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Abstract
For positive integersm and n, an operator T ∈ B(H) is said to be an
n-quasi-[m,C]-isometric operator if there exists some conjugation C such that
T∗n(

∑m
j=0(–1)

j(
m
j )CT

m–jC.Tm–j)Tn = 0. In this paper, some basic structural properties of
n-quasi-[m,C]-isometric operators are established with the help of operator matrix
representation. As an application, we obtain that a power of an
n-quasi-[m,C]-isometric operator is again an n-quasi-[m,C]-isometric operator.
Moreover, we show that the class of n-quasi-[m,C]-isometric operators is norm closed.
Finally, we examine the stability of n-quasi-[m,C]-isometric operator under
perturbation by nilpotent operators commuting with T .
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1 Introduction
Let N and C be the sets of natural numbers and complex numbers, respectively, and let
B(H) denote the algebra of all bounded linear operators on a separable complex Hilbert
space H . If T ∈ B(H), we shall write N(T), R(T), and σ (T) for the null space, range space,
and the spectrum of T , respectively. The closure of a set M will be denoted by M.

An antilinear operator C on H is said to be conjugation if C satisfies C2 = I and (Cx, Cy) =
(y, x) for all x, y ∈ H . In 1990s, Agler and Stankus [1] studied the theory of m-isometric op-
erators which are connected to Toeplitz operators, ordinary differential equations, classi-
cal function theory, classical conjugate point theory, distributions, Fejer–Riesz factoriza-
tion, stochastic processes, and other topics. For fixed m ∈N, an operator T ∈ B(H) is said
to be an m-isometric operator if it satisfies the identity

m∑

j=0

(–1)j

(
m
j

)

T∗m–jTm–j = 0,

where
( m

j
)

is the binomial coefficient. Several authors have studied the m-isometric oper-
ator. We refer the reader to [2–6, 9, 11] for further details.

In [7], Chō, Ko, and Lee introduced (m, C)-isometric operators with conjugation C as
follows: For an operator T ∈ B(H) and an integer m ≥ 1, T is said to be an (m, C)-isometric

© The Author(s) 2019. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13660-019-2268-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-2268-3&domain=pdf
mailto:zuoyawen1215@126.com


Shen Journal of Inequalities and Applications        (2019) 2019:313 Page 2 of 9

operator if there exists some conjugation C such that

m∑

j=0

(–1)j

(
m
j

)

T∗m–j.CTm–jC = 0.

In [8], Chō, Lee, and Motoyoshi introduced [m, C]-isometric operators with conjugation
C as follows: For an operator T ∈ B(H) and an integer m ≥ 1, T is said to be an [m, C]-
isometric operator if there exists some conjugation C such that

m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j = 0.

For an operator T ∈ B(H) and a conjugation C, define the operator λm(T) by

λm(T) =
m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j.

Then T is an [m, C]-isometric operator if and only if

λm(T) = 0.

Moreover,

CTC.λm(T).T – λm(T) = λm+1(T)

holds. Hence, an [m, C]-isometric operator is an [n, C]-isometric operator for every n ≥ m.
In [13], Mahmoud Sid Ahmed, Chō, and Lee introduced n-quasi-(m, C)-isometric op-

erators, which generalize (m, C)-isometric operators. For positive integers m and n, an
operator T ∈ B(H) is said to be an n-quasi-(m, C)-isometric operator if there exists some
conjugation C such that

T∗n

( m∑

j=0

(–1)j

(
m
j

)

T∗m–j.CTm–jC

)

Tn = 0.

In [10], Duggal studied n-quasi-[m, C]-isometric operators and gave some properties of
them. For positive integers m and n, an operator T ∈ B(H) is said to be an n-quasi-[m, C]-
isometric operator if there exists some conjugation C such that

T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn = 0.

It is clear that every [m, C]-isometric operator is an n-quasi-[m, C]-isometric operator.
The following example provides an operator which is an n-quasi-[2, C]-isometric oper-

ator, but not a [2, C]-isometric operator.
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Example 1.1 Let H = C
2 and let C be a conjugation on H given by C(x, y) = (y, x). If T =

( 0 1
0 0

)
on H , then CTC =

( 0 0
1 0

)
. Hence

(CTC)2.T2 – 2CTC.T + I

=

(
0 0
1 0

)2 (
0 1
0 0

)2

– 2

(
0 0
1 0

)(
0 1
0 0

)

+

(
1 0
0 1

)

=

(
1 0
0 –1

)

,

i.e., T is not a [2, C]-isometric operator.
On the other hand, since

T∗2((CTC)2.T2 – 2CTC.T + I
)
T2

=

(
0 0
1 0

)2 (
1 0
0 –1

)(
0 1
0 0

)2

= 0.

Hence T is a 2-quasi-[2, C]-isometric operator.

Remark 1.1 Let T ∈ B(H) and let C be a conjugation on H .
Note that

T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn

= C
(
CT∗nC

)
( m∑

j=0

(–1)j

(
m
j

)

Tm–j.CTm–jC

)

CTnC)C.

It is clear that T is an n-quasi-[m, C]-isometric operator if and only if CTC is an n-quasi-
[m, C]-isometric operator.

Remark 1.2 It is clear that every quasi-[m, C]-isometric operator is an n-quasi-[m, C]-
isometric operator for n ≥ 2. The converse is not true in general as shown in the following
example.

Example 1.2 Let T =
( 0 0 0

0 0 0
1 0 0

)
∈ B(C3), and let C : C3 → C

3 satisfy C(x1, x2, x3) = (–x3, x2,

–x1). We have CTC =
( 0 0 1

0 0 0
0 0 0

)
and

T∗(CTC.T – I)T =

⎛

⎜
⎝

0 0 1
0 0 0
0 0 0

⎞

⎟
⎠

⎛

⎜
⎝

0 0 0
0 –1 0
0 0 –1

⎞

⎟
⎠

⎛

⎜
⎝

0 0 0
0 0 0
1 0 0

⎞

⎟
⎠

= –

⎛

⎜
⎝

1 0 0
0 0 0
0 0 0

⎞

⎟
⎠ .
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Hence T is not a quasi-[1, C]-isometric operator.
On the other hand, since

T∗2(CTCT – I)T2

=

⎛

⎜
⎝

0 0 1
0 0 0
0 0 0

⎞

⎟
⎠

2 ⎛

⎜
⎝

0 0 0
0 –1 0
0 0 –1

⎞

⎟
⎠

⎛

⎜
⎝

0 0 0
0 0 0
1 0 0

⎞

⎟
⎠

2

= 0,

it follows that T is a 2-quasi-[1, C]-isometric operator.

2 n-quasi-[m, C]-isometric operators
In this section we give some basic properties of n-quasi-[m, C]-isometric operators. We
begin with the following theorem, which is a structural theorem for n-quasi-[m, C]-
isometric operators.

Theorem 2.1 Let C = C1 ⊕ C2 be a conjugation on H where C1 and C2 are conjugations
on R(Tn) and N(T∗n), respectively. If Tn �= 0 does not have a dense range, then the following
statements are equivalent:

(1) T is an n-quasi-[m, C]-isometric operator;
(2) T =

( T1 T2
0 T3

)
on H = R(Tn) ⊕ N(T∗n), where T1 is an [m, C1]-isometric operator and

Tn
3 = 0. Furthermore, σ (T) = σ (T1) ∪ {0}.

Proof (1) ⇒ (2) Consider the matrix representation of T with respect to the decomposi-
tion H = R(Tn) ⊕ N(Tn∗):

T =

(
T1 T2

0 T3

)

.

Let P be the projection onto R(Tn). Since T is an n-quasi-[m, C]-isometric operator, it
follows that

P

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

P = 0.

This means that

m∑

j=0

(–1)j

(
m
j

)

C1Tm–j
1 C1.Tm–j

1 = 0.

Hence T1 is an [m, C1]-isometric operator on R(Tn). On the other hand, for any x =
(x1, x2) ∈ R(Tn) ⊕ N(T∗n) = H , we have

(
Tn

3 x2, x2
)

=
(
Tn(I – P)x, (I – P)x

)
=

(
(I – P)x, T∗n(I – P)x

)
= 0,
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which implies Tn
3 = 0. Since σ (T) ∪ M = σ (T1) ∪ σ (T3), where M is the union of the holes

in σ (T), which happens to be a subset of σ (T1) ∩σ (T3) by Corollary 7 of [12], and σ (T1) ∩
σ (T3) has no interior point since T3 is nilpotent, we have σ (T) = σ (T1) ∪ {0}.

(2) ⇒ (1) Suppose that T =
( T1 T2

0 T3

)
on H = R(Tn) ⊕ N(T∗n), where

∑m
j=0(–1)j( m

j
)
C1 ×

Tm–j
1 C1.Tm–j

1 = 0 and Tn
3 = 0. Since

Tn =

(
Tn

1
∑n–1

j=0 Tj
1T2Tn–1–j

3

0 0

)

,

we have

T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn

=

(
T1 T2

0 T3

)∗n

×
⎛

⎝
m∑

j=0

(–1)j

(
m
j

)(
C1 0
0 C2

)(
T1 T2

0 T3

)m–j (
C1 0
0 C2

)(
T1 T2

0 T3

)m–j
⎞

⎠

×
(

T1 T2

0 T3

)n

=

(
T∗n

1 FTn
1 T∗n

1 F
∑n–1

j=0 Tj
1T2Tn–1–j

3

(
∑n–1

j=0 Tj
1T2Tn–1–j

3 )∗FTn
1 (

∑n–1
j=0 Tj

1T2Tn–1–j
3 )∗F

∑n–1
j=0 Tj

1T2Tn–1–j
3

)

,

where F =
∑m

j=0(–1)j( m
j
)
C1Tm–j

1 C1.Tm–j
1 . Hence

T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn = 0,

i.e., T is an n-quasi-[m, C]-isometric operator. �

As a consequence, we obtain the following corollaries.

Corollary 2.1 Let T ∈ B(H) and let C be a conjugation on H . If T is an n-quasi-[m, C]-
isometric operator and Tn has a dense range, then T is an [m, C]-isometric operator.

Corollary 2.2 Let T ∈ B(H) and let C be a conjugation on H . If T is an invertible n-quasi-
[m, C]-isometric operator, then T–1 is an n-quasi-[m, C]-isometric operator.

Proof Suppose that T is an invertible n-quasi-[m, C]-isometric operator. Then T is an
[m, C]-isometric operator, and so is T–1 by [8]. Hence T–1 is an n-quasi-[m, C]-isometric
operator. �

Corollary 2.3 Let T =
( T1 T2

0 T3

)
on H = R(Tn) ⊕ N(T∗n), and let C = C1 ⊕ C2 be a conjuga-

tion on H where C1 and C2 are conjugations on R(Tn) and N(T∗n), respectively. If T is an
n-quasi-[m, C]-isometric operator and T1 is invertible, then T is similar to a direct sum of
an [m, C1]-isometric operator and a nilpotent operator.
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Proof Since T1 is invertible, we have σ (T1) ∩ σ (T3) = φ. Then there exists an operator S
such that T1S – ST3 = T2 [14]. Since

(
I S
0 I

)–1

=

(
I –S
0 I

)

,

it follows that

T =

(
T1 T2

0 T3

)

=

(
I S
0 I

)–1 (
T1 0
0 T3

)(
I S
0 I

)

. �

Corollary 2.4 Let T ∈ B(H) and let C = C1 ⊕ C2 be a conjugation on H where C1 and
C2 are conjugations on R(Tn) and N(T∗n), respectively. If T is an n-quasi-[m, C]-isometric
operator, then Tk is also an n-quasi-[m, C]-isometric operator for any k ∈N.

Proof If Tn has a dense range, then T is an [m, C]-isometric operator, and so is Tk for
any k ∈ N by [8, Theorem 3.4]. If Tn does not have a dense range, we decompose T as
T =

( T1 T2
0 T3

)
on H = R(Tn) ⊕ N(T∗n), where T1 is an [m, C1]-isometric operator, and so is

Tk
1 . Since

Tk =

(
Tk

1
∑k–1

j=0 Tj
1T2Tk–1–j

3

0 Tk
3

)

on H = R
(
Tk

) ⊕ N
(
T∗k),

it follows from Theorem 2.1 that Tk is an n-quasi-[m, C]-isometric operator for any k ∈
N. �

Remark 2.1 The converse of Corollary 2.4 is not true in general as shown in the following
example.

Example 2.1 Let T =
( 0 1 1

0 0 0
0 0 0

)
∈ B(C3), and let C : C3 → C

3 satisfy C(x1, x2, x3) = (–x3, x2,

–x1). A simple calculation shows that T∗2(CT2C.T2 –I)T2 = 0 and T∗(CTC.T –I)T �= 0. So,
we obtain that T2 is a quasi-[1, C]-isometric operator, but T is not a quasi-[1, C]-isometric
operator.

Theorem 2.2 Let T ∈ B(H) and let C = C1 ⊕ C2 be a conjugation on H where C1 and
C2 are conjugations on R(Tn) and N(T∗n), respectively. If T is an n-quasi-[m, C]-isometric
operator, then T is an n-quasi-[k, C]-isometric operator for every positive integer k ≥ m.

Proof If Tn has a dense range, then T is an [m, C]-isometric operator, and hence T is a
[k, C]-isometric operator for every positive integer k ≥ m. If Tn does not have a dense
range, we decompose T as T =

( T1 T2
0 T3

)
on H = R(Tn) ⊕ N(T∗n), where T1 is an [m, C1]-

isometric operator and Tn
3 = 0. Hence T1 is a [k, C1]-isometric operator for every positive

integer k ≥ m. It follows from Theorem 2.1 that T is an n-quasi-[k, C]-isometric opera-
tor. �

Theorem 2.3 Let T ∈ B(H) and let C be a conjugation on H . If {Tk} is a sequence of n-
quasi-[m, C]-isometric operators such that limk→∞ ‖Tk – T‖ = 0, then T is an n-quasi-
[m, C]-isometric operator.



Shen Journal of Inequalities and Applications        (2019) 2019:313 Page 7 of 9

Proof Suppose that {Tk} is a sequence of n-quasi-[m, C]-isometric operators such that
limn→∞ ‖Tk – T‖ = 0. Then

∥
∥
∥
∥
∥

T∗n
k

( m∑

j=0

(–1)j

(
m
j

)

CTm–j
k C.Tm–j

k

)

Tn
k – T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn

∥
∥
∥
∥
∥

≤
∥
∥
∥
∥
∥

T∗n
k

( m∑

j=0

(–1)j

(
m
j

)

CTm–j
k C.Tm–j

k

)

Tn
k

– T∗n
k

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn

∥
∥
∥
∥
∥

+

∥
∥
∥
∥
∥

T∗n
k

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn

– T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn

∥
∥
∥
∥
∥

≤ ∥
∥T∗n

k
∥
∥

m∑

j=0

(
m
j

)
∥
∥Tm–j

k C.Tm–j+n
k – Tm–jC.Tm–j+n∥∥

+
∥
∥Tn

k – Tn∥∥
m∑

j=0

(
m
j

)
∥
∥Tm–jC.Tm–j+n∥∥ → 0.

Since {Tk} is an n-quasi-[m, C]-isometric operator,

T∗n
k

( m∑

j=0

(–1)j

(
m
j

)

CTm–j
k C.Tm–j

k

)

Tn
k = 0,

we have

T∗n

( m∑

j=0

(–1)j

(
m
j

)

CTm–jC.Tm–j

)

Tn = 0,

i.e., T is an n-quasi-[m, C]-isometric operator. �

Theorem 2.4 Let T , N ∈ B(H) and let C be a conjugation on H . Assume that T∗CNC =
CNCT∗ and T∗CTC = CTCT∗. If T is an n-quasi-[m, C]-isometric operator and N is a
nilpotent operator of order p such that TN = NT , then T + N is an n + p-quasi-[m + 2p –
2, C]-isometric operator.

Proof Since

λm(T + N) =
∑

i+j+k=m

(
m

i, j, k

)

C(T + N)iC.CNjC.λk(T).Tj.Ni,

where
( m

i,j,k
)

= m!
i!.j!,k! and λ0(∗) = I by [8].
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We have

(T + N)∗n+pλm+2p–2(T + N)(T + N)n+p

=

( n+p∑

s=0

(
n + p

s

)

T∗n+p–sN∗s

)

×
( ∑

i+j+k=m+2p–2

(
m + 2p – 2

i, j, k

)

C(T + N)iC.CNjC.λk(T).Tj.Ni
)

×
( n+p∑

t=0

(
n + p

t

)

Tn+p–tNt

)

.

(i) If max{i, j} ≥ p, then CNjC = 0 or Ni = 0.
(ii) If max{i, j} ≤ p – 1, then k ≥ m. Since T is an n-quasi-[m, C]-isometric operator,

T∗CNC = CNCT∗ and T∗CTC = CTCT∗, we obtain

T∗n+p–sλk(T)Tn+p–t = 0 for 0 ≤ s, t ≤ p

and

N∗s = 0 or Nt = 0 for p + 1 ≤ s ≤ n + p or p + 1 ≤ t ≤ n + p.

By (i) and (ii), (T + N)∗n+pλm+2p–2(T + N)(T + N)n+p = 0. Therefore T + N is an
n + p-quasi-[m + 2p – 2, C]-isometric operator. �

Example 2.2 Let C be a conjugation given by C(z1, z2, z3) = (z3, z2, z1) on C
3.

If T =
( 1 m m

0 1 0
0 0 1

)
on C

3, we have CTC =
( 1 0 0

0 1 0
m m 1

)
, then

I – 3CTC.T + 3(CTC)2.T2 – (CTC)3T3

=

⎛

⎜
⎝

1 0 0
0 1 0
0 0 1

⎞

⎟
⎠ – 3

⎛

⎜
⎝

1 0 0
0 1 0
m m 1

⎞

⎟
⎠

⎛

⎜
⎝

1 m m
0 1 0
0 0 1

⎞

⎟
⎠

+ 3

⎛

⎜
⎝

1 0 0
0 1 0
m m 1

⎞

⎟
⎠

2 ⎛

⎜
⎝

1 m m
0 1 0
0 0 1

⎞

⎟
⎠

2

–

⎛

⎜
⎝

1 0 0
0 1 0
m m 1

⎞

⎟
⎠

3 ⎛

⎜
⎝

1 m m
0 1 0
0 0 1

⎞

⎟
⎠

3

=

⎛

⎜
⎝

0 0 0
0 0 0
0 0 0

⎞

⎟
⎠ .

Hence T∗2(I – 3CTC.T + 3(CTC)2.T2 – (CTC)3T3)T2 = 0, i.e., T is a 2-quasi-[3, C]-
isometric operator with conjugation C.

On the other hand, since T = I + N , where N =
( 0 m m

0 0 0
0 0 0

)
, N2 = 0, it follows from Theo-

rem 2.4 that T is a 2-quasi-[3, C]-isometric operator with conjugation C.
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8. Chō, M., Lee, J., Motoyoshi, H.: On [m, C]-isometric operators. Filomat 31(7), 2073–2080 (2017)
9. Duggal, B.P.: Tensor product of n-isometries. Linear Algebra Appl. 437, 307–318 (2012)
10. Duggal, B.P.: On n-quasi leftm-invertible operators. Funct. Anal. Approx. Comput. 11(1), 21–37 (2019)
11. Gu, C.X.: Elementary operators which arem-isometries. Linear Algebra Appl. 451, 49–64 (2014)
12. Han, J.K., Lee, H.Y.: Invertible completions of 2 ∗ 2 upper triangular operator matrices. Proc. Am. Math. Soc. 128,

119–123 (1999)
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