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Abstract

This paper deals with the numerical analysis of parabolic variational inequalities with
nonlinear source terms, where the existence and uniqueness of the solution is
provided by using Banach's fixed point theorem. In addition, an optimally
L*°-asymptotic behavior is proved using Euler time scheme combined with the finite
element spatial approximation. The approach is based on Bensoussan-Lions
algorithm for evolutionary free boundary problems using the concepts of
subsolutions.
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1 Introduction
We consider the following parabolic variational inequality: Find u € L*(0, T; Hj (£2)) such
that

%—‘t‘+£u—f(u)§0; u<iy,
%—”t‘+£u—f(u))(u—1/f):0 inQr:=10,T[ x£2,
u=0 on ) ;:=10,T[ %0352,

on 2,

(1.1)
M(O, ) = Uo,

where £2 is a bounded smooth and regular domain of R, d > 1, with smooth boundary
082; the f(-) and uy = uo(x) are given data; the v is a regular function in L2(0, T; W2*°(£2)),
and the £ is a second-order, uniformly elliptic operator of the form

d 52 d 9
L=->" GG T ;b,(x)a—% + ap(x), (1.2)

jk=1
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Parabolic variational inequality (1.1) has arisen from many scientific, engineering, and
economic problems such as heat control problem, Stefan problem, and American option
problem (see [3, 5-13, 16, 18, 19, 21]).

In this paper, we give an L*>-error estimate for the numerical approximation of the so-
lution of problem (1.1). From [2] (see also [8]), we know that (1.1) can be approximated
by the following parabolic variational inequality with nonlinear source terms (PVI): Find

u(x, t) such that u € L2(0, T; Hy (£2)), % € L*(0, T;L*(£2)), and

(%,v —u) +a(u,v—u) > (f(u),v—u), forallveH}(2)te(0,T],
u=<y, v, (1.3)
u(x,0) = up(x) in £2,

where a(-,-) is a bilinear form continuous on H!(£2) x H'(£2) corresponding to elliptic
operator L of second order defined as follows:

d d
u ov ou

)= , Al o ' 1.4

a(u,v) /g( E aji(x) 9%, 5 + ](2:1 bi(x) axkv + ao(x)uv) dx (1.4)

Jik=1

with ay(-), bj(-), ao(-), smooth coefficients satisfying the following conditions:

ﬂjk(x) = ﬂkj(x),

(1.5)
aog(x) > B >0, Bisaconstant,
and for each £ € R? and for almost every x € £2,
d
Z a(x)§€r > aolé I with constant o > 0. (1.6)
Jik=1
According to Theorem 2.3 in [8], there exists y > 0 such that
a(@,0) + M9l 72 0) = VIRl o Vo € Ho($2), withy > 0. (17)
The function f(-) is a nondecreasing and Lipschitz continuous nonlinearity
fel*)(0,T;L°(2))NCH 0, T;H (), f=0, (1.8)
with Lipschitz constant o > 0, satisfying the following assumption:
a<p, (1.9)

where 8 is the constant defined in (1.3). The symbol (-, -) is the inner product in L2(£2).
Error estimates for piecewise linear finite element approximations of parabolic varia-
tional inequalities with linear source terms have been established in various papers: in
[20] and [9] an L*-error estimate is given by using a backward differencing in time. Also
an L2-error estimate is given in [23] by using a general finite difference discretization in
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time. Reference [4] gives an L2-error estimate using the discretized truncation method. In
[1] and [22] a posteriori error estimates have been proved. An L*-error estimate has been
proved in [15] and [17]. Recently an L*°-asymptotic behavior has been considered in [2]
by using a semi-implicit time scheme combined with the finite element spatial approxi-
mation.

In this paper, we introduce a new approach to derive optimal L*-asymptotic behavior
for parabolic variational inequality with nonlinear source terms. This approach is based on
Bensoussan—Lions algorithm for evolutionary free boundary problems using the concepts
of subsolutions.

The paper is organized as follows. In Sect. 2, we state the continuous problem and study
some qualitative properties. In Sect. 3, we consider the discrete problem and set up anal-
ogous discrete qualitative properties. In Sect. 4, we derive an L*-error estimate of the

approximation and we give the main result of the paper.

2 Semi continuous problem
2.1 Time discretization
In order to obtain a full discretization of (1.3), we consider a uniform mesh for the time

variable ¢ and define
t,=nAt, n=0,1,...,N, (2.1)

At > 0 being the time-step, and N = [Alt], the integral part of Alt.

Next, we replace the time derivative by means of suitable difference quotients, thus con-
structing a sequence u"(x) € H}(§2) that approaches u(t,,x). For simplicity, we confine
ourselves to the so-called semi-implicit scheme, which consists in replacing (1.3) by the
following scheme: Find u” € H}(£2) such that

(" —u" N, v —u") + a(u’,v—u") > (Fu"),v—u"), veHLN),

o (2.2)

unfl/’r Viw; nzl,...,N,
where
T
Al= 7 23
N (2.3)
By adding (%, v —u") to both parties of inequalities (2.2), we get
ALt(u", v—u") +a(u”,v-u") > (f(u") + ALtunfl’ v—u"), o4

Mnfwy Vfw; I’I:O,l,...,N.

As the bilinear form a(-, -) is noncoercive in Hg(£2).
Set

b(u,v) = a(u,v) + A(u,v). (2.5)
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Then the bilinear form b(u,v) is an elliptic, and therefore (2.4) can be written as the

following coercive elliptic variational inequalities: Find #” € H}(£2) such that

bu",v—u") > (f(u") + \u" 1, v—u"), veHLN),

(2.6)
u" <, v<v, n=0,1,...,N,

where

b(u",v—u") = a(u",v—u") + Mu",v—u"), veHNR),

. (2.7)
A= AL > 0.

Remark 1 Equation (2.6) is called the coercive continuous problem of elliptic variational
inequalities (VI).

Notation 1 We denote by " = d(f ("), ) the solution of problem (2.6).

2.2 Existence and uniqueness
Next, using the preceding assumptions, we prove the existence of a unique solution for

problem (2.6) by means of Banach’s fixed point theorem.

2.2.1 A fixed point mapping associated with continuous problem (2.6)

We consider the following mapping:

T:L®(R) — L™(2),

(2.8)
w— Tw=1¢",
where £” = o (f(w), V) is the solution to the following variational inequalities:
b(" v =" = (fw) + Aw,v =), ve Hy(R2), 29)

"=y, v=1y.

Problem (2.10) being a coercive VI, thanks to [3] and [10], has one and only one solution.

Theorem 1 Under the preceding hypotheses and notation, the mapping T is a contraction

aAt+l
BAt+1

which coincides with the solution of problem (2.6).

in L>(§2) with a contraction constant ( ). Therefore, T admits a unique fixed point

Proof In [13], by taking A = é, we can easily get

- aAt+1 .
IITW—TWIIOOE( N )IIW—WIIOO‘ O

The mapping T clearly generates the following continuous algorithm.
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2.3 A continuous iterative scheme

A continuous iterative scheme for the solution of problem (2.6) is given as follows.

Starting from u°

= uy the solution of the following equation:
b(uo,v) = (f(uo) + Auo,v), Vv Hy(2). (2.10)
Now, we give the following algorithm:

W =Tu"t, n=1,...,N -1, (2.11)

where #” is the solution to (2.6).
Making use of the propriety of mapping T, we have the following geometric convergence

result.
Proposition 1 Let p = Zﬁiﬂ , under conditions of Theorem 1, we have
e e L (2.12)

where u™ is the asymptotic solution of the problem of variational inequalities: Find u*™ €
H(2) such that

b, v —u®) > (fu™®) + 2u®,v-u™), veHy($),

u® <4y, v<1.

(2.13)

Proof We adapt [2]. O
In what follows, we give some qualitative properties of the solution of problem (2.6).

2.4 Some qualitative properties of the solution of (2.6)
The solution " of (2.6) possesses the following properties.

2.4.1 A monotonicity property
Let u" = 3(F(u"), ¥) (resp. u" = A(E(@"),v)) be the solution of problem (2.6) with right-
hand side F(u") = f(u") + Au""" (resp. F(it") = f(it") + Ai""'). Then we have the following.

Lemma 1 (cf. [6] and [10]) IfF(«") > E(ii") and > ¥, then

I(E(u"), ) = d(E(&"), ). (2.14)

2.4.2 A continuous L™ -stability property
Proposition 2 Under conditions of Lemma 1, we have

JoE(), ) =aE @) D). = 5l w) ~F @) @19

Proof Let

6= 5l -

(@) -
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Then, from (1.5), it is easy to see that

F(i) < F(u) + > L) F @) | =E )+ G o)

So, due to Lemma 1, it follows that

I(E(i"), &) <d(F(u") + (A +ao)-¢, ¥ +¢) < (F(u"),¥) + ¢,

hence

O(F ("), 9) = 9(F ("), v) < &.

Interchanging the role of F(u”) and F”, we also get

which completes the proof. O

2.4.3 The concept of continuous subsolution property
Definition 1 z” € H}(£2) is said to be a continuous subsolution for the problem of VI (2.6)
if

b(z"v) < (f(2") + Az v), veHN (),

(", v) < (f(z") ) 0(£2) (2.16)
" <, v>0, n=1,....N -1

Theorem 2 (cf. [6]) Let X denote the set of such subsolutions, then the solution of (2.6) is

the least upper bound of X.

3 The discrete problem
Let £2 be decomposed into triangles, and let 7;, denote the set of all those elements; 4 > 0
is the mesh size. We assume that the family 7, is regular and quasi-uniform. We consider
¢, 1=1,2,...,m(h), the usual basis of affine functions defined by ¢;(M;) = 8,5, where M; is
a vertex of the considered triangulation.

Let us Vj, denote the standard piecewise linear finite element space such that

v, € C°(£2),v;, = 0 on 382 such that:
Vi = . (3.1)
Vilki € P1,K € 1, viy < rypr, vi(+,0) = vy, in £2

Page 6 of 18
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The interpolation operator is applied to the function v continuous, defined by
m(h)
v=Y_ v(M)$i(x) (32)

=1

and B is the matrix with generic entries
B)is = aldn, ¢s), 1 <1,s<mh). (3.3)

In the sequel of the paper, we use the discrete maximum assumption (d.m.p.). In other

words, we assume that the matrix B is an M-matrix (cf. [14]).

Remark 2 Under the d.m.p., we achieve a similar study to that devoted to the continuous
problem; therefore the qualitative properties and results stated in the continuous case are

conserved in the discrete case.

As in the continuous situation, one can tackle the discrete problem by considering the

equivalent formulation: Find u, € V), such that

b(up, v — up) > (f (uy) + Aup, vy —uy), vy € Vy,

uy, <1y, Vi < rpr.

(3.4)

Notation 2 We denote by uj, = 9,(f"(u},), 74) the solution of problem (3.4).

Existence and uniqueness of a solution of problem (3.4) can be shown similarly to that

of the continuous case provided the discrete maximum principle is satisfied.

3.1 Existence and uniqueness
3.1.1 A fixed point mapping associated with discrete problem (3.4)
We consider the following mapping:

T:L%®(2) — Vy,

(3.5)
w— Tyw=§],
where &/ = 0},(f"(w), 7, ¥) is a solution of the following discrete coercive VI:
b, v-&) > (W) +aw,v=§]), v, eV, 3.6)

& <y, vy

Theorem 3 Under the d.m.p. assumption and the preceding hypotheses and notation, the

mapping Ty, is a contraction in L>°(§2) with a contraction constant (;iiﬁ). Therefore, T},

admits a unique fixed point which coincides with the solution of problem (3.4).

As in the continuous situation, one can define the following discrete iterative scheme.
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3.2 Adiscrete iterative scheme
A discrete iterative scheme for the solution of problem (3.4) is given as follows.
Starting from ug = uo,;, the solution of the following equation:

b(uon vir) = (f (won) + Ako Vi), Vi € Vi (3.7)
Now, we give the following algorithm:
up=Tuu)™, n=1,..,N-1, (3.8)

where u, is a solution of problem (3.4).
Using the above result, we are able to establish the following geometric convergence of
sequence uj,.

aAt+l

Proposition 3 Let p = FALL’

under the d.m.p. assumption and Theorem 3, we have
[ -1 oo = " 00 = 57 | o (39)

where u;° is the asymptotic solution of problem of variational inequalities: Find u;° € V),
such that

b, v —u®) > (F () + A, vy, — us®), v eV,

u;? <rpy, Vv < rpr.

(3.10)

Proof 1t is very similar to that of the continuous case. 0

Under the d.m.p., the solution of discrete problem (3.4) possesses analogous properties
to those of the continuous problem.

3.3 Some qualitative properties of the solution of (3.4)
As in the continuous situation, the solution u}, of system (3.4) possesses the following

properties.

3.3.1 A monotonicity property
Let u}} = 0, (F", rp¥p) (resp. i), = an(F", rir)) the solution to (3.4) with right-hand side F”.

Lemma?2 [fF" > E" and \ >, then
n(E", ) = 0 (", r¥h). (3.11)

3.3.2 A discrete L™°-stability
Proposition 4 Under the d.m.p. assumption and conditions of Lemma 2, we have

o EGa)rt) - EGE ) = 10 6) - )] @12

Proof 1t is very similar to that of the continuous case. O



Boulaaras et al. Journal of Inequalities and Applications (2020) 2020:78 Page 9 0of 18

3.3.3 The concept of discrete subsolution
Definition 2 z; € V), is said to be a discrete subsolution for the system of quasi-variational
inequalities (3.4) if

b(zn, @5) < (F(zn) + Az @s),  Vs=1,...,m(h),

zp <y, ¢ >0.

(3.13)

Theorem 4 Let X}, be the set of such subsolutions, then under the d.m.p., the solution of
(3.4) is the least upper bound of the set Xj,.

4 Finite element error analysis
This section is devoted to deriving an error estimate, in the maximum norm, between the
nth iterates #" and their finite element counterpart u}. For that we first introduce two

auxiliary sequences.

4.1 Two auxiliary sequences

4.1.1 A discrete sequence

We define the following discrete sequence {i},},>1, where ], is a solution to the following
discrete problem of variational inequalities (VI):

b(ﬁz’ Vi — QZ) = (f(un) + )\.M",Vh - Ile)) Vy € Vh:

uy, < rpr, v <y,
where 4" is the solution to (2.6).
Lemma 3 (cf. [13]) There exists a constant C independent of h, n, and At such that
|y —u"| , < Ch*|logh|>. (4.2)
Proposition 5 There exists a sequence of discrete subsolutions {o;},>1 such that

oy <uy,
and (4.3)

ey — " |l < Ch?|log |,

where the constant C is independent of h, At, and n.

Proof For n =1, we consider the discrete problem of VI:

b(ﬁ}p Vi — ﬁ},) > (f(bl()) + )\.M(), Vi — I:lllq)i Vi € Vhr

Ijl;ll <rmy, v <.

Then as 12,11 is a solution to a discrete VI, it is also a subsolution, i.e.,

b(ﬁ;,:ws) E (f(uO) + )\MO; (ps): V(ﬂs;

u, <rpyr
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or

b}, gs) < (f (o) +f (uon) — f(top) + Ako — ko, + Ak, 95),

uy <.
Then

b}, gs) < (f (o) + If (o) —f (o) oo + Alltto — thoulloo + Aho s @5)

uy <.

Using the Lipschitz continuity of f(-), we have

b(ity, 05) < (f (won) + allto — tioplloo + Altto — tonlloo + Aikon ¥s),

), < .
On the other hand, due to [11]
llsto = tonlloc < CH?|log hl.
Then

b(ity, ¢s) < (f (o) + Ch?|log h| + Auo i, @),

u, <.

So, i1} is a discrete subsolution for the VI whose solution is U} = d,(f (o) + C h*|log hl,
rn¥). Then u}, = 0y (f (uo ), rn), and making use of Proposition 4, we have

~ 1
|t =i, = 3 [f (o) + CH?11og bl ~ fuon) |,
< Ch?|logh.
Hence, making use of Theorem 4, we have

iy, < U, <uy, + Ch?|loghl.

o = itj, — Ch*|loghl,
we get

ot; < u},
and

les = u o = %, - CH*1loghl —u']

=< ||ﬁ}l —u ||oo + Ch*|loghl.

Page 10 of 18



Boulaaras et al. Journal of Inequalities and Applications (2020) 2020:78

Using Lemma 3, we get
ley — || < CHP*|logh)? + Ch?|logh.
For n + 1, let us now assume that

n n
oy = Uy,
and

laj; — " lloo < CH?|loghl?,
and we consider the discrete problem

b vy — i) > (f (") + Au, vy — ), vy €V,

leﬂ Srhl/f, vy Srhlﬁ.

Then

b, 05) < (f") + Au", ¢5), Vo5,

<y

or
b, @) < (Fu") + f (@) = F(@)) + A" = AdL! + AL, @),
ZARES

Then

blig, ¢s) < (F(@y) + If @) = f @) lloo + Ml = il o + Ak, @5),

wrt <.
Using the Lipschitz continuity of f(-), we have

blig, o) < (F(@y) + ol = ity lloo + Ml = il o + Ak, @5),

wrt <.
Using (4.2), we have

b, @) < (f(@]}) + Ch?|logh|* + Aid, s),

wrt <.

So, ! is a discrete subsolution for the VI whose solution is II/*! = 9, (f (i) +

Ch?*|logh|*, ry). Then uj*' = 9, (f (]}), ), making use of Proposition 4, we have

_ Lo _
| i N < g () + Crilioght® ~f (@)

< Ch?|logh|.

Page 11 0of 18
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Hence, applying Theorem 4, we get
< utt + ChH2|loghl?.
Putting
ot =@t — CH*|loghl?,
we get
ol < gy

and

||O[Z+1 _ un+1 ”OO — ”Ijlzﬂ _ Ch2| logh|2 _ un+1 ”OO

< @t - wt| + CHlloghl?.
Using Lemma 3, we obtain
”"‘ZH _ ”OO < CI|loghl?,
which completes the proof. 0
4.1.2 A continuous sequence

We define the following continuous sequence {i; },>1, where i}, is a solution to the fol-
lowing continuous problem of variational inequalities (VI):

bltfy), v = ) = () + oty v — i), v € Hy(82),

(4.4)
@<y, v<y,
where u] is the solution of discrete problem (3.4).
Lemma 4 (cf. [13]) There exists a constant C independent of h, k, and n such that
|y~ i), < CH*lloghl?, (4.5)

where the constant C is independent of h, n, and At.

Proposition 6 There exists a sequence of continuous subsolutions { B, }u>1 such that

and (4.6)
1By — plloo < Ch?|loghl|?,

where the constant C is independent of h, At, and n.
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Proof For n =1, we consider the continuous problem of VI

b(ﬁ(lh); V- Z:i(lh)) Z (f(u(),h) + }LMO,h: V- ﬁ(lh)): Ve H(}(Q):

Ijl(lh) = Iﬁ, V= 1//

Then, as ﬁ(lh) is a solution to a continuous VI, it is also a subsolution, i.e.,

b(i‘(lh)» v) < (f(uopn) + Ao s v),

iy <V
or
by, v) < (f (o) +f (o) —f (o) + Atk — Atk + Ao, V),
gy < V-
Then

b(ity,v) < (f (o) + IIf () —f (o) lloo + Allto = ttoulloc + Atko, V),

~1
Uy = Y-

Using the Lipschitz continuity of f(-), we have

blityy, v) < (f (o) + etllurg — tioulloo + Mo — o ulloc + Atto, V),
1

On the other hand, due to [11]
lluo — o llec < CH?|loghl.

Then

bliigy,v) < (f (o) + Ch?|log hl + Auto, V),

=1
Uy = V-

So, L_t(lh) is a continuous subsolution for the VI whose solution is L_[(lh) = 9(f(uo) +
Ch*loghl,¥). Then u' = 3(f (uo), ¥), and making use of Proposition 2, we have

— 1
|ty —ut| < B |f (o) + C 1| 1og h| - f (uo)|

< Ch*|logh|.

Hence, making use of Theorem 2, we have

it(lh) < I:[(lh) <u'+ Chzllogh|2.

Page 13 0f 18
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Putting
Bl = i — C | loghP?,

we get

and
|Biy = tthll o = ity — CH*11ogh® — |
< |\lag - uy| ., + CH*|loghl>.
Using Lemma 4, we obtain
|86 — il o = CH*logh®.

For n + 1, let us now assume that

By =u"
and

180 — oo < CH2|loghl?

and consider the continuous problem

b(agy', v —u(h') = (f(uy) + uy, v —agh),  ve Hy($2),

gt <y, v<y.
Then

b(ﬁfh*)l,v) <(f}) +rul,v), veH(S2),

upt <y
or
bl v) < (F (uy) + f fy)) = f Gy + Mty = Aikfyy + dae, v),
iy < v
Then

b(ﬁzll,:r)l» v) < (f(’:‘flh)) + “f(uZ) _f(ljiflh))”oo + )\”Z‘flh) - MZ“oo + }\Ijlflh); V),

g <Y

Using the Lipschitz continuity of f(-), we have

@) = (@) + o + NG =+ 1,V

) <9

Page 14 of 18
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Using (4.4), we have

b(agy',v) < (f(ag,) + CH*|log bl + Ay, v),
) < 9.

So, ﬁf’i)l is a continuous subsolution for the VI whose solution is I:[(’Z;1 =a(f (ﬁf’h)) +

Ch?|logh|?,v). Then ™! = 3(f (fyy), ¥), and making use of Proposition 2, we have

iy —u"™t < C(|[f (&) + Ch*|loghl* - f () [ )
< CH| logh|2

and, making use of Theorem 2, we obtain
i <u™ + Ch*|loghl®.
Now, taking
Bl = gy = Ch*|loghl?,
we have
IB(V;I-;I < un+1
and

186" =i . = 45" = C*1toghl® — ™|

oo

< ||lagy! - uptt|| , + CH*|logh|*.
Using Lemma 4, we obtain
865" - i | < CH*1loghl?,
which completes the proof. d

4.2 L*°-Error estimate

Now, guided by Propositions 5 and 6, we are in a position to prove the following.
Theorem 5 Under the conditions of Propositions 5 and 6, we have

[ - | < CH|loght?, 47)
where the constant C is independent of h, At, and n.
Proof Using (4.3), we have

u' <aj+ Ch?|logh|?

<up+ Ch?|logh|?,
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thus
u" —ull < Ch*loghl?,
and using (4.6), we have

up < By + Ch?|logh|?

<u" + Ch*|logh|*

Thus, we get

up—u" < Ch?|logh)?.

Therefore

||u” —uj, ||oo < Ch*|logh|?,
which completes the proof. d
Corollary 1 In (4.7), passing to the limit, as n — +00, we get

||u°° —uy ||OO < Ch*|logh|*. (4.8)
4.3 L*°-Asymptotic behavior

Now we estimate the order of the difference between u;, (T, -), the discrete solution calcu-
lated at the moment T = nAt, and u®, the solution of problem (2.13).

Theorem 6 (The main result) Under the conditions of Proposition 3 and Corollary 1, the
following inequality holds:

At+1\N
(-0 = € (110ghi + (5311 ) ) @9)

Proof We have
uy(t,-) =uy(t,-) forallte ((n - I)At,nAt),
thus

Jun(T, ) = u=C)] o, = | ) = u™()

= |y =i oo + i =

Indeed, applying the previous results of Proposition 3 and Corollary 1, we get

aAt+1
BAt+1

N
lun(T, ) =), < ( > |up — ||, + Ch*[loghl*.
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Then the following result can be deduced:

% 2 2 M N
|un(T, %) - u (x)||oofc<h | log +<ﬂAt+ 1) )

which completes the proof. g
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