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1 Introduction

Let C be a nonempty closed convex subset of a real Banach space X and X* be the dual
space of X; let the pairing between X and X* be denoted by (-,-). A mapping J : X — 2X°
such that

J@) = [ e X*: (¥, x) = el = |*[*), VxeX, (1.1)

is called normalized duality mapping.
Let g,b: C x C — R be bifunctions, where R is the set of real numbers. We study the
generalized equilibrium problem (in short, GEP) which was to find x € C such that

g(x,y) + bx,y) —b(x,x) >0, VyeC. (1.2)

The solution of (1.2) is denoted by Sol(GEP(1.2)). If we consider b(x,y) =0, Vx,y € C, (1.2)
reduces to the equilibrium problem (in short, EP): Find x € C such that

gxy) >0, VyeC, (1.3)

which was studied by Blum and Oettli [1]. The solution of (1.3) is denoted by Sol(EP(1.3)).

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02313-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02313-z&domain=pdf
http://orcid.org/0000-0002-9713-3509
mailto:mohdfrd55@gmail.com

Alansari et al. Journal of Inequalities and Applications (2020) 2020:42 Page 2 of 22

In the development of various fields of science and engineering, the equilibrium prob-
lem has a great importance. It provides various mathematical problems as special cases,
like variational inclusion problem, variational inequality problem, mathematical program-
ming problem, saddle point problem, complementary problem, Nash equilibrium prob-
lem in noncooperative games, minimization problem, minimax inequality problem, and
fixed point problem (see [1-3]). If we consider g(x,y) = h(y) — h(x), where h: C - Ris a
nonlinear function, then (1.3) becomes the optimization problem: Find x € C such that

h(x) <h(y), VyecC. (1.4)

If we consider g(x,y) = (y — x,Dx), Vx,y € C, where D : C — X* is a nonlinear mapping,
then (1.3) becomes the variational inequality problem (in short, VIP): Find x € C such that

(y—x,Dx) >0, VyeC, (1.5)

which was studied by Hartmann and Stampacchia [4]. The set of solutions of (1.5) is de-
noted by Sol(VIP(1.5)).

In 2006, using the extragradient iterative method for VIP(1.5) given in [5], Nadezkhina
and Takahashi [6] introduced and studied the following extragradient method and proved
a strong convergence as follows:

xo€ CCH,

uy = Pc(x, — r,Dxy),

Yn = Xy + (1 = ) TPc(x, — ryDuyy),
Cu={zeC:yn—z|* < llxu — 2|%},
Qu={z€eC:{x,—z,x-x,) >0},

(1.6)

%ns1 = Pc,no,%o-

For further generalizations of iterative method (1.6), see [7-10].

One drawback of algorithm (1.6) is the computation of values of mapping D at two dif-
ferent points and the necessity of two projections on the admissible set C to pass to the
next iteration. To overcome this drawback partially, recently, by adopting the idea of Popov
[11], Malitsky and Semenov [12] showed that with some other choice of C, it is possible
to drop from (1.6) the step of extrapolation, which consists in u,, = Pc(x, — r,Dx,), and
introduced the following iteration without extrapolating step and proved a strong conver-

gence:

x0,20 € CC H,

Zus1 = Pc(xy — ADzy),

Co={z € H: |z — 2|* < 1%0 — 2l + Kl — %11
= (1=} = AL)||Zus1 = Zull* + ALI%y — %0111}

Q.={zeH:{x,—z,x—x,) >0},

(1.7)

%Xn+1 = Pc,nq, %o,

where L is a Lipschitz constant and A > 0, k > 0 are parameters. We note that algorithm

(1.7) on every iteration needs only one computation of projection and one value of D.
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The iterative method given in [12] extended the methods given in [5, 6]. Further, Dong
and Lu [13] extended (1.7) and showed that the algorithm given by them could be faster
than algorithm (1.6) by a numerical example. Very recently, Kazmi et al. [14] extended
(1.7) for the mixed equilibrium problem.

In 2009, Takahashi et al. [15] introduced and studied the following iterative method
and studied strong convergence for a relatively nonexpansive mapping to approximate the

common solution of a fixed point problem and an equilibrium problem in Banach space:

x0 € C,

tn =] @ + (1= )] Txy),

z, € C such that g(z,,, y) + %(y—z,,,]zn —Ju,) >0, VyeC,
Cri={z€ C:9(z,z,) < P(z,x4)},

Qu=1{z€ C:{xy—zJx~Jxy) = 0},

Xns1 = Ic,nQ,%0, Y =0,

where I1¢c : X — Cis the generalized projection. For further extension of [13, 15], see[16—
18].

On the other hand, Mainge [19] extended and unified the Krasnosel'skii-Mann algo-
rithm as follows:

Wp =Xy + Hn(xn _xn—l): (1 9)
Xn+l = (1 - an)wn t+ay, TW,,,

for each n > 1 and proved a weak convergence for a nonexpansive mapping 7 under some
conditions.

The term 6, (x, — x,-1) given in (1.9) is called the inertial term. It plays a crucial role in
speeding up the convergence properties of iterative method (1.9); for details see [19-27]. It
is worth to mention that, if we consider 6,, = 0, then iterative method (1.9) becomes Kras-
nosel’skii-Mann type iterative methods; for details, see [28—30]. Due to this importance,
a number of researchers have been working on inertial type methods; see for details the
following: inertial Douglas—Rachford splitting methods [31], inertial forward-backward
splitting methods [32, 33], inertial forward-backward-forward method [34], and inertial
proximal ADMM [35]. Further it is worth to mention that the study of convergence anal-
ysis of inertial type iterative methods is still unexplored in the setting of Banach space.

Therefore, inspired and motivated by the work given in [12, 15, 19], we introduce and
study a hybrid iterative algorithm for approximating a common solution of GEP(1.2),
VIP(1.5), and a fixed point problem for a relatively nonexpansive mapping. Further, we
prove a strong convergence theorem in a uniformly smooth and 2-uniformly convex Ba-
nach spaces. Finally, we give a numerical example to justify the main theorem and demon-
strate that our proposed inertial iterative algorithm is faster than the algorithms due to
[15, 16].

2 Preliminaries

Suppose that weak and strong convergence are denoted by the symbols — and —, respec-
tively. Suppose that the unit sphere N is defined as N = {x € X : ||x|| = 1} on a Banach space
X.If M <1, Vx,y € N with x #y, then X is said to be strictly convex. If for any ¢ € (0, 2]
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there exists § > 0 such that

lx—yl=¢ implies @

<1-4 foranyx,y€N, (2.1)
then X is said to be uniformly convex. Notice that X is reflexive and strictly convex if it is a
w exists for all x,y € N. If the
limit exists uniformly, then X is uniformly smooth and X is said to enjoy the Kadec-Klee

uniformly convex Banach space and smooth if lim,_,¢

property if for any {x,} € X and x € X with x,, — «, and ||x,|| — ||x|, then ||x,, —x|| = 0 as
n — oo. Notice that X enjoys the Kadec—Klee property if X is a uniformly convex Banach
space. Also J is single-valued if X is smooth, J is uniformly norm-to-norm continuous
on bounded subsets of X if X is uniformly smooth, and X is strictly convex if J is strictly
monotone.

The function ¢ : X x X — R is said to be Lyapunov function and is defined by
¢(,y) = %1 = 2(x.J) + Iyl%, YxyeX. (2.2)

It is obvious that

(Ixll = Iy1)* < (e y) < (Il + Iyll)>, Yy € X, (2.3)

(] (My + (1 =0)2)) <Ap(x9) + (1 -Nd(x,2), Vx,yeX,re(0,1], (2.4)
and

o) = lxlllx =yl + Iylllx—yll,  Vx,yeX. (2.5)

Remark 2.1 If X is a reflexive, strictly convex, and smooth Banach space, then Vx,y € X,
ox,y)=0&x=y.

Lemma 2.2 ([36]) Let X be a 2-uniformly convex Banach space, then for all x,y € X the
following inequality holds:

2
lle =yl = Z 1l =yl
where c is a 2-uniformly convex constant and ¢ € (0,1].

Lemma 2.3 ([37]) Let X be a smooth and uniformly convex Banach space, and let {x,} and
{yu} be two sequences in X such that either {x,} or {y,} is bounded. If lim,,_, oc ¢(x1, ) =0,
then lim,,_, o ||%,, — y4| = 0.

Remark 2.4 If {x,} and {y,} are bounded, then by using (2.5) it is obvious that the converse
of Lemma 2.3 is also true.

Definition 2.1 Let T': C — C be a mapping. Then:
(i) Fix(T) = {x € C: Tx = x} is the collection of all fixed points of T;
(ii) A pointxy € C is defined as an asymptotic fixed point of T if C contains a sequence
{x,} such that x,, — xo and lim,,_, oo || Tx, — %, = O. IER(T) denotes the collection of
all asymptotic fixed points of T;
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(iii) T is said to be relatively nonexpansive if
Fix(T) =Fix(T) #9 and ¢(p, Tx) < ¢(p,x), Vx e C,p € Fix(T).

Lemma 2.5 ([38]) Let X be a reflexive, strictly convex, and smooth Banach space. Let C be
a nonempty closed convex subset of X. Let T : C — C be a relatively nonexpansive mapping.
Then Fix(T) is a closed convex subset of C.

Lemma 2.6 ([39]) Let C be a nonempty closed convex subset of X and D be a monotone
and hemicontinuous mapping of C into X*. Then VIP(C, D) is closed and convex.

Lemma 2.7 ([37]) Let C be a nonempty closed convex subset of a real reflexive, strictly
convex, and smooth Banach space X, and let x € X. Then there exists a unique element
xo € C such that ¢(xo,x) = infyec ¢(y,%).

Definition 2.2 ([40]) A mapping I1¢c : X — C is said to be a generalized projection if,
for any point x € X, I1cx = x, where X is a solution of the minimization problem ¢(x,x) =

infyec @(y, ).

Lemma 2.8 ([40]) Let X be a reflexive, strictly convex, and smooth Banach space, and let
C be a nonempty closed convex subset of X. Then

d(x, cy) + ¢(Icy,y) <p(x,y), VxeCandyeX.

Lemma 2.9 ([40]) Let X be reflexive, strictly convex, and let C be a nonempty closed convex
subset of a smooth Banach space X, let x € X and z € C. Then

z=Ilcx <<= (z-yJx-Jz)>0, VyeC.

Assumption 2.1 Let g: C x C — R be a bifunction satisfying the following:
(i) gx,x)=0,¥x€C;
(i) gis monotone, that is, g(x,y) + g(y,x) <0, Vx € C;
(ili) limsup,_,,g(tz+ (1 -2t)x,y) <g(x,y), Vx,9,z2€ C;
(iv) For eachx € C, y — g(x,y) is convex and lower semicontinuous.

Assumption 2.2 Let b: C x C — R be a bifunction satisfying the following:
(i) bis skew-symmetric, i.e., b(x,x) — b(x,y) — b(y,x) + b(y,y) > 0, Vx,y € C;
(ii) b is convex in the second argument;

(iii) b is continuous.

Lemma 2.10 ([41]) Let C be a closed convex subset of a uniformly smooth, strictly convex,
and reflexive Banach space X, and let g : C x C —> R be a bifunction satisfying Assump-
tion 2.1 and b : C x C — R satisfying Assumption 2.2. For all r > 0 and x € X, define a
mapping T, : X — C as follows:

T,x:{zeC:g(z,y)+%(y—ZJZ—]x)+b(Z,J’)—b(ZyZ)ZOrVJ’€C}’ VxeX. (26)

Then the following hold.:
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(a) Tyx is single-valued;
(b) T,x is a firmly nonexpansive type mapping, i.e., for all x,y € X,

(Trx_ Try)]Trx_]Try) = (Trx_ T, ,]x _]y>;

(c) Fix(T,) = Sol(GEP(1.2)) is closed and convex;
(d) T,x is quasi-¢-nonexpansive;
() ¢(q, Trx) + ¢(T,x,x) < ¢(g,x), Vq € F(T}).

In the sequel, we make use of the function @ : X x X* — R, defined by
* * |2
@ (x,x") = [lll® = {x, %) + [|a*| "
Observe that @ (x,x*) = ¢(x, ] 1x*).

Lemma 2.11 ([40]) Let X be a smooth, strictly convex, and reflexive Banach space with X*
as its dual. Then

D (x,x") + 207" —x,5) < P (%, x" +y*), VxeXandallx*,y* € X*.

3 Main result

In this section, we prove a strong convergence theorem for the inertial hybrid iterative
algorithm to approximate a common solution of GEP(1.2), VIP(1.5), and fixed point prob-
lem for a relatively-nonexpansive mapping in uniformly smooth and 2-uniformly convex
real Banach spaces.

Iterative Algorithm 3.1 Let the sequences {x,} and {z,} be generated by the iterative
algorithm:

X0 = X_1, zo € C, Co:=C,

Wy = % + 0,6 — X-1),

Vn = ] (W, — inDwy),

tn =] HNolzn + (1 — )] Tyn),s

Zpe1 = Ty, Uy,

Crn={z€ C:9(z,2411) < uP(2,2,) + (1 = ) P(z, W)},
Qn=1{z€ C:{x,—2zJx, — Jxo) <0},

Xns1 = Ilc,nQ,%0, VYn >0,

where {a,} € [0,1], r, € [a, 00) for some a > 0, {6,} € (0,1) and {u,,} € (0, 00).

Theorem 3.2 Let C be a nonempty, closed, and convex subset of a 2-uniformly convex and
uniformly smooth real Banach space X, and let X* be the dual of X.Let D : X — X* bea y -
inverse strongly monotone mapping with constant y € (0,1); g: C x C — R be a bifunction
satisfying Assumption 2.1, and b : C x C — R satisfy Assumption 2.2. Let T : C — C be a
relatively nonexpansive mapping such that I' := Sol(GEP(1.2)) N Sol(VIP(1.5)) N Fix(T) #
@. Let the sequences {x,} and {z,} be generated by iterative algorithm (3.1) and the control
sequences {a,} € [0,1] such that lim,_,» o, =0, r, € [a,00) for some a > 0, {6,} € (0,1),
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and {,} € (0,00) satisfying the condition 0 < liminf,_, o t,, < limsup,,_, o, ty < CZT’/, where
c is the 2-uniformly convex constant of X. Then {x,} converges strongly to ¥ € I, where
& = I[Irxg and [ is the generalized projection of X onto I'.

Now, we give some lemmas for the main result in this paper as follows.
Lemma 3.3 Foreachn>0, I" and C, N Q, are closed and convex.
Proof It follows from Lemmas 2.5-2.6 and Lemma 2.10 that I" is a nonempty closed and
convex set, and hence ITx, is well defined. Evidently, Cy = C is closed and convex. Further,

the closedness of C,, is also obvious. We only prove the convexity of C,. For ¢1,42 € C,,
we have q1,q2 € C, tq1 + (1 — t)q2 € C, where ¢ € (0,1), and

¢>(6]1, Zpi1) < an¢(q1’zn) +(1- Oln)¢(611, W) (3.2)

and

¢(612» Zn+1) =< Oln¢(42; Zn) + (1 - an)¢(q27 Wn)' (33)

The above two inequalities are equivalent to

20, (q1,J2n) + 2(1 — ) (g1, IWn) — 2(q1,)Zp41)

= ‘Jlnuth”2 +(1- O{H)HWMH2 = 1zns1 ”2 (3.4)
and

20571 (qu]Zn> + 2(1 - an)<q2)]Wn) - 2(q27jzn+l>

= O[,,||Zn||2 +(1 _Oln)”Wn”2 - ||Zn+1”2' (3.5)

It follows from (3.4) and (3.5) that

2a,(tqy + (1= 1)qa, Jzu) + 2(1 — a)(tq1 + (1 = £)q2, Jwa) — 2(tq1 + (1 = )g2, J2n.1)

<apllzal® + @ =) wall® = 2 1> (3.6)

Hence, we have

(,b(tql + (1 - t)612; Zn+1) < an¢(tq1 + (1 - t)éfz: Zn) + (1 - 0ln)¢(t¢11 + (1 - t)612, Wn), (37)
which implies that £g; + (1 - £)q» € C,, hence C,, is closed and convex for all # > 0. By using
the definition of Q,, it is obvious that Q,, is closed and convex. This implies that C,, N Q,,,

Vn > 0 is closed and convex. O

Lemma 3.4 Foreachn>0,I" C C, N Qy,, and the sequence {x,} is well defined.
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Proof Letp € I', we have

(s zn1) = ¢, T, 16)
< o(p, un)
<o (] (anfzn + (1 = )] Tyn))
< aud(p,z0) + (1 = a)p(p; Tyn)
< ayp(p,20) + (1 = )@ yn). (3.8)

Additionally, by Lemmas 2.2 and 2.11, we obtain

6(,7) = & (p, [IT ™ (W, — 11,Dw,)
< o] Uwn = 1aDwy))
= @(p,Jwy — tuDw,,)
< @ (p, Wn — wnDWn) + 1uDWy) = 2{] 7 Wy — penDWy) = Py pinDW,,)
= D (p,JWn) = 2un{J " Wy, — tuDwy) — p, Dwy,)
= (P, Wn) = 2(wy — p, Dwy,) = 2p1{J~ Wy, — 11, DW,1) = s, D)
= ¢(p, Wy) = 2(Wy — p, Dw,, — Dp) = 24 {]~ Wy, = 1£,DW,,) = Wy, Dwy)

< ¢, wn) = 2uny ”Dwn”2 + 20, ”]_l(jwn - Dw,) _]_ljwn ” ”Dwn”2

2 4/*3: 2
< o, wy) = 21,y |Dw, |1~ + 7||Dwn||

2pin
= ¢(p,Wn) = 21, <V - )||DWn||2y (3.9)

2
which, combined with w, < CzTV, leads to
d®,y1) < S, Wn). (3.10)
By (3.8) and (3.10), we have
P p:2n1) < oup(p:20) + (1 — )P0, W), (3.11)
which implies that p € C,,. Thus, I C C,,, Vr > 0. Next, we show by induction that I" C
C,NQ,, Vn > 0. Since Qy = C, we have I' C Cy N Qq. Let I' C C; N Qi for some k > 0.

Then there exists x;.; € Ci N Qk such that xy,1 = ITc,nq %o. From the definition of x.1,
we have, for all z € C N Q, that (xy,1 — 2, Jxg — Jxxs1) = 0. Since I' C Cy N Q, we have

(Xk+1 — Py Jxo = Jxis1) 20, Vpel, (3.12)
and hence p € Q1. Thus, we obtain I" C Cgy; N Qi1 as I' € C, for all n. Therefore,

I' € C,NQ,, Yu >0, and hence x,,,; = [Tc,ng,%o is well defined Vi > 0. Thus, {x,,} is well
defined. O
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Lemma 3.5 The sequences {x,}, {yu}, {zu}, {wn}, and {u,} generated by iterative algorithm
(3.1) are bounded.

Proof By the definition of Q,,, x,, = [T, %o. Using x,, = I1,%o and Lemma 2.8, we obtain

O (xu, %0) = $(Ig,%0,%0)

< ¢(u,x0) — p(u, I, x0) < $(u,%0), Yuel CQy.

This shows that {¢(x,,x0)} is bounded and hence from (2.3) that {x,,} is bounded. Further,

¢(p,xn) = ¢(p7 nCn_lﬂQn_le)
= ¢ (p, x0) — P(xn, %0)

implies that {¢(p,x,)} is bounded and by the fact ¢(p, Tx,) < ¢(p,x,), Vp € ' that
{Tx,} is also bounded. Therefore, {w,} and {y,} are also bounded. Now, setting M =
max{¢(p, o), sup, ¢(p, w,)}. Then obviously ¢(p,z9) < M. Let ¢(p,z,) < M for some n,
then from (3.11)

¢(P,Zn+1) <o,M+(1-a,)M <M.
Thus, {¢(p,z,+1)} is bounded and hence {z,} is also bounded. O

Lemma 3.6 The sequences x, — X, U, —> X, and z,,1 — X as n — 0o, where x is some point
inC.

Proof Since x,.1 = ITc,ng,%0 € Q, and x,, € I1g,xy, we get
d)(xrl:x()) < ¢(xn+11x0)1 Vn > 0.

This shows that {¢(x,, %)} is nondecreasing and hence from boundedness of {¢(x,,x¢)},
lim,,_, o ¢ (x5, x0) exists. Further,

¢(xn+1:xn) = ¢(xn+1r HanO)
< ¢(Xni1,%0) — @I, %0, %0)

= ¢(xn+l’x0) - ¢(xn,x0)’ Vn > 0,
and hence
lim ¢(x,.1,%,) = 0. (3.13)
n—0o0
Since X is uniformly convex and smooth, by Lemma 2.3, we have
lim ||x,:1 — x5l = 0. (3.14)
H—0Q

Since X is reflexive and {x,} is bounded, there exists a subsequence {x,, } of {x,} such that
Ky — x. Since C,,NQ, is closed and convex, ¥ € C, N Q,.. Using weak lower semicontinuity
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of || - ||?, we obtain

PR, x0) = IXI* - 2%, Jxo) + l|x0l
< hkgggf(nxnk 11> = 2(t,., Jo) + llxo]I%)
= likminfqb(x,,k,xo)

= lim sup ¢(xnk ’ xO)
k—o00

= ¢(5€’ xO)r
which implies that lim_, o ¢ (%, ,%0) = ¢(X,%0), and hence we have limy_, o |5, || = [IZ].
Further, from the Kadec—Klee property of X, x,, — & as k — oo. Since lim,,_, o ¢(x4,%0)
exists, 1im,,_, oo @ (%, %0) = P (X, x0). If there exists some subsequence {2} of {x,} such that

%y, — X as j — 00, then

¢(5C’5&) = hm ¢(xnernj)
kj— 00

which shows ¥ = ¥ and thus x,, — X as n — 00.
From the definition of w,, we have ||w, — x| = [10,(x, — x%,-1)|| < ll%, — %,-1], which
implies by (3.14) that
lim ||w, —x,| =0. (3.15)
n—00
Since {w,} is bounded and by Remark 2.4, we get
lim ¢(x,, w,) =0. (3.16)
n— o0
By (3.14) and (3.15), we have
lim ||xn+1 - Wn” =0, (317)
using Remark 2.4
lim ¢ (%1, Wy) = 0. (3.18)
n—00
As %41 = I1c,nq, %0 € Cy, therefore
OXni1,Zn1) < K1, 20) + (1 = 0) (K1, Wy). (3.19)

By (3.16), (3.19), and assumption lim,_, o &, = 0,

¢(xn+17 Zn+1) =0.



Alansari et al. Journal of Inequalities and Applications (2020) 2020:42 Page 11 of 22

Using (2.3), we get
lim (||xn+1 - ||Zn+1") =0,
n—00
and using lim,,_, » ||, || = [|%]|, we have
lim ||z,1 ]| = [|%]. (3.20)
n— 00

Hence, we have
lim [|Jz,1 ]l = lim [z, = %] = [J%]]. (3.21)
n—0o0 n—0o0

This shows that {||/z,1]|} is bounded. Since X and X* are reflexive, we may assume that
Jzpi1 — x* € X*. By reflexivity of X, we see that J(X) = X*, that is, there exists x € X such
that Jx = x*. Since

2 2
¢(xn+lrzn+1) = ||xn+1|| _2<xn+1:]zn+1> + ||Zn+1|| ’

¢(xn+17zn+1) = %41 ”2 = 2{xn41,J2Z041) + JZns1 ”2
By using liminf,_,  in the above equality, we have

0> [I&]% - 2(z,%*) + || »*|*
= 1RI1% = 23, Jx) + x>
= [1Z1% - 2(&, Jx) + llxl|
= (%, %),

i.e., ¥ = x, and hence x* = Jx. This implies that Jz,,; — Jx € X*. Since X* and (3.21) satisfy
the Kadec—Klee property, then

lim ||]Zr1+1 _]5‘:” =0.
n—00

AsJ™1: X* — X is demicontinuous, therefore z,,; — &. Using (3.20) and the Kadec—Klee
property of X

lim z,,1 = X. (3.22)
n— o0

|12, we arrive at

Next, by using the weak lower semicontinuity of || -

¢, 3%) = lIpll”* = 2(p.JZ) + 13]°
< liminf(Ipll* - 2(p, Jzus1) + 1z 1)
= lim lnfff’(P: Zn+l)

< limsup ¢(p, z,41)

n—00



Alansari et al. Journal of Inequalities and Applications (2020) 2020:42 Page 12 of 22

= limsup(Ipll* = 2(p, Jzns1) + I 2n1|I)

n—00

< ¢@,%),
and hence
nlipgo ¢(I9: Zus1) = ¢(p,9AC) (323)
Since x,, — X, n — 00, and (3.22), we have
lim [|%, — zps1]| = O. (3.24)
n— o0
Since J is uniformly continuous, we get
lim ||Jx, —Jzps1ll = 0. (3.25)
n—00
By using the definition of Lyapunov function, we have, Vp € I,

¢(p’xn) - ¢(przn+l) = “xn”2 —zus1 ”2 = 2(p, Jxpy — Jzni1)

< % = Zaea 1 (161l + 1z ) + 200 1 = T2z -

From (3.24) and (3.25)

nli)rglo{fﬁ(l?, %) = $(p,zni1)} = 0. (3:26)
From (3.23) and (3.26)

Jim ¢(p,x,) = $(p,%). (3.27)
Again, by using weak lower semicontinuity of || - ||, we obtain

o(p,%) = llpl* - 2(p,J%) + |1
< liminf(Ilp|1> = 2(p, w,) + | wall”)
= liminf ¢(p, w,)
n—00

< limsup ¢(p, w,,)

n—00

= limsup(llpl? = 2(p,Jwn) + [wall’)

n—00

< ¢(®:3),
which implies

lim ¢(p,w,,) = (p, %). (3.28)

n—00
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Thus, for any p € I' C C,, and by (3.8) and (3.10),

o0, un) < ¢, T (nzn + (1 - ) Tyy))
< a, P, z.) + (1 —a,)p(p, yn)
< (P, z,) + (1 — ) (p, wy).

From (3.23), (3.28), (3.29), and lim,,_, ,c @, = 0,
lim ¢(p,u,) = ¢, %).
n—0oQ
From Lemma 2.10(e), we obtain, for any p € I" and 2,41 = T}, t4y,

O (Zyi1,Uy) = d)(TrnMnr Uy)
<o, u,) - d(p, Trnun)
= ¢(P, un) - ¢(P» Zn+1)'

It follows from (3.23), (3.30), and (3.31) that
lim ¢ (21, u4) =0,
n— o0
and hence from (2.3) we have
Tim (20,1l = lll) =0.
From (3.20)
lim |[u,]| = (%],
n—00
and hence

lim |Ju,|l = /%[,
n—00

Page 13 of 22

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

i.e., {|lJu,||} is bounded in X*. Since X* is reflexive, we can assume that Ju,, — u* € X* as

n — o0. Since J(X) = X*, there exists # € X such that Ju = u*. Since

2 2
¢(Zn+1: un) = [|Zue1 1 = 2(Zpe1, Jubn) + |t |

= llznarI? = 2(2ne1, Jt) + ot ).
By using liminf,_, -, in the above equality, we have

0> %1% - 2% u*) + ||
= 1317 = 2, Ju) + Ju]®
= %1% = 24&, Ju) + [lul?

= ¢(x,u).
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Using Remark 2.1, we have x = i, i.e., u* = Jx. Therefore Ju,, — Jx € X*. From the Kadec—
Klee property of X* and (3.33), we obtain

lim ||/, —J%| = 0. (3.34)

As J7! is demicontinuous and (3.34), therefore u,, — %. From the Kadec—Klee property of
X and (3.32), we obtain

lim u, = X. a

n—00

Proof of Theorem 3.2 By (3.8) and (3.9), we have

o, un) < and(p,z,) + (1 — )P, y4)

2
<, z,) + (1 —a)p(p, wy) +2(1 - an)ﬂn( 5 - V) ||DW,,,||2,
which implies that
2y
2(1 — ap) ity (7/ - ; > ||DW,,||2 <o, wy) — o, u,)
+an[¢(pr W) —¢(19» Mn)]: (3.35)

and hence from (3.28),(3.30), (3.35), and lim,, o @, = 0, (¥ — 2%) >0,
lim [|Dw,]| = 0. (3.36)
n—oQ

Since D is y-inverse strongly monotone, it is %—Lipschitz continuous. It follows from
lim,,_, oo W, = % and (3.36) that & € D1(0). Hence % € Sol(VIP(1.5)).
Furthermore, (3.1) combined with (3.36) yields that

lim ”yn _52” = lim HHC]_I(]Wn - MnDWn) - HC&:H
n—00 n—00

< lim ] 0w, — pnDw,) - &
n—00

= 0. (3.37)
Using Lemmas 2.2 and 2.11, we estimate

W) = S(W TTcT " (Wi — L Dwy))
< (W J ' Uwn — uuDw,y))
< @ (Wy, Wy — nDwy))
< @ (Wn, Wi — tinDWy) + puDwy) = 2(17 Wy, = 1y DW,y) = W, 11, D)
= ¢ (W W) + 207 Wy — 1y DWy) = Wiy, =1, Dwy)

= 2/'Ln<]71(jwn - /'LnDWn) - Wm_DWn>
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IA

||]_1(]W}’l - nDwy) _]_ljwn ”

4
< SHa DAl (3.38)
then using (3.36) we have
lim ¢ (W, y) =0, (3.39)
n—00
which implies by Lemma 2.3 that
lim ||w, —y,|l = 0. (3.40)
Hn— 00
As limy,_, oo (2,41, U,) = 0, hence from Lemma 2.3 we have
lim [|Zps1 — ]| = 0. (3.41)
H—0Q
By the uniform continuity of J,
lim I/zns1 = Junll = 0. (342)
n—00
Since r, > a and using (3.42), we get

. ||]Zn+1 _]un”
lim ———— =

n—00 T

0. (3.43)
By z,1 = T}, u,, we have

1
g(Zn+1,)/) + 7'_ (_y - Zn+1’]Zn+1 _]Mn> + b()/, Zn+1) - b(zn+lrzn+l) > O; VJ/ S C.

n

It follows from Assumption 2.1(ii) that

1
— (y - Zn+lr]Zn+1 _]un) = —g(thy) - b()’) Zn+1) + b(Zn+1, Zn+1)

n

> g, Zne1) = by, 2ni1) + b(zn11, Z011)-
Setting n — oo, by (3.43) and the lower semicontinuity of y — f(y,-), we have
20,%) - b(y,%) + b(%,%) <0, VyeC.
Setting y; ==ty + (1 — £)&, Vt € (0,1], and y € C, then y; € C, and thus

g(yh&) - b()’MAC) + b(fc,fc) <0.
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It follows from Assumption 2.1(i)—(iv) that

0 =gy
< gWuy) + (1 -0g0n )
< 80y) + (1= 9[b(y, %) - b(&, %)]
< 1g0ny) + (1= O[b(, %) - b(%,%)].

Letting ¢ > 0, we have from Assumption 2.1(iii)
gx,9) + b(y,x) - bx,x) >0, VyeC.

Therefore x € Sol(GEP(1.2)).
Next, we show that & € Fix(T). In view of u,, = J " (a,Jz, + (1 — a,,)J Ty,,), we have

Jzni1 = Jun = oy (Jzni1 = J2n) + (1 = o) Jzie1 = JTn)-
Hence, we have
(1 - Q’n)”]Z;Hl _]Tyn” =< ||]Zn+1 _]”n” + Q’n”]ZrHl _]Zn”» (344')

From assumption lim,,_, », &, = 0, (3.42), and (3.44), we obtain

Mim |l/z,1 =TTyl =0, (3.45)
lim ||z,41 — Tyu|| = 0. (3.46)
n—0o0

Further, using (3.40) and (3.46), the inequality
1750 = yull < 1 TYn = Znsrll + 1Zne1 = wall + W =yl
implies
Tim [Ty, = yull = 0. (347)

From (3.17), (3.40), and (3.41) it follows that {x,}, {y,}, {#,}, {w,}, and {z,} all have the
same asymptotic behavior, hence from (3.47) we have

lim || T, — %, =0, (3.48)
n— o0

which implies that & = T, i.e., € Fix(T). Thenx € I'.
Finally, we show % = ITx,. Taking k — 0o in (3.12), we have

(X-pJxo—Jx) >0, Vpel.

Now, by Lemma 2.9, & = ITx,. This completes the proof. d

Page 16 of 22
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If X is a Hilbert space, then J = I and ¢(x,y) = [|x—yl||?, ¥x,y € C. Then from Theorem 3.2

we get the following corollaries.

Corollary 3.1 Let C be a nonempty, closed, and convex subset of a Hilbert space X.
Let D : X — X* be a y-inverse strongly monotone mapping with constant y € (0,1) and
g:C x C— R be a bifunction satisfying Assumption 2.1, and let b : C x C — R satisfy As-
sumption 2.2. Let T : C — C be a nonexpansive mapping such that I" := Sol(GEP(1.2)) N
Sol(VIP(1.5)) N Fix(T) # @. Let the sequences {x,} and {z,} be generated by the iterative
algorithm:

X0 = X_1, zo € C, Co:=C,
Wy = %+ 0,(% — X-1),

Yn = Pc(Wy — wnDwy),

Uy = 0pzy + (1= ay) Tyy, (3.49)
Zpi1 = Ty, Uy,

Co={z€ C:llzp —2lI* < anllzn — 21> + (1 — &) Wy — 2]},
Qn=1{z€C:{x,—2z,x, —xp) <0},

%Xn+1 = Pc,nQ.%0, Y1 >0,

where {a,} is a sequence in [0, 1] such that lim,_, - &, = 0, r, € [a, 00) for some a > 0, {0,} €
(0,1), and {,} € (0, 00) satisfying the condition 0 < liminf,_, oo u,, <lmsup,_, o py < CZT”,
where c is the 2-uniformly convex constant of X. Then {x,} converges strongly to x € I',

where X = I1xo and I1rx is the generalized projection of X onto I'.

4 Numerical example
If X = R is a Hilbert space with the norm ||x|| = |x|, Vx € X. Now, we give a numerical

example which justifies Theorem 3.2.

Example4.1 LetX =R, C = X, where X is a Hilbert space, and let g : C x C — R be defined
by g(x,y) =x(y —x), Vx,y € C, and b : C x C — R be defined by b(x,y) = xy, Vx,y € C. Let
the mapping D : R — R be defined by Dx = ;let T : C — C be defined by Tx = 3. Setting
{n} = {%}, Ty = i, 0, =0.9, and {a,} = {n%}, Vn > 0, let the sequences {x,}, {u,}, and {z,}
be generated by hybrid iterative algorithm (3.1) converges to x = {0} € I'.

Proof Note that for the case C = X, where X is the Hilbert space, the sets C,, and Q,, in iter-
ative algorithms (3.1) are half spaces. Therefore, the projection onto the intersection of sets
C, and Q, can be computed using a similar formula as given in [42]. It is easy to observe
that g and b satisfy Assumption 2.1 and Assumption 2.2, respectively, and Sol(GEP(1.2)) =
{0} # 0. Further, it easy to observe that D is a %—inverse strongly monotone mapping and
Sol(VIP(1.5)) = {0} # @. Further, it is easy to observe that T is a relatively nonexpansive
mapping with Fix(T') = {0}. Therefore, I" := Sol(GEP(1.2)) N Sol(VIP(1.5)) NFix(T) = {0} #

@. After simplification, hybrid iterative scheme (3.1) is reduced to the following scheme:
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Given initial values xg, x1, Zo,

Wy =Xy + On(xn _xn—l)

0, ifx <0,
Yn :PC(Wn_,LLnDWn): 1, ifx> 1,
W, — w2, otherwise,
(1o e (1)
Up = QnZn + 32V Znel = 55

2 2 2_,2
— . Zn+1_wn+a”(wn_zn)
C, = le,,00), wheree,:= TR T o e
Qn = [xn: OO);

Xn+1 = Pc,ng,%0, Y >0.

Finally, using software Matlab 7.8.0, we have Figures 1 and 2 and Table 1 which show that
{x,}, {un}, and {z,,} converge to x = {0} as n — +00. O

For D =0, b(x,y) = 0, we now demonstrate that iterative algorithm (3.1) with conditions
given in Theorem 3.1 approximates a common element of the solution set of EP(1.3) and
the fixed point set of 7. Further, we observe that it is faster than iterative algorithm (3.1)
due to [16] and iterative algorithm (1.8) due to [15] for a nonexpansive mapping.

Set D =0, b(x,y) = 0, in Example 4.1, we have that iterative algorithm (4.1), iterative
algorithm (3.1) due to [16], and iterative algorithm (1.8) due to [15] reduce to the following
iterative algorithms:

Figure 1 Convergence of {x,}, {z,} and {u,} when 3
X0:1,X1:1,Zo:3 1
25 .

05

0 5 10 15 20 25 30 35 40
Number of iterations

Figure 2 Convergence of {x,}, {z,} and {u,} when 0
XOZ—‘\,Xw :—Z,Zo:—?)
-0.5 [

I

|
251
|

1

1

0 5 10 15 20 25 30 35 40
Number of iterations
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Table 1 Values of x,, z, and up

No. of iterations Xn Zn Un
Xoiw,)ﬁ:z 20:3
1 1.750000 2.000000 3.000000
2 1.603678 0.532101 0.798151
3 1.238166 0.280883 0421324
4 0.890899 0.179440 0.269159
5 0.619175 0.116978 0.175467
6 0.422455 0.077010 0.115516
7 0.285321 0.051030 0.076545
8 0.191617 0.033954 0.050931
9 0.128288 0.022649 0.033973
10 0.085748 0.015130 0.022695
15 0.011379 0.002027 0.003041
20 0.001514 0.000272 0.000408
25 0.000202 0.000037 0.000055
30 0.000027 0.000005 0.000007
35 0.000004 0.000001 0.000001
38 0.000001 0.000000 0.000000
39 0.000001 0.000000 0.000000
40 0.000000 0.000000 0.000000

Iterative Algorithm 4.2 Given initial values xo, x1, 2o,

Wy =Xy t+ en(xn - xn—l)
Yn =Wy,
1-«o 4
Uy =0pZy + ( 3 n)yn; Znsl = %;
2 o 22 (4.2)
C. = [ ) h Lz Watan(wi-z)
n = 18m O0) WRETE €n = o B 2an i —2n)
Qn = [xm OO);
Xn+1 = Pc,ng,%0, Yn>0;
and
Iterative Algorithm 4.3 Given initial values xy, zo,
1-«o 4
Uy = 0uzy + ( 3 n)yn; Zps1 = %;
22 1—xf,+an(x3,—zf,)
C, = le,,00), wheree, ;= 2",
2241~ 220 +200 (X —2Zp1) (4 3)
Qn = [xm OO);
Xn+l = PCnﬁanOy Vn > 0;
and
Iterative Algorithm 4.4 Given initial values xy,
Up = OyXy + (ligan)xn; Zn = 4%;
C, = [es,00), where e, := 2%,
2 (4.4)

Qy = [%4,00);

Xns1 = Pc,ng.%0, Yn >0,

respectively.
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Figure 3 Convergence of {x,} whenxp=1,x; =2, 2

Z0=3 181 Algorithm 4.2 4
Algorithm 4.3

Algorithm 4.4

(x,}

. .
0 5 10 15 20 25 30 35 40
Number of iterations

Figure 4 Convergence of {x,} when xo =-1,x; =-2, 0
0= s 1
-0.4 Algorithm 4.4 4
-0.6
-0.8
F
121
1.4
16
1.8
-2 L L L L L L L
0 5 10 15 20 25 30 35 40

Number of iterations

Hence, the sequence {x,} defined by Iterative Algorithm 4.2, Iterative Algorithm 4.3 as
well as by Iterative Algorithm 4.4 converges strongly to % = 0.

Finally, using software Matlab 7.8, we have the following figures which show that the
sequence {x,} converges to & = 0 € £2. Figure 3 shows the convergence of {x,} when x = 1,
x1 =2, zo = 3 for Algorithms 4.2—-4.3 and 4.4, while Fig. 4 shows the convergence of {x,}
when xy = -1, x; = -2, zo = —3 for Algorithms 4.2—4.3. It is evident from figures that the
sequence {x,} obtained by Iterative Algorithm 4.2 converges faster than the sequence {x,}
obtained by Iterative Algorithm 4.3 and Iterative Algorithm 4.4.

Concluding remark 4.1 We observe that
(i) Iterative algorithm (3.1) is quite different from algorithm (1.8) given by Takahashi
[15] and (3.1) given by [16].
(ii) Corollary 3.1 is new and different from that of Theorem 3.2 due to Takahashi [15]
and (1.9) given by Mainge [19].

(ili) A numerical example was given to prove the efficiency of the proposed hybrid
inertial iterative algorithm, that is, the proposed algorithms in Theorem 3.2 and
Corollary 3.1 for D = 0 and b(x, y) = 0 converge faster than the algorithm presented
in [16] and [15].
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