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1 Introduction and preliminaries
Letg€(0,1), w>0and wy := %{. Let f be a function defined on an interval I of R which
contains wy. Hahn [10] introduced his difference operator which is defined by

Dyf () ::%, if £ + o, (1.1)

and Dg.f(wo) := f'(wo), provided that f is differentiable at wy in the usual sense. In this
case we call D, f the g, w-derivative and that f is g, w-differentiable at £ whenever D, f(¢)
exists. Finally, we say that f is g, w-differentiable, i.e., throughout 7 if D ., f () exists.

Hahn difference operator unifies the two most well-known quantum difference opera-
tors: the Jackson g-difference operator [11-13], which is defined by

_flg) -f(¥)

PO ="

, ift#0,0<g<1; (1.2)
and the forward difference A, which is defined by

AL f(2)

:W’ teR, >0, (1.3)

see [4, 5, 14, 15]. Hahn operator has attracted the attention of several researchers and a va-
riety of results can be found in papers [1, 2, 6, 16—22]. In [3] Annaby and Mansour proved

analytically the g-Taylor series associated with D, introduced by Jackson [12], of an ana-

lytic function in some complex domain. In the present paper, we establish an overarching
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g, w-Taylor theory associated with Hahn difference operator D,,,,. In this theory the Hahn
difference operator D, replaces the differentiation operator in the usual Taylor series.

First, we introduce some preliminary results and some notations. Let f, g be ¢, ®-
differentiable at ¢ € /, then

Dq,w(f +g)(t) = Dq,wf(t) + Dq,wg(t)i (1.4-)

Dy (f2)(t) = Dy (f (£))g(t) +f(qt + 0)Dygug(t), (1.5)
_ Dyo(f()g(t) - f(£)Dy,.g(t)

Dy(flg)(t) = FOrCTET) (1.6)

provided that in (1.6), g(t)g(gt + w) #0 [1, 2]. Also, for n € N, the following relations hold:

S
—

Dyolat+ By =ay (algt +w) + B) (t + B, (1.7)
k=0
n-1
Dyolat+ )" =y (algt+o) + )" (et + p*Y, (1.8)
k=0

where «, 8 € R, see [1, 2].
The g-shifted factorial (b; q),, for a complex number b and n € Ny = NU {0} is defined to
be

by, < [T =07, ifnery
o 1; if}’lZO.

The limit lim,,—, o (; q),, is denoted by (; ). Moreover (b; q),, has the representation [9]

(b5 @) = _(-1) <:) 4T (1.9)
k=0 q

The g-binomial coefficients [9]

n\ _ (@ Dn
k . (@ DT D

satisfy the following property:

n+l\ [n x n _[n n a1k
()G ) Q) )
q q q q q

For n € Ny and 0 < g < 1, the g-analogues of the natural numbers of the factorial function

and of the semifactorial function [7, 13] are defined by

1-4"
[n]y = 1 , neNy0<g<l, (1.11)
-9
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and

g =]kl [0lt=1, 0<q<L (1.12)
k=1

[x — a], is defined by
[x—al, = (x—a)(x—aq)(x—uqz)---(x—aq”’l), n>1, [x—alo=1. (1.13)

The following formula was obtained by Euler [8]:

k-al,=Y (Z) g7 & (a). (1.14)
k=0 q

The g-gamma function [9] is defined by

:(%mm
(7% Doo

I,(z) (1-¢)% 0<g<l,

where z € C \ {-n: n € Ny}. Here, we take the principal values of ¢° and (1 — g)'*. In
particular

Fq(n+1)=M neN.

1-q"

It is known that, for x > 0, I';(x) is the unique logarithmically convex function that satisfies

the functional equation:
Ty(x+1) = [x], T (x%), r,1)=1.
In [1], Aldowah introduced the g, w-integral of f from a to b as follows.

Definition 1.1 Let / be any interval of R containing wq. Assume that f : I — R is a func-
tion, and let a, b € I such that a < b. The g, w-integral of f from a to b is defined by

b b a
/ f@®)dgot=| f@Odgot— | fOdgot, (1.15)
where
fOdgot = (x1-q) -0) > d'f(xq" +0lkl,), =xe€l, (1.16)
“0 k=0

provided that the series converges at x = 2 and x = b. In this case f is called g, w-integrable
over [a,b] forall a,b € I.

Lemma 1.2 ([1, 2]) Letf,g:I — R be q,w-integrable on I,k € R and a,b,c €I, a < c< b.
Then
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() [ f(t)dgot =0,

@) [, kf (&) dgot = k [ £(8)dgut,
(iii) f t) dq,wt = _fbaf(t) dq'wt,
)

w)

E‘*&

Q

S

w_&

(iv fa f(t)dqwt fcf(t)dqwt+ [P F(8) dygot,
f (f dqwt .[f qwt+fuhg(t)dq,wt-

Lemma 1.3 ([1, 2]) Iff : I — R is continuous at wy, then {f(sq* + wlklg)}ken converges
uniformly to f(wy) on I.

Corollary 1.4 ([1,2]) Iff :1 — Riscontinuous at wo, then' ) -, If ((sg") +w(kly)| converges
uniformly on I, and consequently f is q, w-integrable over I.

Lemma 1.5 ([1, 2]) Iff,g:I — R are continuous at wy, then

b b
/ F(6)Dy(g(®) dgot =f(E)g®)I] - / Dyo(f(0))g(gt + ®)dyut, a,bel.  (117)

Theorem 1.6 ([1, 2]) Assume that f : I — R is continuous at wy. Define

Fx):= | f(©)dgt.

wo

Then F is continuous at wy. Furthermore, Dy ., F (x) exists for every x € I and D, F(x) = f(x).
Conversely,

b
/ Dyof O dgt = fB)~f(@), abel.

2 Main results
We define the g, w-derivative of higher order in the usual way. That is, the nth g, w-

derivative, n € N, of f : I — R is the function D} f : I — R given by D] f := qu,(DZ;u1 ),
provided Dg;ulf is g, w-differentiable on [ and Dg' of =f. We consider the following linear
spaces:
C"=C"(I,R)
= {f :I — R | f is differentiable #-times and f are continuous,i = 1,2,. ..,n},
Crw=Cpo(LR)

= {f :I — R | f is g, w-differentiable n-times and Dg,wf is continuous at wo},
and
C;iu = C;f’w(l, R)
:={f :1 - R |f is g, w-differentiable infinitely many times at wo}.

Our target is to obtain Taylor expansion of a function f defined on an interval I that con-
tains wy associated with Hahn difference operator. We need the following lemmas in prov-
ing our main results.
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Lemma 2.1 Let f be a function defined on I. Then, for x # wy, the nth q,® derivative
(DZ, S)x) can be expressed as

(DLS)®) = (xg-D + ) "g T (k) (~1)%q T (xq" ™ + wln - K,). (21)
k=0 q

Proof For n = 1, the formula above yields (1.1). Assume that formula (2.1) is true for n = m.
By relations (1.5), (1.8), and (1.10), we have

k=0

(D) = Dq’”[wq— Do) "y (7:) (1)
q

xf(xqm_k +w[m - k]q):|

m-1

=—(g-1) Z((qx +w)(g—-1)+ w)_m+j(x(q 1)+ a))_j_1

j=0

m(m=1) il k(k-1)
xq  Z : Z (’Z) (—l)kq 2lf(xq'”‘k + w[m —k]q)
q

k=0

+(@x+o)g-1+0)"q Z( ) (kg T

k=0

X Dygof (xq" ™ + w[m — k],)

This implies that

D)@ = "% " (xg -1 +w) " [(q I)Z‘f

X Z (7:) (—1)kq@f(xqm_k +wlm —k]q)
q

+ Z (7:) (—l)qu(kz_l) (f(xq”"k+1 +olm-k+1],)
q

_f(xqm’k +w[m - k]q)):|
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m+1
q’m2 (x(q 1)+a) m|: mZ<k 1) )k71

(k=1)(k=2)
X q 5 zf(xq”"]“rl +olm—k+1],)

£y (’Z) (~1)%g T (3q" N 4 wlm —k + 1]61)}
q

k=0

m+1
m(m+1) —m— m m—k+
=q 7 (x(g-1)+o) 1|:§ (k-l) g (=1)F
k=1 q

k1)
xq 2 flxg" "+ wlm -k +1],)

" m k(k-1)
k=0 q

m(m+1)

=q (x(q—1)+w)’”1[(—1)’”“q

() e (2)

k-1)
x (-1)'q

(xq" ™ + wlm —k + l]q):|

m(m+1)

7 fx)

2 lag ol ko 11)
+f(xq™" + wlm + 1]q)i|'

That is,

(D;’Zlf)(x) q (m2 (x(q 1)+w) -m-1 |:(_1)m+1qm(n;+1)f(x)

3 (”’; 1) (—1)%g T (xq" N + wlm -k + 1],)
q

k=1
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+f(xg"™" + wlm + 1]q)j|

m+1
m(m+1) —m— m+1 k(k=1)
=q 2 (x(q—l)+w) IZ|:< X ) (—1)kq 7
q

k=0
x f (xg" ! + w[m — k + l]q):|.

Therefore relation (2.1) is true at # = m + 1 and by induction it is true for every n e N. [

In the following result, a formula of the nth derivative of a power series of center zero is

given.

Lemma 2.2 Assume that a function f has the power series expansion f(x) = Y poo axx’,

x€l. Then
2\ ek k n+k
(D)= 1= 3 (m)
X (x(q -1+ a))m(w)k_’" (q’”*l;q)n, x # wy, n € Ny. (2.2)

Proof 1Tt is clear that Eq. (2.2) is true for # = 0. From Eq. (2.1) and relation (1.9), we have,
forneN,

(D2 ) ) = (x(g-1) + ) "q 1) (Z) (_l)qu(kz—l)
q

k=0
X Zaj (xq”’k +wln - k]q)j
=0
00 j .
B _ n _H(Vlz—l) a;j 1y J nr
=(xg-1)+0)"q ,:Zoﬂ-q)’;( 1) ()q
Ny D)
x (%(g - 1) + ») (@) ;<k> Vg 7 q*

q

00 j .
_ _ -n __ L"{l) ﬂ/ 1\ ] nr
(*g-1)+w)"q j}zoﬁ g 2= (r)"

r=0

X (x(q -1)+ a))r(w)/_’(q_’; q)n.

Then
7 n -n __nlr-1) ¥ aj / r_nr /
0 =W lta=0) "o 5 2y (1)
n(n-1)

> (x(q _ 1) n w)r(w)j—rq—rn+ 5 (qr—n+1;q)n

=(-)'(xg-D+w) ") a - y 2 (i)
j=n

j
- q r=n
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x (x(g 1) + ) (@) (77" q),

0 n+k
=(-1)'(x(g-D+o HZ 1an;;n+k2 <ﬂ+k)

k=0

x (x(q_ 1) + w)r(w)}ﬁk—r(qr—}ﬁl;q)n

0 k
o5 g (715)

k=0 m=0 ntm

x (2(g-1) + )" " (@) (¢ 9q),,

“1-0" Y G [(—nk(x«z— D+0) (),
k=0

k-1
e ( " k) (x(g—1) + w)’”<w>k’"(qm“;q)n]. -

The following result includes a useful formula for the nth derivative of a power series of

center wg.

Lemma 2.3 Assume that a function f has the power series expansion f(x) = Y poq ax(x —
o)X, x € I. Then

Dl f@) = (x1-q) - 0) "> anulx - w0)"*(q"*q),,  x#wo. (2.3)
k=0

Proof 1t is clear that Eq. (2.3) is true for n = 0. From Eq. (2.1) and relation (1.9), we have,
forneN,

(D)) = (x(q =1+ ) " "5 (Z) (15"
0
X Zﬂj(xq”‘k +oln- k]q _ wO)j
j=0

From this it follows that

(D4, )@ = (g - )+ ) "5 <k) (1
q

0]
X Z a;q" Y (x — wo)

Jj=0
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n-1)

=(x(g-1)+ w)_"qfn(T > [ﬂ;q”’ (x — o)

j=0
" (n kk=1) .

xZ(k) (-1fg = }
k=0 q

=(Mg-D+w) g 1)Zaq’(x woY(q734),

j=0
=(x(g-1D)+w)"q ) i[d;q"j (% — wo) (1)~ 1)
j=n
(7% q),]
=(x(1-g) - )" iﬂmk(x — w0/ (¢q), . :

k=0

One of the important questions: Is there a relation between the nth g, w derivative and

the usual nth derivative? The answer is in the following lemma.

Lemma 2.4 Iff € C"*L, then
(1) DZ’J exists on I and is continuous at wo forallm=1,2,...,n+1;

(i) forl<m<mn+1,

D f (o) = [m] ‘f " (@), (2.4)

where ) is the usual mth derivative of f.

Proof The proof is by induction. The g, w derivative D, f exists and D, .f (wo) = f’(wo).

Also D, .f is continuous at wy. Indeed,

hm Dy f (x) = lim M

fim e =/ @)= Dyaf (w0).

Now, we assume that (i) and (ii) hold for all m = 1,2,...,[, where [ < n and we want to

prove that they are true at m = [/ + 1. By Lemma 2.1, we conclude that

1 ANy k(k=1)
lim lewf(x) = lim WD Z ( ) -D'q 7
o O (x(g- D) +o)ig 2 1o\ K/,
x f(xq™" 1 + wll -k + 1][,)}
+ ~1) +1)(I-k+
I1+1 (l 1) (- 1) q(l 1)(I—k+1)

1(1+ 1)

= Jim, Z[

x f(xg ™ + o[l -k + 1]q)].

q 1)z+1(qu k+1 +ow[l-k+ 1] —wo)“lq
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Applying L'Hopital rule / + 1 times and using relations (1.12), (1.13), and (1.14), we get

N . 1 [ 141 § k)
lim quf(x) = lim Z k (-1)*q 2
k=0 q

X—>w( ’ x— w0 (

X q(l+1)(l—k+l)f(l+1) (qu—k+1 + a)[l—k+ 1]q)j|

o (1), 1
(g- 1 +1)g
g B 1] (wp)
(g-DE( 1"

_ (@ -1 -9 ") - (g =g (wo)
B (q- 1)l+1(1 . 1).q°+1+2+"'+(1*1)+’

(g =D - 1)@ = 1) (g - 1) (o)
- (- 1)l+1(z +1)!

(1140214 - - gL+ 1o/ D ()
- (I+1)

l+l)l—k+lf(l+l) (wO)

1(l+1

I+1
A

On the other hand, we conclude that

/ [
DE1f (@) = lim Daof 3) = Dyof (o)

x—>wQ X — o
) !
d [Zk:o (k)q -
tlg-D+w)g >
!
1
= lim ( Z<l> (_1)kq#
00 (x(g—1) + w)*lg 7 4o \K

x [(x(q - 1) + 0)g*f' (xg"™* + wll - k1) - llg - 1)f (xq' ™" + 0l - k1,)].

1]
5.
|

k4 wll - k]q)]

Again, applying L'Hopital rule / + 1 times and using relations (1.12), (1.13), and (1.14), we
get

1
( -1) _
Dl+wf(a)0 = lim T Z[( ) T qUDe-h
k=0 q

xX—=> w0 (q 1)l+1(l+ 1 lq

x (q - 1"V (xg"™ + [l - K],)

:[q“l—l]z(q 1D (wy)
(q-DH(1+1)g 7

[l+1]q (I+1)
T e
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Therefore,
. I+1 i+l _ [/ +1],! (I+1)
Jim D7) = Dl () = 7o) 0

Corollary 2.5 Assume that f has the power series expansion
o0
fx)= Za,,(x— wo)", xel.
n=0

Then

_ Dgf (o)

a, = 0l , neN. (2.5)

Proof By Lemma 2.4, we have

" wo)  Dguf(@o)

n = n [n],! ’ 0

Now we define the two variable polynomials H,(x, t), x,t € I, to be

n-1
Ho,t):=1,  Hux0):=][(x-#©), (2.6)

j=0

where #(¢t) = tq/ + wljl; ¢ € I is the jth order iteration of h(t) = gt + », which uniformly
converges to wg on I.

Lemma 2.6 For n € Nand x,t € I, we have

th,an(x’ t) = _[n]an—l (xr h(t)): (2.7)

xDq,an(xr t) = [n]an—l(x, £), (2.8)

where D, is the q, w-derivative with respect to t,

Y _ H,(xa)
lg 1) = r(n+1)

where I, , is the q, w-integral

X X1 Xp-2 X1
I;l,af(x) = f / / e / f(S) dq,a)s dq,wxl e dq,wxn—Z dq,wxn—l'

Now, we establish Taylor’s theorem based on Hahn difference operator.

Theorem 2.7 Let f be a function defined on I. If f € C} , for some n € N, then for x,a € I,

n-1 Dk
f@=> q[z]];(!a)Hk(x, a) + Ry(x,a), (2.9)

k=0
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where

* Dy f(e)
Ry(x,a) = / o/ H, 1 (%, h(t)) dgot. (2.10)
a [n- l]q!
Proof We prove relation (2.9) by induction. The right-hand side (R.H.S) of (2.9) at n = 1 is

R.H.S =f(a)Hy(x,a) + Ri(x,a)

=f(a) + / Dy of () dgot = f(%).
Assume that relation (2.9) is true for n = m, that is,

m-1 Dk
f@=)" q['/f]f(,a)Hk(x, a) + Ry (x, a),
k=0 1

DILf(e)
where R, (x,a) = f; [mq'_—l]ql

R,,(x,a). We obtain

Hy_1(x,h(t)) dgot. We integrate by parts in the remainder term

* Dgf ()
Rm(x, d) = /L; mHm_l (x, h(t)) dq,wt

* Dz,lcuf(t) th,me(x’ t)

=_ d, ot
a [m- l]q! [m]q o
mef(t) x Dm+1 (t)
=% " H. (0 + / 2 H,. (% h®))d,
[ml],! “ ). [mly! ( ) da
- H,,(x,a)
= Dq,wf(a) [l + Ri1(x, a).
Then
" D f(a)
@)=Y q’k —Hi(x,a) + Ry (%, a).
k=0 (k]!
Therefore, relation (2.9) is true for n = m + 1, then it is true for every n € N. O

As a direct consequence of the previous theorem, we deduce the following theorem.

Theorem 2.8 Let f € C%,. If for x,a € I, limy,_.oc Ry (x,a) = 0, then f(x) has the following

expansion:
o] Dk
flx) = Z q['li’]f('a) Hi(x, a). (2.11)
k=0 7

Furthermore, if lim,_, o R, (x,a) = 0 uniformly with respect to x in some subinterval of I,

then the series given by (2.11) is uniformly convergent in this subinterval.
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Corollary 2.9 Let f € C;’f’w. If for x € I, lim,,_, o R, (x, wo) = O, then f(x) has the following
expansion:

00 Dk
f@=3 —q'[‘;’; )
k=0 7

Theorem 2.10 Letf € CJ7,. Assume that there is a nonnegative sequence {M,} such that
(i) |D2,wf(hm(y))| <CM,, n,m e Ny, y €, for some C > 0;
(if) lim,_ oo M”;l M exists.

Then f has the q, w-Taylor expansion

=, D5 f(a)
f@=) T Hewa) (2.12)
k=0 7
forevery x € (wo — M(ll 7 @0+ M( ) when M > 0 (respectively x € I when M = 0).

Proof We can write R,(x, a) as follows:

Ry (x,a) = Ry ,(x, w0) — Ry, (% @, ),

where

Rl,n(x, a)o) = 1 / Hn—l (x,h(t))DZ,wf(t) dq,wt

and

Ry, (x50, w0) =

1 “ "
o /w 0 Hy_1 (%, h(0)) D) f () dyot.

From (1.16), we have

o0

Ry u(x,00) = (2(1-q) - )Y q"

m=0

00 n-2
- Fl( (*(1-9)-w Z|: " H(x = [xg™ " + [m+ 1+ 1r],0))
q o

r=0

m+1 v m
Fq(n)H,,_l(x,h (x))Dq,mf(h (x))

x DZ,J(hm(x))}

n-2

1 )( m n— m+r+ 7 m
e Zq (- o [T - ") (760)

r=0

:_(1 _[q)(x_w()) qu(qurl q)nl qaf(hm(x))
n—1],!

m=0

(1-q)"(x - wo)"

T @D ;qm(qm 19), Dyof (H" (%))
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Consequently,

|R1,Vl(x’ Q)O)| <

M, [(1-q)lx-w0ol]"D g™
m=0

,)OO

- CM,,[(1 - g)lx — wol]”
(:9)00(1—q)

Then lim,,_, o Ry, (%, @) = 0, x € (wp — m, Wy + M(+_q)), when M > 0 (respectively x € I,
when M = 0). On the other hand, for a € I, we have

Ry, (xa,00) = WZ&]’” w1 (5 W @)Dl f (W (@)).
q

m=0
Simple calculations show that

2
hm+r+1

|Hyuo1 (%, 17 (@) |

=0

n-2
<[]l -wol + 4" a— wol]
r=0

0o _m+r+l la—wol
< |x _ w0|n_1le:oq =]

|a—wp|

< e — ool eT--20]

Consequently,
lx — wol" (1 - q)la - 600| o
R . a, - q)\x—wm
|Rou(%, a, w0)| < b1, Zq
_ Cla—wolM,[(1 =l — ool lenl
(4D oo
This implies that lim,,_, o, Ry, (x; 2, wg) = 0, x € (wg — (1 Mg @0 * 37 )) when M > 0 (re-

spectively x € I, when M = 0). Therefore
lim R,(x,a) = lim [Rl,,,(x, wo) — Ry (x5 a, 600)] =0,
n—0o0 n—oo

x € (wo ,wo + ) when M > 0 (respectively x € I, when M = 0). |

1
~ M(1—q) M(l
Theorem 2.11 Assume that f has the power series expansion f(x) =Y - an(x — wo)" with
interval of convergence I, = (wg — 1, wo + ), r > 0. Then, for any a € I, f has the q, w-Taylor

expansion

o0 Dk
@)=Y %Hk(x, a), (2.13)
k=0 9

in any closed subinterval I, < r, where the series is absolutely and uniformly convergent

onl,,a<r.

Page 14 of 19
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Proof For n,m € N and by Lemma 2.3, we get

D f(H"0) = (") =g) - )"y @ (W) -

k=0
T (1= - )" anag™ "y
k=0
1 o0
= (1 — q)n Zﬂkqu(y _ a)o)k(qkﬂ;q)n.
k=0
Consequently, for o < 7,
1 o0
1D5f (O = = 2 laxly - o) g™
k=0

-
< |akak|qu
-q) =

1 —
S 7C) elou
a-qr "

Page 150f 19

wO)er (qk+1; q)n

_ wo)n+k(qk+l;q)n

where C = Y, |axaX|. Then, by Theorem 2.10, f has the g, w-Taylor expansion (2.13). O

Now, we establish some properties of the g, w-exponential functions e, (t) and E; (%)

fort eR, |t —wol < = ,where
1
[ ,w(t) = )
P (1 - 41 - ) - )
1
= 2.14
((t(1 - q) - ®); @)oo (214
and
Eo@® =] [(1+4 (01 - @) - 0))
k=0
= (-(t1 - - w)iq), (2.15)
Simple calculations show that the following inequalities are true:
q
e -4 et
<eppt) < ————— |t —wpl| < 2.16
A-wi-g-o) P T-wi-g-o 1 210
and
(1 + (t(l -q) —w))e‘A <Eg0(t) < (1 + (t(l -q) —w))eﬁ, [t — wol < T (2.17)

k
where A =32, 1‘37‘

Finally, we can prove the following power series expansions for e, and E .
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Example 2.12 The exponential functions e, and E,, defined in (2.14) and (2.15) have

the following power series expansions of center a € I

B N ) 1
eq0X) = kXZO: (K, Hi(x,a), |x—awol< - (2.18)
and
2 » 1k
Ejo(x) = Z q q ( (a))Hk(x, a), xel, (2.19)
and have the following power series expansions of center wy:
eqo() =Y Tt (2.20)
k=0 T
and
o gt
Ego(t)=)_ T wo)*. 2.21)
k=0 T

Furthermore, both ¢, and E,, are continuous.

Proof For n € Ny, we have
D;’Yweq,w(t) =e40(1).

Inequality (2.16) shows that e, (¢) is positive and bounded on every compact subinterval

of (wg — —,wo + 1= ) For fixed t € (wg — ——, wp + 1= ), there exists 0 < o < 1 such that

1 -4
[t(1-¢q)-w|<a, whlch implies that

q

et
|D2,weq,w(t)| =< m, n € Np.

By Theorem 2.10, the g, w-Taylor expansion of e, (f) at 4 is given by

eqmm-z q“’(“ Hi(t,a). (2.22)

Since D} ,€4..(wo) = 1, the g, w-Taylor expansion of e, (£) at wo is given by
ego() =Y ——(t—wo)". (2.23)

’

The series in (2.23) is uniformly convergent on every compact subinterval of (wy — ﬁ
Wy + l%q) by Weierstrass M-test, and consequently e, (t) is continuous.
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Lett € R, |t —wol < ﬁ. First, we show that

Eao®) =" qw(h ®)), neNg (2.24)

by induction. For n = 1, we have

Dq,qu,w(t) = ; |:1_[(1 + qk(qt + w)(l - 51) - w))

Hg-D+o |, o

- ﬁ(l +q"(e(1 - q) —w)):|

_ Hliio(l + qk+1(t(1 - ‘I) - a))) [1 _ (
- tg-1)+w

= Eg 0 (h(2)).

1+t(1—q)—w)]

Assume that formula (2.24) is true for n = m. We have

DI E, o (t) = Dy, (D Eao(®))

= "% DyuE g (W ()
_ w 1 - k+m+1 _ _
=q A Dio |:££(1 +q (t1-q) - w))

ﬁ1+qk+m (1-¢g) - a))):|

sty [T+ (61 )~ )

tg-1)+w
x[1-(1+q"(t1-q) -w))]
+m+1 t(l q) a)))
k=0

m(m+1)

=q 2 Ego(K™'().

Inequality (2.17) shows that E,,(t) is positive and is bounded on every compact subinter-

L + 7 ) Also we can see that

val of (wo — 1= =

3

[Eqo ()] < [T+ (0 - @) - 0)|

k=0

:|8

[1+4""(1-q)lt - o]
k=0
(o)

[1 + qk+n]

T
=

IA

[
-
Q
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Therefore,

|DZ:quvw(t) } = q

20 (H'(0))]

nn=1) L
q 7 el1.

IA

By Theorem 2.10, the g, w-Taylor expansion of E, ,(£) at a is given by

2 » hk
Eqolt) = Z 7 ;’i ,( D 1 (t,a).

Since Dy f (o) = q@ , the g, w-Taylor expansion of E,(t) at wy is given by

o0 AR
_\1° k
Eo®=) et (2.25)
k=0
The series in (2.25) is uniformly convergent on every compact subinterval of (wy — ﬁ,
Wy + ﬁ) and consequently E, ,(¢) is continuous. O
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