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Abstract

We first establish some results involving Riemann-Liouville fractional integrals for
partially differentiable functions. Then we obtain some fractional Ostrowski type
inequalities for functions in class of functions L, Ls and Ly, respectively. We also give
some midpoint type inequalities as special cases of our main results.
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1 Introduction

For well over a century, the study of various types of integral inequalities has been the focus
of great attention by a number of mathematicians, interested both in pure and applied
mathematics. One of the many fundamental mathematical discoveries of Ostrowski [1] is

the following classical integral inequality associated with the differentiable mappings.

Theorem 1 Let f : [a,b] — R be a differentiable mapping on (a,b) whose derivative
f":(a,b) — R is bounded on (a,b), i.e. |[f'|lcc := SUP;c(yp) If' ()] < 00. Then we have the

inequality

-

forall x € [a,b].

1 b 1 (x— 2b)2 )
b_ﬂfu f(t)dt‘s[r(,?_—;)z](b—mlv -

The constant i is the best possible.

The overall structure of the study takes the form of five sections including Introduction.
The remainder of this work is organized as follows: we first give the definition of Riemann—
Liouville fractional integrals and mention some work which focuses on Ostrowski inequal-
ity. In Sect. 2, we obtain some generalized identities for the twice partial differentiable
functions. Using the equalities obtained in Sect. 2, we establish some Ostrowski type in-
equalities for the functions belong to L., in Sect. 3, also we prove Ostrowski type inequal-
ities for the mappings belong to L, and L, in Sect. 4 and Sect. 5, respectively.
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Firstly, we give the definitions of Riemann-Liouville fractional integrals.

Definition 1 ([2]) Letf € Li[a, b]. The Riemann—Liouville integrals J>.f and J; f of order
o >0 with a > 0 are defined by

1;:f<x>=ﬁ / k-0t x>a

and
b
T Fx) = ﬁ f (t— 2O dt, x<b

respectively. Here, I' () is the Gamma function and JO,f (x) = Jj f (%) = f (%).

Now, we give the definitions Riemann-Liouville fractional integrals of two variable func-
tions:

Definition 2 ([3]) Let f € Li([a,b] x [c,d]). The Riemann—Liouville fractional integrals
]gfm ]s;,df, ]gf ., and ]Zf ', are defined by

1 S
JZ;‘?C+f(x»y)=r(Tr<,3)/ f -0y -9 fts)dsdt, x>ay>c
x pd
JZ;’?df(x’y):'r(a)lrw)/ / (k-0 s =)/ f 69 dsdt, x>ay<d,
a Jy

B - A " RS DAY A
o) = s [ [ -0 o= s, w<byse

and

b pd
JoP Sy = ——— / / (t-x)*"s-yPf(t,s)dsdt, x<by<d.
bod I'e)r(B) Jx y
Ostrowski inequalities for fractional integrals of two variable functions are obtained in
[4]. There are several papers on fractional Ostrowski type inequalities for one or two vari-
able functions, you can find some of them in Refs. [5-22].

2 Some identities for double integrals

Some equalities including Riemann—Liouville fractional integrals of two variable func-
tions are established in this section. These identities will be used to prove the inequalities
developed throughout this study.

Firstly, we define the following functions which will be used frequently:

x—a) +((b-x)”

Ma(a,b;x) = W’
—P 4 (d—m)f
Ni(e,dsy) = %,

for (x,y) € A:=[a,b] x [c¢,d].
Now we prove the following equalities.
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Lemmal Letf: A — R bean absolutely continuous function such that the partial deriva-

tive of order 2 exists and is continuous on A in R%. Then, for any (x,y) € A, we have

s [ [l [ [ 757

= JZf”f(x, ) + ety fony) + Ty f ) +1;';‘?df(x, »)
- Ng(e, dsy) e f e, y) + T f (x,9)]
- Mo, L) [JPf(,9) + ] f(%,9)]
+ My (a, b;x)Ng(c,d; y)f (x,5)

=:G1(x,y;a,b,¢,d), (2.1)

where §2(x,t,,5) is defined by

2(x,t,9,5)

k-t Yy-s5)ft, a<t<xandc<s<y,

k-0 YWs—y)Pf1, a<t<xandy<s<d,

= - (2.2)
(t-x)"Yy-s)f1, x<t<bandc<s<y,
(t-x)*Ys—y)PFl, x<t<bandy<s<d.

Proof It is easy to see that
t s 82 ,
[ [0 o
x Jy 0650t
=f(ts) = f(t,y) - f(x,8) +f(x,9)
= F(x,L,9,5). (2.3)

By the above equality and the definition of £2(x,¢,,s), we get

1 b d t saZf(g’.L_)
r(a)r(m/a / Q(x’t’y’s)[/x/y dc ot dfdg] dsdt

IR SR A PN P
_F(Ot)l"(ﬂ)/a / Ge= )by =)l by, 8) dsd

! ’ ! a-1 B-1
+W/;/y(x_t) (s =) F(x t,y,5) dsdt

b ry
_ el 381
' F(a)F(ﬁ)/ / -2y -s)" Flxt,ys)dsds

+01)4F/ / (t=2)""s =)/ F(x, t,7,8)ds dt.

Page3of 11
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Applying the fundamental integral rules for the first integral in the right side of the above
identity, we find that

1 x ey ol o1
m/ﬂ/(x—t) (y—8)""F(x,t,y,5)dsdt

_ o -
- ]a+,c+f(x7 y) (ﬁ 1

(x—a) 8
T Tar /@0

fa+f ()

(x—a)*(y-c)?
Ta+ DB+ Ty %)

Adding the resulting identities after calculating the other integrals, then the desired equal-
ity (2.1) can be attained. g

Lemma 2 Suppose that all the assumptions of the Lemma 1 hold. Then, for any (x,y) € A,
we have

F(a)F(ﬂ)/ / Q(ts)[/x/y. it )drdg]dsdt

= b S .d) + D, f(b,0) + T2 fla,d) + T35, f(a,c)
- Np(e, dsY)[J3 S (b,y) + T3 f(a,y)]
- Mo (a, ;) [J], f(x,d) + ]I f(x,0)]
+ My (a, b;x)Ng(c,d; y)f (x,5)

=:Go(x,y;a,b,¢,d), (2.4)
where $2(t, s) is defined by

2(t,s)

(t-—a)*Ys—c)fl, a<t<xandc<s<y,
(t—a) N d-s)P"', a<t<xandy<s<d,
(b-t)* Y s—c)f!, x<t<bandc<s<y,
(b-t)* N d-s)f1, x<t<bandy<s<d.

(2.5)

Proof The proof of the equality (2.4) follows the same lines as the proof of Lemma 1. [

Lemma 3 Suppose that all the assumptions of the Lemma 1 hold. Then, for any (x,y) € A,

we have
a—1
F(ﬁ){// (t-af™+ b-0]
_ _ Sazf(grf)
_\B-1 _p-1
x[(s )P+ (d-s) ][A/y FPre drd§:|dsdt}

I e )+ I fad) + Ty f(Bc) + Jates f(B,d)
N 4
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1@d-of
2rp+1)

1 (b-a)*(d-c)?
3 Ta U ) ] R )

Ve fay) + T2 f(b,9)]

=Gs(x,y;a,b,¢,d). (2.6)

Proof If we handle integral of the first expression in left side of (2.6), from the equality
(2.3), then we have

1 b pd
ﬁ/ / (t—a)* Yy -c)P1F(x,t,y,s)dsdt
Ol

@
a0~ 1= )

(b-a)* 4 (b-a)*(d-c)f
TP e ore ey Y

Adding the resulting identities side by side after the other expressions have been similarly

examined, the required equality can be easily derived. O

3 The case whenf ; € L(A)
In this section, we observe some double integral inequalities involving Riemann—Liouville
fractional expressions by considering identities given in the previous section and the func-

tions that are element of L.

Theorem 2 Let f : A — R be an absolutely continuous function such that the partial

derivative of order 2 exists and is bounded, i.e.,

82
iC311
dc 0T

”fg‘f loo = sup
(s, v)e(ab)x(c,d)

forall (g,t) € A. Then one has
|gl(x1y; a, br c d)| = Ma+1(a1 b;x)NﬂJrl(cr d»}’)“f;r ”OO (3'1)
forall (x,5) € A.

Proof Taking the absolute value of both sides of the equality (2.1), because f;, is abounded

function on A, it follows that

|G1(x,y;a,b,¢,d)|

<|[fgr||oo ﬂ)f / |2(x,2,9,5) |1t - xlls - y| dsde.

Using the definition of £2(x,¢,y,s) and elementary analysis operations, the desired result

can be easily obtained. O
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Corollary 1 Ifwe choose x = ‘”b

of a+b c+d
]u+,c+f( 2 ’ 2

Lll/ldy_ c+d

in (3.1), then we have the midpoint inequality
P a+b c+d
a+,d- 2 4 2
+]Z"i+f<a;b,c+d> ] <a+b,c+d>
(d-c)f w o fatb c+d\ , (a+b c+d
_2ﬁ—1r(ﬁ+1)[]“*f< 22 )”"‘f< ’ )}

b-a) a+b c+d P a+b c+d
_2a—1r(a+1)[]”f< 2 2 )+Jd-f( 2 )]
(b-a)(d-c)P <a+b c+d ‘

[\J ‘
[\

20482 (a + 1) (B + 1)
(b _ a)a+1(d _ c)ﬂ+1
=208 (a + 2) (B +2) Vselloo-

Theorem 3 Suppose that all the assumptions of Theorem 2 hold. Then we have

|Ga (%, 30, b, ¢, d)| < Ma1(a, b;2)Np.1 (¢, d59) |[fe lloo (32)

for any (x,y) € A.

Proof This proof follows the same strategy which was used in the proof of Theorem 2 by
considering the equality (2.4).

O

Corollary 2 With the assumption of Theorem 3, one has the midpoint type inequality

Vet esa JOD T g SO0+ g f@d) 4Tl g flar0)

@-o T, c+d crd
g (0 5) e (057

(b-a)* a+b a+b
i e () e (5
(b-a)*(d-c)P a+b c+d
20+8=2 (o + 1) (B + 1) < 27 2 )‘
(b a)a+1(d )ﬁ+1
T 2B (a + 2) (B +2) Vselloo-

Theorem 4 Suppose that all the assumptions of Theorem 2 hold. Then, for all (x,y) € A
one has

|Gs(x, 334, b, ¢,d)|
1
= m [Ra(x; a, b) + Sa(x; a, b)]

x [Rgsc,d) + Sgi ¢, d) ] Ifee lloos (3.3)
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where

. _ &t afv-u §-u
R,\(:S,u,v)—2m+(v—u) <k+1_ . )

and

(v—g)! wf(v-u v-§
S)\(g M,V) ZW‘F(V— )<)\.+1 5 ).

Proof Should we take the absolute value of (2.6), from the modulus property of the inte-

gral, then we have the inequality

’gfi(x!y; a, br () d)| (34')

1 1 b ¢ a-1 a-1
S|lfgr||oo1m{/a/6[(t—ﬂ) + (-]

X [(s—c)ﬂ_1 + (d—s)ﬂ_l]lt—st—yIdsdt}.

Calculating the double integral given in the right side of (3.4), the desired inequality (3.3)

can be easily obtained.

a+b

Corollary 3 Suppose that all the assumptions of Theorem 4 hold. If we choose x = 432 and

y = ”d , then we have

It fa o)+ 170 flad) + 20, fb,o) + ke f(B,d)
4

1d-of [, c+d N c+d
g (o5 (5

1

2

b-a) [ 4 a+b a+b
P<a+1)[]d‘f( 2 ’c) ‘*f( >]

(b-a)(d-c)P <a+b c+d>’
+ ,
Fa+1)r(B+1) 2 2

<(b_a)a+1(d_c)ﬁ+l 1 a—1 1 /3—1
T Ta+2)l(B+2) [2_ ' T][z_ﬁ ' T]'U’sf”w-

4 The case whenf.; € L,(A)
In this section, we examine how to obtain inequalities for mappings which are elements

of the space L.

Theorem 5 Let f : A — R be an absolutely continuous function such that the partial
derivative of order 2 exists on (a,b) x (¢, d). If Pren) o L,(A) for p > 1 with i + é =1,

Wfellp = (/ /

ie.,

*f(s,7)

%
d de¢) <o
dc 0T
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forall (g, ) € A, then we have the inequality

’gl(x:y;ﬂ;byc»d”

(=)™ 7 + (-2 T[T + (d—y)"*7]
= T'(a)C(B)(« +1/q)(B +1/q) sy (4.1)

forall (x,y) € A.

Proof If we take the absolute value of both sides of the equality (2.1) and later apply the
Holder inequality, from the assumption of the function f, we have

F@I ()6 (%34 b,c.d)

b pd t ps 92
0 )
5/ / ’.Q(x,t,y,s)| / / Mdrdg dsdt
a Jc x Jy agat
b pd 1 1 t ps 82 , 12 1
< [ [eeunalie-sits-yi| [ |20 d,dg“’dsdt
a c X y agar

b pd L A

- / / 1205, 8,3,5)| £ = 2|15 = 917 for lempeisglp ds e
b pd L L

< ”fgr”p/ / }Q(x,t,y,s)||t—x|q|s—y|q dsdt.

If the last integral of above expression is observed by considering the definition of
£2(x,¢t,9,s), then one attains the required inequality (4.1) which completes the proof. [

Theorem 6 Assume that all the assumptions of Theorem 2 hold. If azfg (g’:) eL,(A)forp>1
with % + %1 =1, then one has

|Ga(x 350, b,¢,d)|

[T(1+1/q))?
= F(a+1+1/q)F(IB+1+1/q) ”f§f||p

% (=01 + (b= 1] [0r- )7 + (@d=3)""7]
Jorany (x,5) € A.

Proof If similar methods to the proof of Theorem 5 are followed by taking into account
the equality (2.4), because of the definition of £2(t, s), then one has

F(a)r(ﬂ”gz(%y;ﬂ,b,C»d)|
b pd f |
smzrnp/ / |2(6,5)]1£ — 2/ TJs — |7 dsde
xory 1 1
:|[f§,||p/ f(t—a)“_l(s—c)ﬂ_1|t—x|§|s—y|6 dsds

*re a-1 p-1 1 1
+|vgfnpff<t—a) (d = 5PVt~ xF|s - 9|7 dsdt
a y

Page 8of 11
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by 1 1
+|1fgr||p/ /(b—t)a-l(s—c>ﬂ-l|t—x|q|s—y|qdsdt
1 1
+|lfgrllp// 0 Nd - s)P |t — x| 9 |s — y|4 dsdz.

The above integrals can be readily calculated by utilizing the fact that

w 1
| TR e T e R R
A 0

=(u-2)"*""'B(p,0),

which is obtained by using the change of variable § = (1 — u)A + uu, and where B(-,-) is
Beta function. Hence, the proof is finished. O

We also note that if we choose x = “—*b and y = ”d in two inequalities presented in this

section, then we reach new midpoint type results dlfferent from inequalities given in corol-

laries of the previous section.

5 The case when f ., € L;(A)
Now, we investigate how to results in the case when f element of L;.

Theorem 7 Let f: A — R be an absolutely continuous function such that the partial
derivative of order 2 exists on (a, b) x (c,d). Ifazf(?'” eLi(A),ie,

dcdt
b pd
|U;r”l :u/ J/
a Cc

forall (¢, ) € A, then we have the inequalities

3f(s,7)

drdg¢ <00
dgc aT

|G1(x,y; @, b, ¢, d)| < My(a, b;x)Ng(c, d5 9) ||fer |11 (5.1)
and
|Ga(x, 330, b, ¢, d)| < Ma(a, b;x)Ng (¢, ds y)|[fex In (5.2)

forall (x,7) € A.

Proof If we take the absolute value of both sides of the equality (2.1), due to the assumption

of the function f, we have

’gl(x’y;ﬂ;byc»d)

fr(a)rw)/ / [2655:3,9)
Vel o e //|Q(x,ty,s)|dsdt

2f(§,f)

drdc|dsdt
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Later, utilizing the definition of £2(x, t,y,s), the desired inequality (5.1) can be readily at-
tained. If we follow the same line as the proof of (5.1) by taking into account the equality

(2.4), then we can also obtain the inequality (5.2). The proof is thus completed. d
Theorem 8 Suppose that all the assumptions of Theorem 7 hold. If g afg g: € L1(A), then
one has
(b—a)(d-
' )y b 4] = T N~ A AN T 53
G5, y5a,b,¢,d)| < +1)Fﬂ+1)|lfg ll1 (5.3)

forall (x,5) € A.

Proof Taking the absolute value of (2.6), from the modulus property of the integral, we
find that

|Gs(x, 334, b, ¢,d)|

1
=< mﬂfgr II1

b pd
_ -1 _ pe-1 _ \B-1 _ \B-1
x]ﬂ /C [(t a) " +((b-t) ][(s AP +(d-s) ]dsdt.

Calculating the above double integral, the required inequality (5.3) can be easily ob-
tained. 0
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