xa)u(ro xa) < 1, where xa = Yy i

Proof (1) = (2) If [{;_l(q,(rqs xa)ly (ro xa) > 1, take a sequence {N,,} of subsets of N such
that Ny CNo C N3 C -+, U2y Ny =N, and xw,, € lo, for all n € N. Since

Jim i (q-(nxn,na)) 1w P+ (MxN,04)) = i (q-(ro xa)) 1w (ro xa),

there exists 79 € N such that Ig_l(q_(noanomA))Iw (p,,(noXNnomA)) > 1, thus Kp(i’IOXN,,OnA) #
#. Therefore Ié_l(q_(w xa) e (re xa) < 1.

If IZ_I(q_(wXA))Lp (ro xa) = 1, then Ip(q_(re xa)) < 0o. Define y = g_(rg x4), we have
Ip(y) < 00, that is, y € [ .

For any k > 1, we get I{;l(ky)lq, (pi(ky)) < Igﬁl(q_(;’q; X))y (re x4) =1 and

27 k)ly (s (k) = I 0)Lw (9. 9))
=1 (q-(ro xa)) 1w (p+(g-(ro x4)))

z Ig;l (q-(ro xa)) 1w (ro xa) = 1.

Therefore, [1,00) C K,(y) ##, 50 I (q_(re xa))lw (re xa) < 1.
(2) = (1) Set x € I, supp(x) C A. Iflg,_l(q_(r@XA))Lp (re xa) <1, then

B k)l (po (k) < 1 (g-(ro xa)) T (ro x4) < 1
for all k > 0. So k;(x) = 00, whence K,(x) = 0. O

Next, let us discuss the strict monotonicity, upper and lower local uniform monotonic-

ities, and uniform monotonicity of /g ,.

Theorem 2.1 If 1 < p < o0, the space lo, is strictly monotone if and only if one of the
following conditions holds:

(1) ap =0or

2) 5 (g-(ro))ly (re) < 1.

Ifp = 00, lpp is strictly monotone if and only if ap = 0 and @ € A,(0).

Proof Here, we only discuss the case where 1 < p < 00, see [22] for detailed discussion
whenever p = co.

Necessity. If ag > 0, divide N into infinite pairwise disjoint subsets, denoted by N,,, such
that Card(N,,) = oo for all n € N. Define x,, = ZieNM agpei, X = ZieNl age;.

For any k > 1, we have Iy (kx,) = Ip (kx) = I (k(x,, + x)) = co. Moreover, for any k € (0,1],
we get

(1+ 15 (k) = /—1<(1 $ (k)7 =+ (1+ I (Kl + )7 =

1
A

=

1
Therefore, ||x,]l¢, = infiso %(1 + I, (kx,))? = 1. In the same way we obtain that lxlle,, =
lls + %[l @, = 1. This shows that [ , is not STM.
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If[{;ﬁl(q_(m))lw (re) > 1, take a sequence {N,,} of subset of N such that Ny C N, C N3 C
-+, Uy Ny =N, and x,, € lo, for all n € N. Since

lim 157 (q-01,)) o (P (n03,)) = I (q-(r0)) 1 (1),

there exists 119 € N such that If;fl(q_(no XNHO))IW (p+(no XNog )) > 1. Consequently, by Lem-
ma 2.4 we have Kp(noano) Z0.

Set x = no XN, - Then x € [y , and K, (x) # 0. Take & € K,(x) and define y = x + “TQ’XN\NWO.
Then we have x <y, x #y, and

ASIE

1 11
Iyllop < E(l + 15 (hy))? = Z(l + (I (h) + Lo (ag xro\n,))” )

_1
" h

=

(1+ 15 (hx))

= [Ixlle,p-

Therefore, |x]l¢, = Ilyll¢, which implies that ; , is not STM.

Sufficiency. If ag = 0, for any &,y € (lp )" satistying ||x[s, = 1 and y # 0, the following
cases are considered,

1. If K,(x) # 9, then K, (x + y) # 0, so taking k € K,,(x + ), we get

1
73

(L 1 (k) — 25 (1+ Ty k)

> (I (kx) + I (ky))” — I (kx))

e+ 3, — Nl = — (14 15 (kGx +9))) = 1l

=

=

2. If Ky(x) = 0, then K,,(x + y) = §, and according to Lemma 2.3,

I+ yllop =70 3w + 96| = ro (me + Zym)
i=1

i=1 i=1
=lxlep + 1yle,p = lxle, > 1.

When K, (x + y) # 9, taking k € K, (x + ), the proof can be proceeded in the same way as
in case 1. In conclusion, /g, is strictly monotone.

In the following we consider (2) was established. For any x € S(l¢ ,) and any j € supp(x),

we have |lxx;jll¢,, > 0. According to Lemma 2.4, we know that K, (xxw\(y) = 9. If K, (x) = 4,
then

Ixllo,p =ro Y _|x@)| =ro|x()] + o Y _|xG)]

i=1 i#

> lxxpllep + lexmllep > lexmg e ,p-

If K, (x) # 0, taking h € K,(x), we get

1 1 1
lxlle,p = E(l + 15 (hx))? = — (1 + Iy (hxxn)? > lexon gy llo,p-

N

Page 5 of 15
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According to Lemma 2.1, I , is strictly monotone. O

Lemma 2.5 Ifx € S(l¢ ), x > 0, and K,(x) = 0, then x is a point of upper local uniform
monotonicity as well as a point of lower local uniform monotonicity.

Proof By Lemma 2.3, we have %o, = ro Y #(i). For any y € (I3,)* with y < x and
lylle,, > &, we have Ko ,(x — y) = @, whence

llx - y||¢p=r¢Z (i) - »() —wa(z—r@Zy(z
i=1
= %oy =l <1-e.

This shows that x is a point of lower local uniform monotonicity.

Assume that x is not a point of upper local uniform monotonicity. Then there exists a
sequence {x,} in (I ,)* such that ||x,lle, > & >0 and lim,_, o [|% + %]l = 1. Next, we
consider some cases under this assumption.

1. There exists an infinite number of # such that K,(x, + x) = ¥. Due to Lemma 2.3, we

have

I+ xullop =ro Yy (¥(0) +24(0) =10 Y _2(0) + 76 Y x4(0)

i=1 i=1 i=1

> [%llop + [Xnllo, =1 +e.

This inequality holds for infinite #n € N, which is contradictory obviously.

2. There exists an infinite number of # € N such that K, (x,, + x) # @. In this case,
applying the double extract subsequence theorem, we may assume that K, (x,, +x) # ¢
for any n € N. Let k, € K,(x, + %), n=1,2,.... Here, we consider two subcases as
follows.

(1) Iflim,_ o k, = ko < 00, then

=

1 1
% + %l o, = k—(l + 1 (K (s +%)))? >

(1+1 (knx))? .

»|,_.

Since Kj,(x) = ¥, lim,,_, o || + *[l», = 1 and by the Fatou lemma, we have
, 1, 1
1= nlingo ||xn +x”¢,p > k_()(l + Iq)(k()x))p > ”x”d’,p = 1:

which is a contradiction.

(2) Iflim,_,  ky, = 00, then by superadditivity of @ on R,, we get
1 = liminf ||x, + x|”
n— 00

= hnniggfﬁ(l + 1% (Ku (v + %))

> liminf — (1 + I (ko) + I (k,,x))

n—00 kp

Page 6 of 15
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_ linnig}f(kip(l k) + (1T (knx)))

= liy’ILliC)glf(HanI;,p + ||x||§>,p)

>1+e.
This is a contradiction, which finishes the proof. d
Lemma 2.6 ([35])

(1) For any sequences {&}, {ni}, we have (3_ 1& + ni|?)
forevery 1 <p<oo.

ST

< (X, &P + (5 Imel?)?

(2) 1+ (u+ v)p)l% <1+ u”)!l’ +vforallu,v>0andeveryl<p < oo.
(3) max{1,(u+v)} <max{l,u}+vforallu,v=>0.

(4) sopx+Y) < s0,%) +1s(y) for all measurable functions x, y with disjoint supports.

Theorem 2.2 For the Orlicz sequence space, the following conditions are equivalent:
(1) Il is uniformly monotone.
(2) lop is upper locally uniformly monotone.
(3) lop is lower locally uniformly monotone.
4 { lg p is strictly monotone, if p =00,
lg p is strictly monotone and @ € Ay(00), if1 <p<oo.

Proof Obviously, (1) = (2) and (1) = (3).

(4) = (1). In this paper, we only discuss the case 1 < p < 00, because the case p = co was
discussed in [22].

Assume that @ € A5(0). If ag = 0 but /¢, is not uniformly monotone, there exist £ > 0
and x,, y, € l;),p forall n € N satistying ||x,llo, = 1, [¥ulleop = &, and lim,_ o0 1%, + Y llop =
1. Then ||y,/2|l¢ > 2_1%_18. By virtue of @ € A,(0), there exists § > 0 such that Iy (y,/2) > §.

Take k, € K,(x, + y,). Since [|x, + Yullo, < 2, we get k, > 1/2. Hence

b b p
6 + 9l = 1 = 0+ 9l = Il
1
ks,

((LD (knxn) + 1(15 (knyn))p - 15; (knxrl))

> S (1+ I (kn(xn + y2))) — —5 (1 + I (k)

=

=

NN

15) (knyn) > 21915) <%> > 2P§P,

which contradicts the equality lim, o [|%, + ¥ullop = 1.

Moreover, if I (q_(re)lu (re) < 1, then I (p, (kx))ly (kx) < I (q_(re))Iy (re) < 1 for
allx € [y, and all k > 0, so we have k} = 0o and K, (x) = . For any ¢ > 0 and any supp(x) C A
such that [xx4lle, > &, it is easy to see that K, (xx4) = ¥, K,(xxn4) = ¥. Therefore,

Ixllop=re Y _|5@)| =ro Y |x@)]| +ro Y |x()]
i=1

i€eA ieN\A

Page 7 of 15



He et al. Journal of Inequalities and Applications (2020) 2020:37

Page 8 of 15

> lxxallep + llxxmallep

> lexmallep + €.

By Lemma 2.2, [y ,, is uniformly monotone.

(2) = (4). We only need to prove that @ € Ay(0) if 1 <p < co.If not, for any ¢ € (0,1/2)
there exists a sequence {u,} | 0 such that

%) %) p-1
D (1) < e (1), (Z W(p+(un>)> (Z as(un)) =1
n=1 n=1

Setk=(1+(3 2, @(u,,))ﬁ)!l’ and define x = %(ul,o, U7,0,u3,0,...). Then

o (kx) = Igﬁl(kx)llp( +(klx])) - 1

= (i lI/(p+(u,,))) (i CP(u,,))p_l -1=0.

n=1

So we get k € K,(x) and ||x]|g,, = %(1 +Ig(kx))1% =1.
Since @ ¢ A;(0), for any 5 € (0, &), there exists sufficiently small v > 0 such that @ ((1 +
2m

—_—
nyv) > ?. Take m € N such that n < m®(v) < 25 and define y = %(O,V,O, v...,0,v,0,0,
0,...). Note that,

~

Ip ((1 + n)ky) =m®P ((1 + n)v) > mely

> 1.

Sowe have ||ylle, > ¥lle = m > m And due to
o0 p };
k= <1 + (Zd”(un)) )
n=1
Io%) p }y
< (1 +e? (Z unm(un)) )
n=1

) 00 p %
= <1 +e? (Z D (u,) + lel(p+(u,,))> )
n=1 n=1

[ [ 1-p\ p 1%
= (1 + &P (Z D (u,) + (Z cb(u,,)) ) ) ,
n=1 n=1

we obtain k¥ < 1+ £2((k” — 1)7 + (k? — 1) 1)?, thus k < (£)7 and ||ylle, >

1 > (1-¢)
(1+8)k 1+e °
Since k > 1, by Lemma 2.6, we have

i

x+yllop,—1=Ilx+ylep,—lxle,p

< %(1 + 15 (k(x + )P %(1 + I (k)P
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1
< EI‘D(ky) <1 (ky)
=m®P(v) < 2n.
This contradicts property (2) from our theorem.

(3) = (4). If @ does not satisfy A,(0)-condition, there exists a sequence {u;} 1 00, satis-
fying @ ((1 + )ui) > 281 (1) for all k € N. Take m,, € N such that 51 < m,® () < 5.

T =
And define
my m3 ms3
e N N
X = (ul,...,ul,uz,...,uzug,...,ug,...),
o0
X = E x(i)e; (forall m € N).

n=(myp+mo+--+my)+1

Then 0 < x, <x and

lo) =Y mebu) <3 2 =1,

i=1 i=1
1 1 1 = 3 P11 1 > 3 D((1 1
()= Zof(03)e)= 2 o((105)4)

S Z 2, () = Z l=00 (forallneN).

i=n+1 i=n+l

Hence

n 1
1 = e = lixallop 1=|xllo < lxllo, =27 (forallmeN)

and

(my+mo+--+my)
x(i)e; =[xl ¢ p-

D.p

lim [x—-x,ll¢,= lim
H—0Q Hn— 00

I
—_

n

This means that [ , is not lower locally uniformly monotonic. O
Corollary 2.1 [g , is order continuous if and only if @ € A,(0).

1
Example Let @ (u) = |ule ™ for u # 0 and @(0) = 0. Then the Orlicz space /g, is STM for
p=1butitis not STM for 1 < p < co.

D (2u)
D (u)

plies that the function @ does not satisfy the condition A;(0). By Theorem 2.2, we obtain

Indeed, @ vanishes only at 0. For any u« > 0, lim,,_,¢ =1lim,_¢ Qe = 00, which im-
our result.

A Banach lattice X is said to be weakly orthogonal if, for every weakly null sequence
{x,}, it follows that lim,_, « |||x,| A |x|]| = O for all x € X. Dalby [36] proved that weakly
compact convex subsets of a weakly orthogonal Banach lattice with uniformly monotone
norm have a weak normal structure. And Yunan Cui [37] proved that the Kothe sequence
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spaces X are weakly orthogonal if and only if X is order continuous. So we obtain the
following result.

Corollary 2.2 Ifaq =0, @ € Ay(0), then each nonexpansive mapping of a nonempty con-
vex weakly compact set in lp , has a fixed point.

3 Coefficients of local uniform monotonicities of /¢
For a given Banach lattice X, the upper (lower) modulus of monotonicity of X forall ¢ >0
(resp. 0 < ¢ < 1) is defined by the formula

nx(e) = inf{ lo+ vyl —1:x,y€ X, | =1, |yl = 8},

Sx(e) =inf{1—llx—yl:x>y>0,lx] =1yl > &}.
In 1993, Kurc [14] proved the following equality:

nx(e)

R P

(Ve €[0,1)).

Obviously, X is uniformly monotone if and only if nx(g) > 0 (or dx(¢) > 0) for every ¢ €
(0,1]. X is strictly monotone if and only if 5x(1) = 1.
Moreover, the numbers ¢,,(X) and g,,(X) defined by

em(X) = sup{e € [0,1] : nx(e) = ()} = inf{s € [0,1]: nx(e) > 0},
(X)) = sup{e €[0,1]:8x(e) = 0} = inf{s €[0,1]: 8x(e) > 0}

are said to be the upper and lower characteristic of the monotonicity of X, respectively. In
2009, Hudzik and Kaczmarek [20] proved the following:

En(X) < em(X) < 28, (X).

Namely, X is uniformly monotonic if and only if &,,(X) =€,(X) = 0.
Similarly, for any x € S(X*) and any ¢ > 0 (resp. ¢ € [0, 1]), the functions defined by

ne(€) = inf{llx +yll = 1:y € X*, ||y > &},
S:(e) =inf{1—lx—y|:0<y <x|yll = &}

are called the upper and the lower modulus of local monotonicity at the point x, respec-
tively. Moreover, the numbers

emlx) = sup{s €[0,1] : ny(e) = O},

Emlx) = sup{s €1[0,1]: 8.(e) = 0}

are called the upper and the lower characteristic of monotonicity at the point x, respec-
tively. Clearly, x is a point of upper (lower) local uniform monotonicity if and only if
em(%) = 0 (En(x) = 0).
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For more information about the characteristics of monotonicity and the modulus of
monotonicity, see [7, 9, 13, 20] and the references therein.

In the last part of our paper we consider the problem of estimates for the local character-
istic of monotonicity lower modulus of monotonicity of Orlicz function spaces equipped

with the p-Amemiya norm.

Lemma 3.1 ([9]) Forany ¢ € (0,1), we have

Sx(e) = inf{1— -y :0 <y <x[IX]| = 1, |yl > &}

inf{1—llx—yl:0<y<axlX[ =11yl =}

{
inf{1-Jlx—y]:0 <y <xlIX| <1yl > ¢}
{

inf{1-llx—yl:0<y<x|XII<1,Ilyl=¢}

Lemma 3.2 ([34]) Foreveryx €lp,\ {0} and every 1 < p < oo, the function k — %s,p,p(kx)

is decreasing on (0, k) (x)).

Theorem 3.1
(1) If @ ¢ A(0), 1 <p < o0, then €ullep) = emlsp) = 1.
(2) If € Ay(0), 1 < p < o0, and either of the two conditions (i) ag =0 or
(ii) 257 (q_(ro )y (re) < 1 is satisfied, then €,,(lp ») = em(ls ) = 0.
(3) If ® € Ay(0), p = 00, then €,y(lpp) = emlap) = 0.

Let us discuss the local characteristic of monotonicity at the points from the unit sphere.

Lemma 3.3 ([38]) Forany u € ly, setting [ul, = Y ., u(i)e;, we have
lim [|u—u,llo = lim [lu—u,|g = 0(w),
where 6(u) = inf{A > 0: I (3) < 00}.

Theorem 3.2 For any x € S(l, ,), we have the following results:
(1) If @ ¢ A2(0), then

1, p =05,
em(x) = L <
<p<oo.

_1
oK
(2) If D € A2(0), 1 < p < o0, and either of the two conditions (i) ag =0 or
(ii) I{;;l(q_(rq)))lx]/(rq)) < 1 is satisfied, then &,,(x) = 0;
(3) If € Ay(0) and p = oo, then g,,(x) = 0.

Proof Only the case 1 < p < 0o should be considered. If condition (2) is satisfied, then /s ,
is upper locally uniformly monotone, so ¢,,(x) = 0 according to Theorem 2.2.

If @ ¢ A,(0), then for any ¢ € (0, %) and any § > O, there is # > 0 such that @(u) <8
and @((1 + &)u) > %CD(M). Choose m € N such that § < m® (i) < 28. Take iy € N such that

k;(x)x(i) < eu is satisfied for all i > iy.

Page 11 of 15
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Define y = 311" (45 — (i) e;. Then
P

i=ig+1

Io((L+3e)kx(x)y) > Y @((1+3e)(1 - e)u) > md((1+)u) > 1.

i=ig+1

Hence ||ylle,p = ylle > m-

On the other hand, according to Lemma 2.6, we have

x+ e,

ST

<

“ kW

io+m io 00 P 117
= k*l(x) [1 + (Z Sw)+ Yy d(k@x@)+ Y @(k;(x)x(i))> }
14

i=ig+1 i=1 i=ig+m+1

(1+14 (k;(x)(x +7)))

S

1
< k*—(x)(l + (m®(u) +Ip (k;(x)x))p)

)4

(1+1 (k;(x)x))}’ + m®(u))

=

5 ()

1
|%llep + %rmp(u)

< llxllo,p +28.

So, nx(m) <28 — 0as § — 0. Therefore, ¢,,(x) > m. By the arbitrariness of
1
& > 0, we have ¢,,(x) > ok
Assuming that &,,(x) > k%(x) There is &y > 0 such that ¢,,(x) > k%(x) + &9, thus there exists
V4 V4
a sequence {y,} C l;),p satisfying [[yullo, > % +&o and lim,, o0 | + Yullo,p = 1.

Denote k, = k; (x + y,) for all n € N. Clearly, k, < k; (x). Without loss of generality, as-
suming that lim,_, o k,, = ko, we have ky < k; (x). If ko < k;(x), by Lemma 3.2, the func-
tion k — %s(p,p(kx) is decreasing on (0, k;(x)), so there is o > 0 such that ésqu(knx) >
%sap(k; (%)) + o for n large enough. Hence,

%+ yullop —1=lx+yullop = %o, >0

for n large enough. This contradicts the equality lim,,_. o [|% + Yullo = 1.
If ko = ky,(x), by virtue of the Fatou lemma, liminfj,_, o 1o (kyx) > I (kox) = (k§ — 1)1%.
Then
Kb = n]i)rgo kb ||x +y,,||fp'p
- Jim (142 (5-7.)
> 1im (1 + (Ip (k) + 1o (kuyn))”)
n— 00

> 1im (1 + I (k) + I (Kuyn))

n—00



He et al. Journal of Inequalities and Applications (2020) 2020:37 Page 13 of 15

> lim (15 (k) + 1 Ku115,)

1 p
<k0<k_o +80>> +kb -1

=k + (1 +koso)’ — 1> k.

v

This is a contradiction. Therefore, &,,(x) = k,}(x). a
»

Theorem 3.3 For any x € S(l;’p) and any 1 < p < 00, we have
Cn(x) =0 (x).

Proof Set [x], = Z:’Zl x(i)e; for all x € [ . By Lemma 3.3, we have 6(x) = lim,,_ o |lx —
Klullop-

Forany ¢ > 0, there is iy € Nsuch that ||[x];, ¢, > 1—¢, whence [lx— (x—[x];)) o, > 1—¢.
Further, as a result of the inequalities [[x— [x];, o, = lx—[x];, lo > 6(x), we get §,(0(x)) < .
By the arbitrariness of ¢, we obtain §,(6(x)) = 0, whence z,,(x) > 6(x).

Assuming that g, (x) > 0(x), then there is g9 > 0 such that z,(x) > 6(x) + 9. So there exists
asequence {y,} in lp , satisfying y, <, [|yulle,, = 60(x) + & for any #n € N and lim,,_,  [|% —

yn||<1>,p =1
Choose a sufficiently large iy such that |lx — [x]; le,, < 6(x) + 2. Then

”_yn”d?,p = ” [yn]io ”q),p + Hyi’l - [_)/n]io H<D,p
= [ bdio | + = o],

<[liol g, + 06+ 3

whence [|[yulipllo, > %0 Consequently, [|[y4];lle > f—oﬂ, whence there is § > 0 such that
27

Is([ynliy) > 8. Taking any k € K, (x), we get

1
1% = yull’y , < = (1 + I (k(x = y4)))

kb
< 25 (1 (Lo () ~ Lo ()))
TR ASIACH))
< IIxl1%,, = 1 ()
<1-68.
This is a contradiction with lim,,_, o % — ¥4lle,» = 1. Therefore, %, (x) = 6(x). -
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