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1 Introduction
Recently, the following nonlinear density-dependent mortality Nicholson’s blowflies sys-
tem with patch structure:

x(t) = —au(t) + ba(e ™0 + Y (ay(t) - by(H)e ")
j=1ji

m
+ ) B0t — (1)) e OO, e Qi={1,2,...,m), (1.1)
j=1

has been used in [1, 2] to describe the dynamics of recruitment-delayed model with
the Rickers-type birth function and the harvesting strategy Type II (cyrtoid). In the ith
patch, a;(t) — b;(t)e™® is a nonlinear density-dependent mortality term which repre-
sents the death rate of the current population level x;(¢); the birth rate function g;;(#)x;(t —
rlj(t))e‘Vij(t)"i(f‘Tii(’)) depends on maturation delays 7;;(¢) and the maximum reproduction
rate %, fori,j € Qandj # i, a;(t) - blj(t)e”‘i<') denote cooperative connection weights of
the populations ith and jth patch [2-6].

Because the almost-periodic oscillation is an important dynamic characteristic in popu-
lation dynamics, more attention has been paid to the almost-periodic problems for delayed
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Nicholson’s blowflies equation and and its variants [7—9]. Furthermore, a recent study in
[10] established the existence and global stability of almost-periodic solutions for Nichol-

son’s blowflies system (1.1) involving a positive constant M > k obeying

i) M <k, forallteR,ieQ,jel={1,2,...,m}, (1.2)
i (E 1
sup —a;(t) + byt)e™ + Z a;(t) + Z B ) <0, (1.3)
1 yl]
j=1j#i
inf  —au(t) + bu(H)e™ + Z a;(t) - by(2)) i Pil®) sl 0, (1.4)
teR,se[0x] / / - )/zj(t)
J=1j7i j=1
1 m
sup{ ~bi(t)e™ + Z bj(t)e™ + =5 > ﬁlj(t)} <0, (1.5)
ek 1 ¢ A
where
1- 1 ~ ~
kK €(0,1), £ —» K € (1,+00), ke =ke™, ieqQ. (1.6)
er e

Alas, the additional assumptions (1.2)—(1.5) are all defined on R, which are evidently not in
accord with the biological interpretation in the considered systems. Apparently, according
to the biological background of (1.2) in [8, 9], one needs to relax the above additional

assumptions as follows:

Mlimsup y;(t) <k, (1.7)
t—>+00
n m (t 1
sup 1 —ai(t) + b()e™ + Y az®) + Y BOLL (1.8)
te[ty,+00) fmy" -1 Vij(t) €
inf liminf{ —a;(¢) + b;;(£)e™* + a;(t) — by (t (1.9)
s€[0k] t—>+ { 7212'/;'1'( / Y 121: z/(t)
1 m
llmtiligo{ —bi(t)e™ + ; by(t)e™ + Z leﬂlj(t)} <0, (1.10)
j=Lj#i j=

forallie Q,jel

Inspired by the above analysis, in this paper, under the weaker assumptions (1.7)—(1.10),
we develop a novel approach to demonstrate the global stability of positive asymptotically
almost-periodic solutions for system (1.1).

This paper is organized as follows: In Sect. 2, some necessary preparations are provided.
In Sect. 3, the existence and global convergence of asymptotically almost-periodic solu-
tions are demonstrated by developing an approach based on differential inequality tech-
niques coupled with the Lyapunov function method. To verify our theoretical findings,
a numerical experiment is carried out in Sect. 4. And concluding remarks are stated in
Sect. 5.
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2 Preliminary results
Notations R* = [0,+00), and C, =[], C([-0;,0],R*). For J, J1,J> € R, define

Wo(R+,J) = [U Ve C(R+’J),tETOO \)(t) = 0]’

and let BC(J, J,) be the set of bounded and continuous functions from J; to J,. Also, we
label the set of all almost-periodic functions from R to J by AP(R, J). The collection of the
asymptotically almost-periodic functions will be labeled by AAP(R, J). For more details
on the above definitions, we refer the readers to [8, 9, 11, 12].

It will be supposed that
= max sup 7;(¢) > 0, liminfy;(f) > 1, ieQ,jel (2.1)
]E teR t—+00

which is a weaker condition than the inf,cg y;;(£) > 1adoptedin [7, 10]. Forx = (x1,...,%,) €
R”, define |x| = (|x1],...,x,]) and ||lx|| = max;eq ;]

Throughout this paper, we assume that a;;, b, y; € AAP(R, (0, +00)), a;; (i #)), by (i #)),
Bij>» T € AAP(R,R*) and

h _ ph g L _a,h g . h g
aijj = a;; Ay sz—b +b§, ,Btj—/gij"'/sij: Yii = Vi t Vi T =Ty + Tyjs

i’

where a”,bﬁ, ylf’ € AP(R, (0, +oo)),af; (i #j),b (@ #)), ,BU, '€ AP(R,R"), af;,bf;,ﬂ‘g, )/;/g, e
Wo(R*,R*),and i€ Q,j € I.
In what follows, we need to set up a nonlinear almost-periodic differential system:

(1) = —ali(t) + ()e ™0 + Y (ah(t) - b))

j=Lii

h
+Zﬁu<t>x, (- (@) T, e (L.1)"

j=1
With the biological meaning in mind, we consider the initial condition:
xi(to +0) = 0;(0), 6 €[-0,0],0=(¢1,...,0,) €C, and ¢;(0)>0, ieQ. (2.2)

Lemma 2.1 Let x(¢; to, ) be a solution of the initial value problem (1.1)" and (2.2). Assume
that there exists a positive constant M > k such that (1.7), (1.9) and

I oA M NS “ ﬂf](t) 1 .
sup q—a;(t) + bi()e™ + Z ay(e) + Z W A <0, i€eqQ (2.3)
-1 Vi

te[to,+00) Py
hold. Then, x(t) = x(t; to, @) exists on [ty, +00), and there is a t, € [ty, +00) such that

Kk <x(t) <M forallte [t,,+00),iec Q. (2.4)
Proof First, we state that

x;(t)>0 forallt € [to, n(p)),i € Q, (2.5)
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where [£,1(¢)) is the maximal right existence interval of x(¢). Suppose that, on the con-
trary, we can take iy € Q and ¢, € (¢, 7(¢)) such that

%y (8,) = 0, xi(t) >0 forallt € [to,t,),j € Q.
Apparently, (1.1)" and (2.3) yield
0 > x;() (Zio)

n
__ (7 (7 \o—ig (i) (i)
= —a;;, (L) + by, (tig)e Figtto) 4. E aloj(t ) — bloj(tlo)e 0)
Jj=Lj#io

m
h (7 y, t )%; (t _T, ([z )
+2:'31'01'(tl'0)xl‘0( io Tzo}(tlo)) o/ HOTHO T oo
j=1

n

_af:)lo(tlo) + bzolo (tio) + Z (af:)](zlo) - bf:)](zlo))

j=L,j#io
> 0,

a contradiction. This yields the stated results.

Now, we demonstrate that x(¢) is bounded on (£, n(¢)). For ¢ € [ty — 01, n(¢)) and i € Q,
we define

Mi(®) = max{g 16 < £x(6) = max_x(s)].

Suppose that x(¢) is unbounded on [£, n(¢)). Then, we can choose i* € Q and a strictly
monotone increasing sequence {{,};% such that

X (M ($n)) = maxjeq{x;(M;(£4))},

1imy,—s o0 i (M (Cn)) =400, lim,, s 100§ = 77(<P)r

(2.6)

and then
lim M;(54) = n(e).
n—+0Q
By virtue of the fact that sup,., ue™ = %, it follows from (1.1)" and (2.6) that

0=, (M)
61 i ( i* (gn)) + blh*l* (Mi* (g‘n))e_xi* (M (En)

+ Z l* Mz*(gn bfl* (M (; )) M*(gn)))
j=1,j#i*

n Bl (Me(6)
P VE M6 M

j=1

({n))xz ( i* ((n) - Ti;fk]‘(Mi*(gn)))

“ e y,*I(M i ()% (M (En) -7, .(Mi* (&n)))
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= _af’*i* (Mi* (;n)) + bf’*l* (Mi* (é-n))e_xi* (M (¢n))

3 a6 < )
J=1,j#i*

m le* n
S P MLl M) > o

j=1 VLIIJ(Ml* (;71)) €

According to (2.3), taking n — +00 leads to

d "B (M (20)) 1
0< li —al . (Mg, ,h*'Mi* . LAt
_n;‘Poo[ e (Mre (8)) + ,_12,,;,»*61 (M (& )h;yﬁj%(m)e}

h n . m h (L‘) 1
< sup |-—apu(t)+ Z api(t) + i t)e
1/

tE[l0,+OO) j:1,j7/i* /

<0,

which is absurd and implies that x(¢) is bounded on [zy, n(¢)). By Theorem 2.3.1 in [13],
we easily show n(¢) = +oo.
Next, we validate that (2.4) is true. Designate 7, i € Q such that

I =liminfux,(¢) = mm liminfx;(¢), =limsupux;(£) = max lim sup x; ().
{—>+00 i€Q t—>+o0 t—>+00 t—+00

By the fluctuation lemma [14, Lemma A.1], we can select two sequences {£;};°] and
{£5° ;3 satisfying

Jim tf = +00, Jim () =1, and kEme,(tk) =0, (2.7)
and
kErPOO 55 = +00, kEIwaiL (t*)=L, and kErPoox L(5F) =0, (2.8)

respectively. From the almost-periodicity of (1.1)", we can take a subsequence of {k}i=1,
still denoted by {k}x>1, such that

kErPoo ﬂ (tk) kErPoo blhl] (t;(k)’ kEIPoo ’Bﬁq (t;)’ hm V[ (tk)
Jim () m w6l () Nm e () gim b (),
A AL E), i (), lim () and - tim e (7 i ()

exist for all j € Q, g € I. Furthermore, by taking limits, we have from (2.3) and (2.8) that

h

n m
L
sup —afLiL(t)+bf’LiL(t)e‘M+ Z ﬂ,L +Z lh}

te[tg,+00) j=1,/7[iL j=1 lL/

<0
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= lim (1)

=- hm aL L(t;*) + khrn bh L (t,’(“*) -L

k—+

+ Z (hm aL t,f*)— hm bh (t,’;*) —limye, o0 2 (65 ))
j=Lj#it
m Bl (&)

+ lim —2— lim y" () (£™ -/ (£
Dl im0
j= iLj

Kk sk N (pkk
> e_hmk—>+oc VL (t )llmk—>+ooxiL(tk _TZ‘L/‘(tk )

. h *k : h *k\ —L
<— lim 47, (&) + lim b7 (" )e
k +00 lLlL(k ) k +0C lLlL(k )

+ Z (hm al t,f*)— llmoob (&) _L) i

j=1j#t

. *x Kk — - *k a ’Bth(t;*) 1
< hmoo|:_ (tk )+blLL(tk )e Ly Z af'llj(tk )+Z hl W o

k—+ - 7L e
jLiit ERCER

B (6) 1

k—>+oo )/L t**) e

< sup [ A O+ B+ Y al(6)+ Z .y }
=1

te[ty,+00) j=1,ji L
which entails that

L<M, I <limy, o0 xi(tF) < M,
ek _ wherejeQqel. (2.9)
I <limges 400 y;lq(t;)limk—>+oo xl‘l(tz - Tl’lq(t;?)) =K,

Next, we show that / > x. By way of contradiction, we assume that 0 </ < k. With the
help of (1.6), (1.9), (2.7), and (2.9), we gain

0= lim xl(tk)

k—+00

n

: h * : h *\ —1 : no( gk : no(ek\ =1
= _k1—1>r+noo ailil (tk) " kkrpoo bilil (tk)e * Z <k1—1>r+noo ail/(tk) - k]—1>IPoo bilj (tk)e )
j=Lj#
: ho(gx
7 1img 4oo ﬂilj(tk) P N PPN [ PR yil;»(t/t)xil(t;_rﬁ*(t; )
T hiay  m yilj(tk)xil(tk -7(%)) ! !
N limy_s 400 yi,j(tk) k—+00

n

= i )+ i M) 3 (i ) im0

k—+00
=1,
" limk—woo/gfllj(t;) _
1 limk—>+oo Vlllql(t;?)
n m
h -1 h h
>1t1Ln+10r<1)f —a,,( )+ by, (t)e™ + Z (“il,’(t - b (t }
j=1jit J=1
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= lim mf{—a 11 (2) + by; z(t)e + Z (aizj(t) - biz/(t)) + Z Pu(®) le_l}
j=

s j=1,j#il 1 Vi)
n m
e s
> Sel[r(l)’f'(]ltl§+10rgf{—aiziz(t) +baa(t)e™ + Z (aizj(t) Z o }
j=1j# o vt
>0,

which results in a contradiction. This entails that / > . Hence, from L < M, we can choose
t, > to such that

Kk <x(t;to,0) <M forallt>t,,ieQ.
The proof is now completed. g
By using a similar argument as in Lemma 2.1, we can show the following lemma:

Lemma 2.2 Let x(¢; ty, ) be a solution of the initial value problem (1.1) and (2.2). Suppose
that there exists a positive constant M > k such that (1.7), (1.8), and (1.9) hold. Then, x(t) =
x(t; to, @) exists on [ty, +00),

k < minliminfx;(¢) < maxlimsupx;(t) <M,
i€Q t—>+00 i€Q  t—>+o00

and thereis t;, € [to, +00) such that
k<x(t)<M forallte [t;, +00),i € Q. (2.10)

Lemma 2.3 Suppose that M > k satisfies (1.7), and (1.9), (1.10) and (2.3) hold. Moreover,
assume that x(t) = x(t; ty, @) is a solution of equation (1.1)" and (2.2). Then, for any € > 0,
we can make a relatively dense subset P, of R with the property that, for each § € P, there
exists T = T(8) > 0 satisfying

[t + 8) —x(2)] < % forallt>T. 2.11)

Proof By virtue of Lemma 2.1, with the help of (1.10), (2.1) and the fact that b‘i, ﬁl €
Wo(R*,R*), we can pick T} > max{0,t,} and ¢ to satisfy that, forall £ > T},

vt -Tl@®) >k, -blee™ + Z bit)e™ + = Zﬁu(t) <=,

j=1j#i

which results in that there exist two constants n > 0 and A € (0, 1] such that

sup [bh tye™ — A Z bh (H)e™ + Z 'Bu -1. (2.12)
te[Tq,+00) j=1ji
Label

xi(t) = xi(t() - (Ii), forall ¢t € (—OO, to — O'i],i S Q, (213)
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and

Ai(8,8) = [Bli(t +8) = a®)]e ™D = > " [Bli(t +8) - Bli(t) Je 5+
j=Lj#

m
h (pas
+ Y [Bh(E +8) - B it + 8 — Tli(e + §))e Ty T )
j=1

m
P (t18)x; (t+8-TH (t46))
+ Y BIO[x(t+8 -t +8))e i (E+d)i(E+d-Tyi(t+
jo1

_h (f_-h
—xy(t = T(e) + 8) AT O]

m

—y e+ (t- (1) 45

+ 3 BEO[xi(t - T(e) + 8)e 7T IO
j=1

TP
—xi(t— rif’(t) +8)e i @i ’ii“)“”] - [ﬂZ(t +38) - aZ(t)]

+ Y [ait+0)-alt)], forallteR,ieQ. (2.14)
j=1ji

The boundedness of the right-hand side of (1.1)" and (2.13) entails that x(¢) is uniformly
continuous on R. Therefore, for any € > 0, we can take a small enough constant €* > 0 such
that

|af}(t)—af7j(t+8)| <€*, |bg(t)—bg(t+6)| <€*,
|ﬂf}(t)—ﬁf}(t+8)| <€*, |yif7(t)—y;(t+5)| <€*, |r;‘(t)—t5(t+8)| <€*,
and it follows that

|4:(8,0)] < %ne, (2.15)

whereteR,icQ,jel.
Furthermore, for €* > 0, from the uniformly almost-periodic family theory in [12, p. 19,
Corollary 2.3], one can make a relatively dense subset P.+ of R such that

|a§(t)—af§-(t+8)| < €¥, |bZ(t)—bg(t+5)| < €¥,
B (t) - Bl (£ +3)| < €*, 8 € Pex, (2.16)
i@ -ylE+8)<er, T -7} E+5) <€,

whereteR,i€Q,jel.
Relabeling P, = P+, for any § € P,, from (2.15) and (2.16), we have

1
’A,-(é‘,t)‘ < 57]6, forallteR,ie Q. (2.17)
Let Ag > max({|ty| + T1 + max;cq 0y, [to| + T1 + max;eqo; — §}. For t € R, label

u(t) = (ur(8), un(t), ..., un(8)),  wilt) = xi(t +8) — x,(2),

Page 8 of 18
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and
U(t) = (UL (8), Us(t),..., Uu(®),  UD) = eu(t),
where i € Q. Let i; be such an index that
\u;, (0] = |u@). (2.18)

Then, for all t > A, we gain

uj(£) = bj(r)[e i) — g7l Z b)) — &)

J=1j#i
h
+Zﬁ,,(t) xi(t -7 (t) +8)e 7 O 0+)
j=1
it - T ©)e OO 4 45, ). (2.19)

From (2.4), (2.19) and the inequalities

(e‘x - e‘y) sgn(x —y) < —eMx—y| forallx,y e [k, M], (2.20)
and
_ _ 1
|ae “— Be ﬂ| < e—zla - B| wherea, B € [k, +00), (2.21)
we obtain

itit

<2y (0)] + “{bh ()79 — &0 sgn(x;, (¢ + 8) - 2, (1))

n
+ Z blh[j(t)‘e—xj(t-v-é) e—x/ } + Zﬁltl
Jj=Lj7it

)iy (¢~ /(£)+9)

itj

O, (=1 (¢
’xlt t- rzﬂ( ) + 5) Vltl —Xi; (t - tl]:](t)) ylll( i t( r’tl( )

+ |A,»t(5,t)|}

= 1€ |u, (8)] + e“{ mt(t)[ iy (t49) _ g%y ‘)] sgn (x;, (£ +8) — x;, (1))

. Bli(®)

+ Z bgj(t)‘e—xj(wé) _ e—x/(t)} 4 Z lt]( )
j-Liit = Vi

(&), (t~ 'rm( )+8)

X |y (0, (£ = Tl (2) + 8)e i

ylg](t)xlt (t Tltl(t)) m (B)aciy (= f,t, |+ |Azt(8 t)|
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< 30 + 4 bl 0, O] + 3 B0 0
j=1jFit

+ Zﬂlﬂ(t |ult t Tlt/ )’ + ’Ai[(ar t)‘

=—[bl, (O™ - 2] Z b (e)e™ |U(1)|
j=Lj#it
m
Ar
+Zﬁihtj(t)e zz/(t|L[,»t(t—rii’j(t))’+e“’A,-[(8,t)| for all £ > A,. (2.22)

Let

E(t)= sup {e’“”u(s)”}.

—co<s<t
It is obvious that e*||u(t)|| < E(¢), and E(¢) is non-decreasing.
Now, the remaining proof will be divided into two steps.
Step 1. If E(t) > € ||u(t)|| for all £ > Ao, we assert that
E@)=|U(Ao)| forallt> Ao. (2.23)
In the contrary case, one can pick A; > Ag such that E(A;) > E(Ap). Because
e |u®)| < E(A¢) forallt < A,
there must exist 8* € (A, A1) such that
¢ u(p) ] = Ea) = E(87),

which contradicts the fact that E(8*) > e*#” || u(8*)| and proves the above assertion. Then,
we can make A, > Ay satisfying

@] =™ E® = EA) < 5 forallt = A (2.24)

Step 2. If there exists ¢ > Ag such that E(¢) = e*|u(c)|, we can have from (2.22) and
the definition of E(¢) that

0 < D (|t 6)])],,

< -[b1 ()™ =AU (s Z b} (s)e™ | U(s))|
j=lj#is

+ Zﬂi,(g)e &5 U (s - 2l (6)| + |4, (5, 9)|
=1

< = b, ()e™ Z bi (<)

j=Lj#is

Page 10 of 18
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“ 1 () 1
h At (s A
+ leﬁigj(g)e—ze S (E(S) + e
j=
1 e
< -nE(s) + Snee’s,
which leads to

e ||u(g)|| =E(c) < %e)‘g, and ||u(g)|| < %

(2.25)

(2.26)

For any ¢t > ¢ satisfying E(t) = e**||u(t)||, by the same method as that in the derivation of

(2.26), we can show

e |u@)] < %e“ and [u(®)| < %

In addition, if E(¢) > e**||u(t)|| and £ > ¢, one can pick A3 € [¢,t) such that

E(A3) = 3 ||u(A3) H and E(s) > e’“”u(s) || for all s € (A3, £],
which, together with (2.26) and (2.27), indicates that
&
Jutan)] <.
With a similar reasoning as that in the proof of Step 1, we can validate that
E(s) =E(A3) isaconstant for all s € (A3, t],

which, together with (2.28), implies that

&

|u()| < e E() = e E(A3) = ||u(A3)”e’w_A3) <5

(2.27)

(2.28)

Finally, from the above discussion we infer that there exists A > max{c, Aq, A,} obeying

||u(t)H < % <e forallt> A,
which finishes the proof of Lemma 2.3.

3 Main result

(2.29)

d

Theorem 3.1 Let M > « satisfy (1.7), (1.8), (1.9), (1.10) and (2.3). Then, for system (1.1)",
there exists exactly one positive almost-periodic solution x*(t), and every solution of (1.1)

with initial condition (2.2) converges to x*(t) as t — +00, which is asymptotically almost-

periodic on R*.

Proof Let v(t) be a solution of system (1.1)" with the initial function ¢ satisfying (2.2),

Vl'(t) = Vi(t() - Ol'), fOl" allt e (—OO, to — Ui],i S Q

Page 11 0of 18
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We also define

n

Bi(q,t) = [bli(t + t;) - bli(t) | 1) — Z [bf;(t +1,) - bf}(t)]e‘vi(”tq)
j=Lji

m
—y M t+tg)vi(t+tg—tl e+t
+Z[ﬁf;(t+tq)—,Bg(t)]vi(t+tq—t;’(t+tq))e vy (t+ig)viltel=Ty(t+1q))
j=1

m
—yh i(t+ty—T"
+ Z'Bg(t) [V,'(t ity - lekt(t + tq))e Vi (Ertg)viltrtg =7 (t+tg))
j=1

_h (f_+h
(e = () + tg)e T 0]
" h h
+ 3 BHO[vi(t - () + )¢ T O
j=1

vt () +t,
—vilt = T(e) + 1) e T ETOND] [l 4 1,) — alh(0)]

1

+ Y laje+t)-a(r)], forallteR,ieQ. (3.1)
j=Lj#i

where {t,},>1 € Ris a sequence. Then

n
Vit + tg) = —ali(t) + Bi(0)e ) + Y (ali(e) - bli(e)e 1)
j=Lj#i

m
My (p
B =T (0) + 15)eT OO 4 Bi(g ), (3:2)
j=1

forall t + t; > ty, i € Q. By using a similar proof as in Lemma 2.3, we can take {¢,},>1 such
that

1
’Bi(q, t)| <— forallig,t. (3.3)
q

Based on Arzela—Ascoli Lemma coupled with the fact that the function sequence {v(¢ +
t7)}g=1 is uniformly bounded and equiuniformly continuous, we can choose a subsequence
{tg}j=1 of {t;}4=1, such that {v(t + tq,.)}jzl (for convenience, we still denote it by {v(t +£;)}4=>1)
uniformly converges to a continuous function x*(£) = (x}(¢),x5(£),...,%}(t)) on any com-

pact set of R. Then, Lemma 2.1 gives us

x <minliminfv;(£) <} (t) < maxlimsupv;(¢) <M forallteR,ieQ, (3.4)

i€Q t—>+00 i€Q t—+00

and

—al(t) + D)) = —ali(e) + Bie ",
h . h
S B evile — (D) + tg)eT (Ewvilt=j (D) +1q) as g — +09, (3.5)
—yl e (-t
= > ﬂ;}(t)xf(t— fi?(t))e vy O ),
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on any compact set of R for all ;,j € Q, where “=" denotes “uniformly converge” Thus, for
i€ Q,(3.2),(3.3) and (3.5) imply that {v(t + t;)};>1 uniformly converges to

(t)+bh e +Z ut) bht)el )

Jj=L,j#i
m ) h
—y () (=T (¢
" Z’Bg(t)x:k(t - T,;’(t))e vy (O (t=;5(£)
=1

on any compact set of R. This suggests that x*(¢) is a solution of (1.1)" and

(610 = a0+ BT 4 Y (a0 B0 )
j=Lj#i
“ Yo -l ()
+ 3 Bl (- @) i forallteR,ie Q. (3.6)
j=1

Furthermore, from Lemma 2.3, for any € > 0, we can get a relatively dense subset P, of
R with the property that, for each § € P, there exists T = T(§) > 0 satisfying

||v(s+tq+8)—v(s+tq)|| < %, foralls+¢,> T,
and

lim Hv(s+t +5)—v(s+tq)||—||x (s+3)- x(s)||<§<e forall s e R,

q—+

which implies that x*(£) is a positive almost-periodic solution of (1.1)".

Now, we show that all solutions of (1.1) converge to x*(f) as t — +00. Let x(¢) be an
arbitrary solution of system (1.1) with the initial value ¢ satisfying (2.2). Define y(t) =
x(t) — x*(¢), add the definition of x;(¢) with x;(£) = x;(¢y — ;) for all £ € (—o0, £y — 0;], and let

Ei(t) = —[((ak() + @) + (BLe) + B5(0))e™ D) — (alk(e) + bl(t)e™ V)]

+ Y [(ah@) + ali(e) - (Bli(e) + B5(0)) e = (ali(e) - Bli(0)e™) ]

j=Lj#i

m
h
+ Z /SL} ) +,3§(t))xz( ( h(t) " l'g(t)))) V,,( )+V,1(t))xz(t (t (t)ﬂ' )
j=1

h (1)) o Yih Oxi(t=T ]l (0)
- By (O)xi(t — 7 (1))e” " ]

Then

38) = B0 — 0] = Y Bh[e0 - 5]

Jj=Lj#i

m
vl i(t— It
* Z'Bg(t)[xi(t—fi?(t))e vy (Oxi(t=75(0))

j=1

h * h
—xi (- )T IO L R, forallt> t,i€ Q. (3.7)
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For any € > 0, in view of the global existence and uniform continuity of x and the fact that

a5, b,

P ﬂu’ Vz; T i € Wo(R",R"), we can choose a constant 73" > max{T1, ;} such that

’Fi(t)‘ < n%, forallz > T,". (3.8)

Set

G(t)= sup {e“

—00<S<t

}, forallt e R,

and let i; be such an index that
i (@] = [y
By virtue of (1.7), (2.1), (3.4) and Lemma 2.2, one can find T}, .+ > T;* such that
K <xi(0), % (0), v (Oxi (£ - 7)) <K forallt>Tye,i€ Q. (3.9)

With the help of (2.20), (2.21), (3.7) and (3.9), we gain

D~ (e)»s

yis (S)|) ’s=t

<[t 0 A 0]+ Y e o)

j=LjFit
“ 1
A
# DBl ¢ WOy (- h0)|
j=1
+e|Fy,(¢)| forallt > T, i€ Q. (3.10)

Then, from (2.12), (3.8) and (3.10), by employing a similar approach as when proving

Lemma 2.3, we know that there is a constant T > T, such that
€ ~
ly@)] < 3 forallt> T,
which yields

tlim x(t)=x*(t) and x(¢) € AAP(R,R").

It follows from the uniqueness of the limit function that (1.1)" has exactly one positive

almost-periodic solution x*(¢). The proof is complete. g

Remark 3.1 If the assumptions in Lemma 2.3 are satisfied, according to Lemmas 2.1 and
2.3, by utilizing a similar argument as in Theorem 3.1 of [10], one can show that the solu-
tion x(¢; to, ) of (1.1)" converges exponentially fast to x*(t) as ¢ — +00. Here, all assump-
tions in (1.7)—(1.10) are weaker than those in (1.2)—(1.5), and one can easily find that all
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conclusions about (1.1)" in [10] are special cases of Theorem 3.1 in this paper. Evidently,
for n =1, (1.9) is weaker than

- Byy()
. _ 1j
inf —a11(t) + br1(t)e™ + se ¢ >0,
te[tg,+00),s€[0,] (&) +bu(t) ; 1;(t)

which has been considered as fundamental in the most recently paper [9]. This implies
that the results in [9] are also special cases of this present article.

4 An example

In this section, a numerical example is presented to justify the effectiveness of the pro-
posed asymptotically almost-periodic stability results. The simulation is performed by
using Matlab software.

Example 4.1 Consider the following class of nonlinear density-dependent mortality
Nicholson’s blowflies system subject to asymptotically almost-periodic environments:

X, (£) = —e~(1+0081sinv20) 4 (1 4 0,001 sin £)e*1®)

—(1+0.08 sin2 v/2¢) 1
+0.1e + 20+\t|

- (0.1 +0.0001cos £ + 55 5% —1 el

1+cos?t
+ 500 X1(E — 2sin% ¢ — 1”2)

|t +]sing|
(0001 STosa )aq (£=2 sin? t— m)

L+cos? 2t 2
+ o0 X¥1(¢=2[cost| - 1=3)

_ |£]+] sin 2¢| = cp_ 2
“e (0‘002+710+M )x1(¢—2| cos ¢ 1+t2)

x(£) = —e~(1+0.08Icosv21) 4 (1 4 0,001 cos £)e 2
+ O.le—(1+0.08 cos? \/2t)

21+|t\
—x1(t
—(0.1+0.0001 sin¢ + ZOM s )e 10
1+sin? ¢ -2
+ 000 X2(E —2sin” £ — 20+t4)

|¢]+] sin 3¢| ) 2
e—(0.003+ o )xo (¢=2 sin” t— 0 )

1+sin2 2¢ 4 2
+ “o000 *2(t —2cos¢ 30+t4)2
_ |¢]+] sin4¢|
o~ (00015+ LR 30”4)'

It is easy to obtain that ¥ ~ 1.342276, k ~ 0.7215355. Setting M = 1.31, one can verify
that system (4.1) satisfies all the assumptions adopted in Theorem 3.1. Consequently, all
solutions of (4.1) are asymptotically almost-periodic functions on R*, and converge to the
same almost-periodic function as ¢ — +00. This fact can be revealed in Fig. 1.

Remark 4.1 1t should be mentioned that system (4.1) is not almost-periodic, and
tlerﬂg vii(£) < 0.05,

so that it does not satisfy inf;cg y;(t) > 1 which was adopted as fundamental in [7, 10].

In particular, the results in [1-6, 8, 9, 15-46] give no conclusion about the problem of
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Figure 1 Trajectories of system (4.1) involving differential initial values

asymptotically almost-periodic dynamics of Nicholson’s blowflies models involving such
a patch structure. Hence, all results in [1-10] and [15-62] cannot be straightforwardly
employed to validate that all solutions of (4.1) converge globally to the almost-periodic

function.

5 Conclusions

In this article, we addressed the asymptotic almost-periodicity in the nonlinear density-
dependent mortality Nicholson’s blowflies system with patch structures. With some del-
icate applications of differential inequality techniques, some sufficient conditions on the
global convergence were obtained to reveal that all solutions of the considered systems are
convergent to the same almost-periodic function when ¢ — +00. In addition, the approach
developed here is applicable in studying the asymptotic almost-periodic dynamics of other
nonlinear density-dependent mortality population dynamic systems involving asymptotic

almost-periodic environments.
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