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1 Introduction and preliminaries

The notion of the fuzzy logic is introduced by Zadeh [31]. Unlike the theory of tradi-
tional logic, where some element does or does not belong to the set, in the fuzzy logic
the affiliation of the element to the set is expressed as a number from the interval [0, 1].
Uncertainty, as an essential part of a real problem, has prompted Zadeh to study the the-
ory of the fuzzy sets to face the problem of indeterminacy. Theory of a fixed point in the
fuzzy metric spaces can be viewed in different ways, and one of them is using a fuzzy
logic. After Zadeh’s result, Heilpern [13] represents the concept of the fuzzy mapping and
proves a theorem on a fixed point for fuzzy contraction mapping in linear metric spaces,
which represents a fuzzy generalization of Banach’s contraction principle, followed by in-
terest of many authors to study various contractions conditions within the framework of
the fuzzy mapping. If the distance between the elements is not an exact number, then the
imprecision is included in the metric, as it is introduced in the definition of fuzzy metric
spaces introduced by Kaleva and Seikkala [14]. After that, first by Kramosil and Michalek
[17] and further by George and Veeramani [6], the notion of a fuzzy metric space was in-
troduced. For more details about fuzzy metric spaces and fixed point theorems in these
spaces, among a huge number of the papers regarding this topic, we suggest for reading
the papers [5, 8, 19, 21, 22, 25-27, 30].

In addition to fuzzy metric spaces, there are still many extensions of metric and metric
space terms. Bakhtin [1] and Czerwik [3] introduced a space where, instead of the triangle
inequality, a weaker condition was observed, with the aim of generalization of the Banach
contraction principle [2]. They called these spaces b-metric spaces. For more information
about these spaces, we refer the readers to the papers [15, 18, 20, 28].
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Relation between b-metric and fuzzy metric spaces is consider in [12]. On the other
hand, in [23] the notion of a fuzzy b-metric space was introduced, where the triangle in-
equality is replaced by a weaker one. In this paper, we deal with this type of spaces. Using
the notion of a countable extension of the £-norm, we prove a very useful lemma in the
fuzzy b-metric space settings that ensure that a sequence {x,} is a Cauchy sequence. Using
this lemma, we simplify the proofs of many well-known fixed point theorems. We present
some of them in the main part of the paper.

We start with basic notions important for further work.

Definition 1.1 ([16]) A binary operation 7 : [0,1] x [0, 1] — [0, 1] is a continuous ¢-norm
if it satisfies the following conditions:

(t1) T is associative and commutative,

(t2) T is continuous,

(t3) T(a,1)=aforallae€[0,1],

(t4) T(a,b) < T(c,d) for a,b,c,d €[0,1] suchthata <cand b <d.

Typical examples of a continuous ¢-norm are Tp(a,b) = a - b, Tyyin(a, b) = min{a, b} and
T;(a,b) = max{a + b —1,0}.

Definition 1.2 ([9]) Let T be a t-norm, and let T}, : [0,1] — [0, 1], n € N, be defined in the
following way:

Ti(x)=T(x,%),  Twax)=T(T,(x),x), neNxel0,1].
We say that a £-norm T is of H-type if the family {7, (x)} ey is equicontinuous at x = 1.

A trivial example of t-norm of H-type is Tn; for a nontrivial example, see [9].
Each t-norm T can be extended (see [16]) by associativity in a unique way to an n-ary
operation taking for (xi,...,x,) € [0,1]"” the values

1 -1
Tizlxi =X1, Tl‘ilxi = T(Tlnzl xivxn) = T(x1:x2:~'rxn)-

Example 1.1 ([10]) n-ary extensions of the £-norms T, 77, and Tp, are the following:
Tnin (%15 ..., %,) = min(xq,...,%,),
Ty (x1,...,%,) =max(} 1 x; — (n—1),0),
Tp(x1,.. %) =[] i

A t-norm T (see [16]) can be extended to a countable infinite operation taking for any
sequence (x,),cn from [0, 1] the value

00 1 no,.
T 5% = lim T x;.
n— 00

The sequence (T, ;) en is nonincreasing and bounded from below, and hence the limit
T x; exists.

In the fixed point theory (see [10, 11]), it is of interest to investigate the classes of t-norms
T and sequences (x,) from the interval [0, 1] such that lim,_, %, = 1 and

lim T2 x; = nlirrolo T % = 1. (1.1)

n—00
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In [10] the following proposition is obtained.

Proposition 1.3 Let (x,),cn be a sequence of numbers from [0, 1] such that lim,,_, o x,, = 1,

and let T be a t-norm of H-type. Then lim,,_, oo T %; = limy,_, o0 T2 %pi = 1.

Definition 1.4 ([6,7]) A 3-tuple (X, M, T) is called a fuzzy metric space if X is an arbitrary
(nonempty) set, T is a continuous ¢-norm, and M is a fuzzy set on X? x (0, 00) satisfying
the following conditions for all %, ¥,z € X and ¢,s > 0:

(fml) M(x,y,t) >0,

(fm2) M(x,y,¢t) =1 ifand only if x =y,

(fm3) M(x,y,t) = M(y,x,¢),

(fm4) T(M(x,y,t),M(y,2,5)) < M(x,z,t + ),

(fm5) M(x,y,-):(0,00) — [0, 1] is continuous.

Remark 1.5 In this paper, we use X% := X x X.

Definition 1.6 ([23]) A 3-tuple (X, M, T) is called a fuzzy b-metric space if X is an ar-
bitrary (nonempty) set, T is a continuous ¢-norm, and M is a fuzzy set on X? x (0,00)
satisfying the following conditions for all x,y,z € X, t,s > 0 and a given real number b > 1:

(b1) M(x,y,¢) >0,

(b2) M(x,y,t)=1ifand only ifx =y,

(b3) M(x,3,8) = M(y, ,8),

(b4) T(M(x,y,5),M(y,2,3)) < M(x,2,t +5),

(b5) M(x,y,-):(0,00) — [0,1] is continuous.

The class of fuzzy b-metric spaces is effectively larger than that of fuzzy metric spaces,
since a fuzzy b-metric is a fuzzy metric when b = 1.
The next example shows that a fuzzy b-metric on X need not be a fuzzy metric on X.
xyl?
Example 1.2 ([4]) Let M(x,y,t) =e = , where p > 1 is a real number. Then M is a fuzzy
b-metric with b = 2771,
Noted that in the preceding example, for p = 2, it is easy to see that (X, M, T) is not a
fuzzy metric space.
—d(xy)
Example 1.3 ([4]) Let M(x,y,t) =e ¢  or M(x,9,t) = fo,y)
and let T'(a,¢) = a - ¢ for a,c € [0, 1]. Then it is easy to show that M is a fuzzy b-metric.

, where d is a b-metric on X,

Before presentation of our main results, we give some definitions and proposition in a

fuzzy b-metric space.

Definition 1.7 ([4]) A function f : R — R is called b-nondecreasing if x > by implies
fx) = f(y) forallx,y e R.

Lemma 1.8 ([23, 24]) Let M(x,y,-) be a fuzzy b-metric space. Then M(x,y,t) is b-
nondecreasing with respect to t for all x,y € X.
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Definition 1.9 ([23, 24]) Let (X, M, T) be a fuzzy b-metric space. For ¢ > 0, the open ball
B(x, r, t) with center x € X and radius 0 < r < 1 is defined as

B(x,r,t) = {yeX:M(x,y,t)>1—r}.

A sequence {x,}:
(a) converges to x if M(x,,x,t) — 1 as n — oo for each ¢ > 0. In this case, we write
limy,—s 00 X, = X5
(b) is called a Cauchy sequence if for all 0 < ¢ < 1 and ¢ > 0, there exists 1o € N such that
M (%, %, t) > 1 — & for all n,m > ny.

Definition 1.10 ([23, 24]) The fuzzy b-metric space (X, M, T) is said to be complete if
every Cauchy sequence is convergent.

Lemma 1.11 ([23, 24]) In a fuzzy b-metric space (X, M, T) we have:
(i) If a sequence {x,} in X converges to x, then x is unique,
(ii) If a sequence {x,} in X converges to x, then it is a Cauchy sequence.

In a fuzzy b-metric space we have the following proposition.

Proposition 1.12 ([24], Prop. 1.10) Let (X, M, T) be a fuzzy b-metric space and suppose
that {x,} converges to x. Then we have

t
M(x,y, E) < limsup M(x,, y,£) < M(x, y, bt),

n—00

t
M(x,y, E) <liminf M(x,, y,t) < M(x, y, bt).
n— o0

Remark 1.13 In general, a fuzzy b-metric is not continuous.

dxy)

Example 1.4 Let X =[0,00), M(x,y,t)=e" "t ,T =Tp,and

0, xX=9,
dx,y)=12lx-y|, xyel0,1),

%Ix —y| otherwise.

Then (X, M, T) is a fuzzy b-metric space with b = 4. The b-metric d in this example is
taken from [29]. Note that the fuzzy b-metric M is not continuous. Let us observe that

1
hmJW(Ll——J):lmle%:I:AﬂLLﬂ.
n—o00 n n—00
However, since

. 1 . 1
Iim M| 0,1-—,t) =2 lim|1-—
n

n—00 n—00 n

1
=275 =M(0,1,1),

M(x,y,t) is not continuous.

Page 4 of 14
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2 Main results
We will further use a fuzzy b-metric space in the sense of Definition 1.6 with additional
condition lim,_, oo M(x,y,£) = 1.

Lemma 2.1 Let {x,} be a sequence in a fuzzy b-metric space (X, M, T). Suppose that there
exists A € (0, %) such that

t
M (X, Xns1,£) > M(xn—lrxm X>¢ neN,t>0, (2.1)
and there exist xo,x1 € X and v € (0, 1) such that

15
n—00

t
lim TF’OHM<x0,x1, —l,> =1, t>0. (2.2)
v

Then {x,} is a Cauchy sequence.

Proof Let o € (Ab,1). Then the sum ) i, o’ is convergent, and there exists 79 € N such
that Zf’fn o' < 1 for every n > ng. Let n > m > ny. Since M is b-nondecreasing, by (b4), for
every t > 0, we have

M (X Xy ) = M (xn:xn+m;

to” gyl i
T(M(xn,x,,+1, ﬁ)’M(xrﬁl’erm’ L#“))
to" to.n+l
T\M xn¢xn+lr? rT M xn+11xn+277 )
to_n+m—l
u;M(anrml:anrmbe) ))

By (2.1) it follows that

v

v

t
M(xmxnﬂyt)zM(xO;xl; }\_n)’ neN,t>0,

and since # > m and b > 1, we have

to” t0n+1
M (% Xpms £) = T<M<xo,x1, W)» T<M<x0;x1, W),

to.n+m—1
...,M(xo,xl, W) >>

to!
n+m-1
>T75) M(xo;xl, W)

to! t
> Tiyi;m_lM(xo,xb W) > TlionM<x0,x1, ;),

where v = ’;—’\. Since v € (0, 1), by (2.2) it follows that {x,} is a Cauchy sequence. (]

By Proposition 1.3 the next corollary immediately follows.
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Corollary 2.2 Let {x,} be a sequence in a fuzzy b-metric space (X,M, T), and let T be of
H-type. If there exists A € (0, %) such that

t
M (X Xns1,£) > M(xn—lrxm X>’ neN,t>0, (2.3)

then {x,} is a Cauchy sequence.

Lemma 2.3 [ffor some A € (0,1) and x,y € X,

t
M(x,y,t) ZM<9C,)’, X)’ t>0’ (24‘)

thenx=y.

Proof Condition (2.4) implies that
t
M(x,y,t) ZM<x,y, ﬁ) neN,t>0.
Now
. t
M(x,y,t) > lim M(x,y, —) =1, t>0,
n—00 A7

and by (b1) it follows that x = y. O

Theorem 2.4 Let (X, M, T) be a complete fuzzy b-metric space, and letf : X — X. Suppose
that there exists A € (0, %) such that

t
M(fx,fy,t)zM(x,y,x), xy€X,t>0, (2.5)
and there exist xy € X and v € (0,1) such that
. t
lim anM<xo,fxo, —,> =1, t>0. (2.6)
n—00 p

Then f has a unique fixed point in X.

Proof Letxo € X and x,,,1 = fx,,, n € N. If we take x = x,, and y = x,,_; in (2.5), then we have
t
M(xn’xrﬁl;t) ZM(xnlnxm X>’ neN,t>0,

and by Lemma 2.1 it follows that {x,} is a Cauchy sequence. Since (X, M, T) is complete,
there exists x € X such that

limx,=x and lim M(x,x,,t)=1, £¢>0. (2.7)

n—00 n—00
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Conditions (2.5) and (b4) are used to show that x is a fixed point for f:

t t
M(fx,x,t) > T(M(fx,x,,, %),M<xn,x, %)>

t t
= T<M<x;xn—1, 217_)L>,M<xn’x’ E))

for all £ > 0. By (2.7), as n — 00, we get
M(fx,x,t) > T(1,1) = 1.

Suppose that x and y are fixed points for f. By (2.5) we have

¢
M(x,y,t) = M(fx,fy, t) > M<x,y, X)’ t>0,

and Lemma 2.3 implies that x = y. O

Example 2.1 Let X = [0,1]. By Example 1.2, for p = 2, it follows that (X, M, T) is a fuzzy
b-metric space with b = 2 and fuzzy b-metric

(@)

M@ y,t)=e T, xyeXt>0.

Let f(x) = kx, k < %,xeX. Then

K-y Ma—y)?

t
M(fx,fy,t)y=e T  >e 1t =M<x,y,x), xy€X,t>0,

for % > A > k2. So, condition (2.5) of Theorem 2.4 is fulfilled, and f has a unique fixed point
in X.

Theorem 2.5 Let (X, M, T) is a complete fuzzy b-metric space, and let f : X — X. Suppose
that there exists A € (0, %) such that

t t t
M(fx,fy, t) > min{M(x,y, X),M(fx,x, z),M(fy,y, X) }, (2.8)
forallx,y € X, t >0, and there exist xy € X and v € (0,1) such that
. t
lim T;;C;M<xo, fo, —,> =1 (2.9)
n—00 Pt
forallt>0. Then f has a unique fixed point in X.

Proof Let xy € X and x,,,1 = fx,,, n € N. By (2.8) with x = x,, and y = x,,_1, for every n € N
and every ¢ > 0, we have

t t t
M(Kyi1, %0, 1) > min{M<xn,xn_1, X);M(’C;’bem X):M(xmxn—l; X) }
) t t
Z miny M XnryXn-1s X ;M Xn+1r%ns X .
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If M(%41, %0, t) > M(X41, %0 %), n €N, t >0, then by Lemma 2.3 it follows that x,, = x,,,1,
n € N. So,

t
M(xn+1rxmt) 2M<x,,,x,,_1, X), l’lGN,t>0,

and by Lemma 2.1 we have that {x,} is a Cauchy sequence. Hence there exists x € X such
that

limx,=x and lim M(x,x,,t)=1, ¢>0. (2.10)

n—00 n—00

Let us prove that x is a fixed point for f. Let o7 € (1b,1) and 03 = 1 — 7. By (2.8) we have

t t
R LR )
. toy toy to;
= (el 5 (e 53 ) e 55 )
to:
M(xm-bx; 72))

Taking n — oo and using (2.10), we get

M(fx,x,t) > T(min{l,M(x,fx, %), 1 }, 1)

= T(M(x,fx,@),l) =M(x,fx,£), t>0,
bx v

where v = g—’l\ € (0,1). So,

t
M(fx, x,t) zM(fx,x, —), t>0,
v

and by Lemma 2.3 it follows that fx = x.
Suppose that x and y are fixed points for f, that is, fx = x and fy = y. By condition (2.8)
we get

M(fx,fy, t) = min{M(;c,y, §>,M<x,fx, %),M<y,f ’ ;)}

_ mm{M<x,y, %),1,1} =M(x,y, %) =M<fx,fy: %)

for t > 0, and by Lemma 2.3 it follows that fx = fy, that is, x = y. O

(=

2
Example 2.2 Let X = (0,2), M(x,y,t) = e~ 2 , T =Tp. Then (X, M, T) is a complete b-

fuzzy metric space with b = 2. Let

2-x, x€(0,1),

f@=1 xe[L2).
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Case 1.Ifx,y € [1,2), then M(fx, fy, £) = 1, ¢ > 0, and conditions (2.8) are trivially satisfied.
Case 2. Ifx € [1,2) and y € (0, 1), then, for 1 € (i, %), we have

1-y)? 4(1-y)?

t
M(fx,fy,t):e’(f >e "t :M(fy,y,)), t>0.

), we have

Case 3. As in the previous case, for A € (i, %

t
M(fx,fy,t) > M(fx,x, X)’ x€(0,1),y€[1,2),t>0.

Case 4. If x,y € (0,1), then, for A € (i, %),

-2 (1-y)?

_ =y _ _9(1)? t
M(fx,fy,t)=e 7" ze T ze 7 =Mfy,y,x, x>9,t>0,
and
t
M(f%fyi)ZM(fx,x,X), x<y,t>0.

So conditions (2.8) are satisfied for all x,y € X, ¢ > 0, and by Theorem 2.5 it follows that
x =1 is a unique fixed point for f.

In the next theorem, we observe a Ciri¢ quasicontraction in a fuzzy b-metric space.

Theorem 2.6 Let (X, M, Tmin) be a complete fuzzy b-metric space, and let f : X — X. If for
some A € (0, b%),

t t t
M(fx,f)’, t) Z min{M<x,y, X);M(fxxx; X>1M<fyryr X)r
2t t
M(fx,y,7>,M<x,fy,X)}, xy€X,t>0, (2.11)

then f has a unique fixed point in X.

Proof Let xy € X and x,,,1 = fx,, n € N. By (2.11) with x» = x,, and y = x,,_1, using (b4) and
the assumption that 7' = Ty, we have

. t t t
M(xn+1’xn; t) = min M<xmxnl; X):M(xr&l’xm X):M(xmxnl; X);

. t t t
min M(xn+1yxn; H>1M(xmxn—lv H) };M(xn;xm X) }

. t t
> min M<x"'xn_l’b_k)’M(x”+1’x"’b_A)}’ neN,t>0.

As in the proof of Theorem 2.5, by Lemma 2.3 and Corollary 2.2 it follows that

t
M(xn+1,xmt) ZM(xn,xn—ly b_)\>’ neN,t>0,

Page 9 of 14
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and {x,} is a Cauchy sequence. So there exists x € X such that
limx,=« and lim M(x,x,,t)=1, £¢>0. (2.12)
n—00

n—00

Let 1 € (b*A,1) and 03 = 1 — 01. By (2.11) and (b4) for T = Tin, we have

L t
M(fx’x’ t) = min M(fx:fxm %),M(fxn,x, %)}

. . o1
> min mln{ (x,x,,, ),M(xfx, —) (xmxmb b ):
. to
min (fx,x, b2k> < X, Xy, b%)} (xyxm-l; bk)}’
M<xn+1,x, E)}
b

for all » € N and ¢ > 0. Taking n — oo and using (2.12), we get

=i 2 ) i s 2 )11

tO'l
_ M(fx,x, b%) t>0,

and by Lemma 2.3 with v = € (0,1) it follows that fx = x.
By condition (2.11), for two ﬁxed points x = fx and y = fy, we have

M(fx, fy, t) > min M(x,y, %),M(fx,x, %),M(fy,y, %),
o e ) o)
b b A
= min M(x,y, E), 1, 1,min{1,M<x,y, i) },M(x,y, £> }
A b A
—M(x,y,bk> (fxfy, ) t>0,

and by Lemma 2.3 it follows that x = y. g

Remark 2.7 1f the quasicontractive condition holds, then we come to the conclusion that
only by using the £-norm does the minimum ensure the existence of a unique fixed point. It
was of interest to determine for which A contractive condition (2.11) ensures the existence
of a unique fixed point. Since the t-norm of the minimum is the strongest £-norm, and as
for the fixed point such results are of least interest, in the next theorem, we give a weaker
contraction condition than the quasicontraction, which ensures the existence of a fixed
point, for a wider class of £-norms.

In the following theorem with the weaker £-norm, we propose a new contractive condi-
tion.
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Theorem 2.8 Let (X,M,T), T > Tp, be a complete fuzzy b-metric space, and letf : X — X.
Suppose that for some A € (0, biz),

M(fx, fy, t) > min{M(x,y, ;),M(fx,x, ;),M(fy,y, %),
M(fx,y,%),M(x,fy,%)}, xy€X,t>0, (2.13)
and there exist xy € X and v € (0, 1) such that
nlLrI;o Tf’an(xo,fxo, 5) =1, t>0. (2.14)

Then f has a unique fixed point in X.

Proof Let xy € X and x,,,1 = fx,, n € N. Taking x = x,, and y = x,,_; in condition (2.13), by
(b4) and T > Tp we have

t t t
M(anrl,xn; t) = min{M(xmxn—l; X)yM<xn+1)xm X),M(xn,xn—lr X)r

t t t
\/M<xn+1:xm b_)\> 'M<xn;xn_1, b—k),M(xn,x,,, X) }, neN,t>0.

Since M(x,y,t) is b-nondecreasing in ¢ and +/a - b > min{a, b}, we obtain that

. t t
M(xn+1:xn: t) Z mln{M<xn+l:xm b_)\>,M<xmxn_1, b_)\.) }

forallm e N, ¢t > 0. By Lemmas 2.3 and 2.1 it follows that

t
M(xwrl:xmt) ZM(xn:xn—I; b_)\.>, HEN,t>O,

and {x,} is a Cauchy sequence. Since (X, M, T) is a complete space, there exists x € X such
that

limx,=« and lim M(x,x,,t)=1, ¢>0. (2.15)
n—00

n—00

Let 01 € (b*A,1) and 0 = 1 — 0. By (2.13) and (b4) for T > Tp, we have

= o 2 2)

. tGI tGI to‘1
>T M iy ;M JN T ;M mAvn+ls 5 - |
> (mln{ (x X, bk) (x fx bk) (x Xl bk)

toy
M| %41, %, 7 ’
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> T<min{M<x,xmt]%1) (xfx,—) (xn,xml, tb)j)’
mm{ (fx,x, ) M(x,xn, ﬂ)},M(x,xml,t )
b2 b2\ b
M<xn+lrx, E)}y
b

for all » € N and ¢ > 0. Taking n — oo and using (2.15), we get

iy = (minf (s 2 i (o 2 ) 1)1 .

tO'l
= M(fx,x, bQ_A)’ t>0,

and by Lemma 2.3 with v = £2 € (0, 1) it follows that fx = x.
Suppose that x and y are ﬁxed points for f. By condition (2.13) we have

Am%&ﬂzTOMGJ%)W(M%%)N%&%%)
\/fo’x’bx> (’”’bk) (xfy’x))
o Yot ) )
- M<xy£) :M<fx,fy, %) £50,

and thus by Lemma 2.3 it follows that x = y. O

Example 2.3 Let X = {0,1,3}, M(x,y,t) = e . Then (X, M, T) is a complete
b-fuzzy metric space with b = 2. Define the function f : X — X as follows: f0 = f1 =1,
f3=0.

Observe that if x = y or x,y € {0,1}, then M(fx,fy,t) = 1, £ > 0, and condition (2.13) is
fulfilled.

Letx =1 and y = 3. Then since 1 € (%, i), we have that

9r 9.
M(fx, fy, t) = %Zmin{e’T,e’%,e_%,e_%,l}.

Let x = 1 and y = 3. Then selecting A from the interval (%, i), we get that

9 %
¢

M(fx,fy,t):e‘%Zmn{e Tle e

Similarly, if x = 3 and y = 1 as well as x = 3 and y = 1, we conclude that for A € (%, i),
condition (2.13) is fulfilled for all x,y € X and ¢ > 0.
Therefore all conditions of Theorem 2.8 are satisfied, and x = 1 is a unique fixed point.

Remark 2.9 Open problem: Find an example that supports Theorem 2.8 but conditions
(2.1) and (2.8) are not satisfied.
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Remark 2.10 Finally, we can ask the following question:

Prove Lemma 2.1 for the case A € [1/b,1).
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