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1 Introduction
In this paper, we consider the following three-dimensional incompressible Boussinesq
equations in the Eulerian coordinates:

U — UAu+u-Vu+ VP =0es,

O, —kANO +u-V6O =0,

V-u=0,

u(x,0) = uo(x), 0(x,0) = Op(x),

(1.1)

where u = (u1, uy, u3)(x, t), 0 = 0(x,t), P(x,t) are unknown functions denoting fluid veloc-
ity vector field, absolute temperature, and scalar pressure, ¢ > 0 is time, x € £2 is spatial
coordinate. p is the kinematic viscosity, « is the thermal diffusivity, and e = (0,0, 1) is the
unit vector in the x3 direction. The given functions uy and 6, are the initial velocity and
initial temperature, respectively.

Boussinesq system (1.1) has been widely used in atmospheric sciences and oceanic flu-
ids [9], and there is a huge amount of literature on the well-posedness theory of strong
and week solutions for the three-dimensional Boussinesq equations. In 2004, Sawada and
Taniuchi [12] established the local existence and uniqueness of strong solutions in the
whole space. In 2008, Danchin and Paicu [6] obtained global small solutions in Lorentz

spaces. In 2012, Brandolese and Schonbek [2] showed the polynomial decay rate of week
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and strong solutions, global smooth solution and its stability were given by Liu and Li [8]
in 2014. In 2016, Qin et al. [11] established the global classical solutions for axisymmetric
equations with anisotropic initial data. In 2017, Ye [15] proved global existence of smooth
solution to a modified Boussinesq model without thermal diffusion. In 2018, Wen and Ye
[14] established the regularity and uniqueness of strong solution for the damped Boussi-
nesq equations with zero thermal diffusion. Global well-posedness with fractional partial
dissipation can be found in a recent work [16]. For local and global theories of solutions
in two-dimensional space, we refer to [1, 3-5, 10, 17] and the references therein.

Inspired by the results of full compressible Navier—Stokes equations [13] and nonhomo-
geneous incompressible magnetohydrodynamic equations [7], in this paper we consider
global existence and exponential decay of strong solutions to system (1.1) with the follow-
ing initial-boundary conditions:

(u: 9)(x, t) lt=0 = (Mo(x), 90(95)); (1'2)
(u,0)(x,t) a2 = 0. (1.3)
Now, we state our main results as follows.

Theorem 1.1 (Blow-up criterion) Suppose that the initial data satisfy (uo,00) € Hy N H?
and divuy = 0 in 2. Let (u,0) be the strong solution to the initial-boundary value problem
(1.1)-(1.3) on £2 x (0, T'] satisfying

(u,0) € L>(0, T; H') N L%(0, T; H?),

(1.4)
(ur,6,) € L=(0, T;L*) N L*(0, T; H').
If T* < +00 is the maximal time of existence for the strong solution (u,0), then
lim_sup || V| oo, 1;2) = +00. (1.5)
)

T—T* 0,7

Theorem 1.2 (Global strong solution) For any given K; >0 (i = 1,2), suppose that the ini-
tial data satisfy (uo,6p) € Hy N H?, divug = 0 in 2, and

Vuoll 2 = v K1, 160ll.2 < v Ka. (1.6)

Then the initial-boundary value problem (1.1)—(1.3) admits a unique global strong solution
(1,0) on 2 x [0, T] for any T > 0, provided that there exists a constant gy > 0 such that

luollZ> + 160lI72 < €0, (1.7)

where gy depends on K1, |, k, and some other known constants but is independent of T.

Remark 1.1 When 6 = 0, system (1.1) reduces to Navier—Stokes equations. Then Theo-
rem 1.2 implies that Navier—Stokes equations admit a unique global strong solution on
§2 x [0, T] for any T > 0, provided that there exists a constant gy > 0 such that

luol?, < &0, (1.8)

where &y depends on Kj, 1 and some other known constants but is independent of 7'



Shang and Tang Journal of Inequalities and Applications (2020) 2020:50 Page 3 of 10

Theorem 1.3 (Asymptotic behavior) Under the conditions of Theorem 1.2, it holds that
/9(92 +|Vul?) < Crexp{-Cyt} (1.9)
for any t € [0,+00), provided that there exists a constant gy > 0 such that
01172 + 1601172 < o, (1.10)

where positive constants Cy, Co, €9 depend on K1, Ky, i, k, and some other known constants
but are independent of t.

Remark 1.2 In Theorem 1.3, we obtain exponential decay rate (1.9) in a bounded domain,
which refines the polynomial decay in [2] and [8].

For the fixed viscosity and heat conduction, we need the “smallness” of initial velocity
and temperature. But the velocity and temperature can be large. From the proof of Theo-
rem 1.2 and Theorem 1.3, we have the following corollary.

Corollary 1.4 For any given K; > 0 (i = 1,2), suppose that the initial data satisfy (uo,6o) €
H)NH?, divug =0in 2, and

Vol 2 < VK3, 60ll2 < v Ka. (1.11)

Then the initial-boundary value problem (1.1)—(1.3) admits a unique global strong solution
(¢4,0) on 2 x [0, T] for any T > 0, provided that there exists a constant w* > 0 such that

*

w=

Furthermore, when |1 and k are large enough, the global strong solution satisfies the follow-
ing exponential decay rate:

/ (0% + |Vul*) < Crexp{-Cat} (1.12)
2

for any t € [0, +00), where positive constants C1, Cy, u* depend on Ky, Kz, u, k, and some
other known constants but are independent of t.

Notations In the following paragraph, positive generic constants are denoted by C, which
may change in different places.

The rest of the paper is organized as follows. In Sect. 2, under the assumption of (1.5)
is false, we prove that the maximal time of existence for the strong solution is T* = +00,
where the standard energy estimate is used and it holds uniform in time. In Sect. 3, we
show that [|Vu|| ;00 7,12y Will never blow up in finite time, which combines the blow-up
criterion in Theorem 1.1, global existence of strong solution is proved in Theorem 1.2
provided the initial data of velocity and temperature are suitably small under the Z2-norm.
Finally, in Sect. 4, exponential decay rate of the strong solution is obtained.
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2 Blow-up criterion

Now, we state some uniform a priori estimates to prove Theorem 1.1.

Lemma 2.1 Under the conditions of Theorem 1.1, it holds that

T
sup [l6) 5 + / k[ Vo) 2 ds = 160112, < Ko, (2.1)
<t< 0

T 4 4K
sup [u(®)] . + / || Viuls) |2 ds < lluolZ + —ll60]2 < Ky + —. 2.2)
0=<t<T 0 K UK

Proof Multiplying temperature equation (1.1), by 6 integration by part and using diver-
gence free property, we get

——lo®];. + x| Vo). =0, (2.3)

integrating (2.3) over (0, £), (2.1) is proved.

Multiplying momentum equation (1.1); by # and using the Poicaré inequality, we obtain

1d

2 " 2
27 lu@®)| ;2 + el Val7s < lull 201002 < EIIVMIIEz + ;IIVé’IIip

Then we have

d 2 4
E”“(t)uﬂ + | Va7, < ;IIVQIIEz. (2.4)
Integrating the above inequality over time (0, £) and combining (2.1), one can get (2.2). [J

Lemma 2.2 Under the conditions of Theorem 1.1, and suppose (1.5) is false. Then it holds
that

T
sup (a3 + [ V0013 + [ (a0l + [ Vo)) ds <, 25)

where constant C depends on the initial data, |, k, and some other known constants but is
independent of T .

Proof Multiplying momentum equation (1.1); by u, and integrating by parts, we have

wd 2
E%HVM(t)”LZ + IIMtIIE2 = —/(u -Vu) - utdx+/963 - Uy dx
< llull sl Valiga el 2 + 110112 el 2

3 1
< C(||VM||L22||M||,%,2||Mt||L2 + ||9||L2||ut"L2)' (2.6)
On the other hand, (1.1); can be rewritten as

—uAu+VP=-u;—u-Vu+0es.

Page 4 of 10
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By the H?2-theory of Stokes system, we derive that
e
wlullz < Cl —ue —u- Vu+ el 2 < C(llucll 2 + Vol s llwll 2 + 161112),
and thus

C
latllp2 = ;(Ilutlle + I Vall3, + 161 2)- (2.7)

Inserting (2.7) into (2.6), we obtain

wd 2
bwT HVu(t) “Lz + ||Mt||iz
C 3 3 3 3 1
< (Vs s + 10t iz + Nl 091 2) + €O e
< Dy v (2 1vullls + S 1VulS + S AValb 1015 + 1912
—2 L M‘4 L /JLZ L /J’Z L L
<1||2Civ2iv2 Vo2 2.8
< gl + O gVl + 1wl + 19612, ). 2.9

Then, integrating (2.8) over (0, £), we have
2 t 2 1 1 1
,uHVu(t) ||L2 +/ ||ut(s) ||L2 ds < C(l + E +— —), (2.9)
0

uw> K

where we have used Lemma 2.1 and constant C depending on K; and K.
Next, applying the operator V on both sides of temperature equation (1.1), and multi-

plying by V6, integrating the resulting equation over £2, we get

1d

25||V¢9(t)||§2 +:<||V29Hj2 = _f V(u-V0)-VOdx

= IVull3VO VOl 2

< Cllully||V?60| 2 1IVO 2

C
< 21V + Il VO, (210)

integrating (2.10) over time (0,t) and using Gronwall’s inequality, which completes the
proof of Lemma 2.2. d

Lemma 2.3 Under the conditions of Theorem 1.1, and suppose (1.5) is false. Then it holds
that

T
sup (Ju® 2+ 0.0 2) + /O (Va2 + [ Vo)) ds < €. (211)

where constant C depends on the initial data, |, k, and some other known constants but is
independent of T.

Page 5 of 10
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Proof Taking the operator 9, to (1.1);, multiplying the resulting equation by #, and inte-

grating by parts, we have

1d

2
Egllut(t)llﬂ + Va7 :—/(ut Vi) - utdx+/9tea “updx

S WVullgs ol e llaell 2 + 110l g2 N2t |l 2

< Cllull 2 1 Vaeli 2ol 2 + 16N 2 12 12)
u C
< Ellvutlliz + E(llullfqzllutlliz +116:117>)- (2.12)

On the other hand, multiplying (1.1), by 6, and integrating the resulting equation over 2,
we obtain

K d 2
5 7 VOO +10:017, = - / (- V0)6, dx < ||u]| o< | VO [ 2116l 2

1
< Enetniz + Cllul? IVOI2,. (2.13)

Then, integrating (2.12), (2.13) over (0, t) and using Gronwall’s inequality, we have

t
sl + | VOI2 + / (12 Vi) + |69)| %) ds < C. (2.14)
0
Next, applying the operator 9; on both sides of temperature equation (1.1), and multi-
plying by 6, we get

1d 2
T 16:@) || > + < 1VelI72 = —/(ut VO +u-V0,)0,dx
< el 311VOIl 161102l 12
2
< Nwellz + C|| V26 21641132, (2.15)

integrating (2.15) over time (0, £), using Gronwall’s inequality, and taking (2.5), (2.14) into
consideration, we obtain

l6:®)] 7 + /0 |V6.(s)],ds < C, (2.16)

which completes the proof of Lemma 2.3. d

From Lemmas 2.1-2.3, we can see that Theorem 1.1 is proved.

3 Global strong solution

In this section, we prove the global existence and uniqueness of the strong solution. As-
sume that 7% > 0 is the maximal existence time of the strong solution. We prove T* = +00
by using contradiction arguments. If 7* < +00, our aim is to prove that (1.5) is not true

under the conditions of Theorem 1.2, which is the desired contradiction.
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We define

M(T)= sup || Vul7,.
0<t<T

Proposition 3.1 Assume that the initial data satisfy the conditions in Theorem 1.2, and

the local strong solution satisfies
M(T) <2Ky, (x,t) € 2 x[0,T], (3.1)
then
3
M(T) < §K1, (x,2) € 2 x [0, T7, (3:2)

provided that there exists &y depending on Ky, |4, k, and some other known constants but
independent of T such that ||uol|?, + 60|17, < €o is suitably small.

Lemma 3.2 Under the condition of Proposition 3.1, there exists C* depending on K1, 14, k,
and some other known constants but independent of T, it holds that

3
M(T) < §K1, (3.3)
provided that ey < C*.
Proof Recalling Lemma 2.2, from (2.8) we can see that

S V@) 5 +

&.|§~

1 1 1 1
E”"tt”LZ + C(M—HVMIILz + M—IIVMIILz + M—||VM||L2||9||L2 + ||9||Lz>
1
§””t”L2 +C —||V ”L2 + —||VM||L2 + ||V9||Lz (3.4)
Then, integrating (3.4) over (0, £), we obtain
2 1 [t 2
[Vu® 2+ — | uels)] 2 ds
" Jo
<||w0||L2+c( )f |Vats ||L2ds+—/ [v6(s)|2 ds
CK? (1 1 1 C
<|Vuol?y + —2 = + 1) =lluoll?s + ——1160lI% ) + —1160]1%, 3.5
<1Vl + (uz )(Mn ol + 5 100l ) + 160l (3.5)
where we have used Lemma 2.1. Then we have

[vu@l;.

< IVuoll; CKi (2 1) lluoll? CKi (1 1)116ol7 < 1607
U +— — + U +— — + + —
= 0ll72 M4 H,Z 0lly2 MSK H,Z 0llz2 Lk 0llz2
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, CK}(1 , C (K} K} )
§||VM0||L2+7 ?+1 ||M0||L2+H E+E+1 1601172

<K 1K 3[(
+-Ky = =Ky,
=1 2 1 2 1

2 2 2
provided C* < %Klé‘l, 8= max{ % (ﬁ + 1), M% (% + % + 1) } This completes the proof

of Lemma 3.2. O

Hence, from Theorem 1.1 and Proposition 3.1, we can see that Theorem 1.2 is proved

provided
2 2
lluoll}2 + 16072 < &0 < C*.

4 Decay estimates
Finally, in this section, based on the global in time strong solution, we have the following

exponential decay rate.
Lemma 4.1 Under the conditions of Theorem 1.2, we get that

/9(92 +|Vul?) < Cyexp{-Cyt} (4.1)
holds for any t € [0, +00), provided that

g <C*

for some positive constants Cy, Cy, and C* depending on i, k, K1, Ky, and some other known

constants but independent of t.

Proof From (2.4) we can see that

d 2 4

a2 14O+ Vil < VO (4.2)

S 2CKE . . . . .
Multiplying 3 (F + 1) on both sides of inequality (4.2) and adding the resulting equa-

tion into (3.4), we obtain

d (2CKE (1 2 K 2
2 (B (5 1)t + Evatol )

2CK? (1 1
2 (E . 1> [V 32 + 5 a2

2 2
< c(w ¥ 1) Vo], (4.3)

Page 8 of 10
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2 2
% + %) on both sides of inequality (2.3) and adding the re-

sulting equation into (4.3), we have

5 2
2 (5 (5 1) o + vl » 2 (P2 D)oo,

Next, multiplying 2C (

VAN w? ok
2CK? (1 2 8K*(1+p?) 1 2
s (E . 1) [Vute)|, + c(lufx . ;> [vo| <o. (8.4
Taking
2CK? (1 U 2 8K*(1+p?) 1 2
)= 2558 (1) ol + S v+ 20 (B 4 D oo

it can be estimated as

2CK?2 (1 " 8K?(1+p?) 1
= (F ; 1) Va2 + 2 Vo] + 2C<% ; ;) v

2CK2(1 + p? 8K2(1+u?) 1
< (# . ﬁ) [vu)|? + 2C<w . _) [vew[%  @5)
% 2 ulK K

Y(t) <

where we have used the Poincaré inequality.
Then there exists a constant M depending on C, Kj, u, k such that

2CK? (1 8K2(1+pn?) 1
Y () §M< - (—2 ¥ 1) |Vu@|; + C(% + —) I VG(t)Hiz)'
iz iz uek K

At last, from (4.4), we have
Y'(¢) + iY(t) <0
M J— ’
which deduces Y (¢) < Y(0) exp{—Ai/[}. This completes the proof of Theorem 1.3. O
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