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1 Introduction
The famous Young inequality for two scalars is the £-weighted arithmetic—geometric mean
inequality. This inequality says that if #,v > 0 and 6 € [0, 1], then

Wl <Ou+(1-0)w (1)

with equality if and only if u = v. Let r,s > 1 be such that 1/r + 1/s = 1. Inequality (1) can
be written as
Ty
uv < .Y (2)
ro s
for u,v > 0. In this form, inequality (2) was used to prove the celebrated Holder inequality,
which is one of the most important inequalities of analysis. It contributes a wide area of
pure and applied mathematics and plays a key role in resolving many problems in social,

cultural science, and natural sciences.

Theorem 1.1 (Holder inequality for integrals [7]) Letp > 1and 1/p + 1/q=1.If  and
are real functions defined on [u, v] such that |¢|? and |\ |1 are integrable functions on [u,v],
then

v v 1/p v 1/q
/|¢(;>w(;)ld;§</ |¢(§)|pd;°> (/ W(()|qdf) (3)

with equality if and only if Alp(¢)|P = B|w(¢)|? almost everywhere for some constants A
and B.
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Theorem 1.2 (Holder inequality for sums [7]) Let u = (uy,...,uy,) and v = (v1,...,v,) be

two positive n-tuples, and let p,q > 0 be such that 1/p + 1/q = 1. Then we have

m m 1/p m 1/q
Z UV < (Z uﬁ) (Z VZ) (4)
n=1 n=1 n=1
with equality (4) if and only if W’ and v1 are proportional.

Of course, the Holder’s inequality has been extensively explored and tested to a new
situation by a number of scientists. Many its generalizations and refinements have been
obtained so far. See, for example, [1, 2, 4—12] and the references therein. In this paper,
using a simple proof method, we obtain some new refinements for integral and sum forms
of Holder’s.

2 Main results
Theorem 2.1 Let p > 1 and 1/p + 1/q = 1. If ¢ and  are real functions defined on [u,v]

such that |p|P and | |1 are integrable functions on [u,v], then

)
f lo(@)¥ Q)] de

v 1/p v 1/q
<A ([o-olora) ([ v-oeorra)
v 1/p v 1/q
+(f (g—u)\<p(§)]pd§> (/ <;—u)1w(c>yqd¢) }; (5)

(ii)

v 1/p v 1/q
SA([o-owora) ([v-oorx)
v 1/p v 1/q
+</ (c—u>|<p<;)|”d;> (f <;—u)|w<c)|qd¢) }
v 1/p v 1/q
5(/ |¢(;)\”d¢) (f |w(c)|qd;) . (6)

Proof (i) First (short) method: Using the Holder inequality (3), we easily see that

/ lo()¥ ()] de

{ f (= ) Po(¢)v— )y (0)| dg

1
vV—u

. / (¢ - )" (0)(¢ —u)“qw)w;}

v 1/p v 1/q
=2 A([o-omera) ([o-oweora)
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v 1/p v 1/q
+(/ (c—u)lw(z)l”dz) (/ (g—u>|w(¢>|qd;> }

Second (long) method: Let « € [0, 1]. Applying (3) on the subinterval [u,av + (1 — a)u] and
on the subinterval av + (1 — «)u, v], respectively, we get

av+(1-a)u av+(1-a)u 1/p Ab+(1-\)a 1/q
[ vl < ( / !¢(§)|Pd§> ( / !wm}qd;)

and

v v 1/p v 1/q
[ eovelacs([  jeora) ([ jwofdc)
av+(l-a)u av+(l-a)u av+(1-a)u
Adding the resulting inequalities, we get
v av+(1-a)u 1/p Ab+(1-)\)a 1/q
INGGIEE ( " d;) ( [ |¢f<<)|qdc)

v 1/p v 1/q
([ wora) ([ wera) . o
av+(l-a)u av+(l-a)u

By the change of variable ¢ = 0v + (1 — 8)u on the right-hand side integrals in (7), we have
f lo(©)v(¢)|d¢
) Up /6 1/q
<(v- u){ (/ |<p(9v+ (1 —9)u)|pd9) </ |1/f(0v+ (1 —9)u)|qd9)
0 0

. (/91]<p(9v+ (1 —9),,,)|Pd9)l/p(/el|¢(ev+ (1 —9)u)|qd0)l/q}.

Integrating both sides of this inequality over [0, 1] with respect to o, we obtain that

/ o) (o) dg

1 0 1/, 2] 1/
§(v—u){/ (/ ’¢(9v+(1—9)u)’pd9) P(/ |1//(9V+(1—0)u)|qd0) qda
0o \Jo 0
1 1 1/, 1 1/
+/0 </€ |<p(9v+(1—e)u)|”d9> p</0 |1/f(91/+(1—9)u)|qd9> qdoz}.

Then applying the Holder inequality to the right-hand side integrals in the last inequality,
we have

/ o) ()| dg

[} 1/
f(v—u){(/l/ |<p(9v+(1—8)u)|pd9dot> '
o Jo
1 p6 1
X(/o /0 |1ﬁ(9v+(1—9)u)|qd9da> !
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1 1 1/
+ (/ / |go(0v+(1—9)u)|pd9doz> ’
0 2
1 1 1/
x(/ / |1ﬂ(9v+(1—9)u)|qd9da> q}.
0 Jo

By the Fubini theorem and the change of variable 6 = (¢ — u)/(v — u) we get

/ lo()v (o) dg

1/
5(v—u){(/1/1|<p(9v+(1—9)u)|pdad9) '
o Jo
1 pl 1/q
0 - 0)u)|"d de)
x(/o/;hp( v+ (1 )u)| o
1
+(/1/0|g0(9v+(1—9)u)|pdozd0> ’
0o Jo
1 % 1/q
Ov+(1-0)u)|?d d@) }
x(/O/W( v+ ( )u)| o
1/
=(v—u){</ (1-0)|p(ov+(1-0) )|"d9) ’
0

1 1/q
x (/ (1_9)yw(ev+(1—e)u)|qd9)
0
1 1/p 1 1/q
+</ 9|¢(9v+(1—9)u)|"d9> (/ 9|¢(9v+(1—9)u)|qd9> }
0 0

1 v 1/p v 1/q
=V_u{</u (v—;)lw(;)l"d;) (/ (v—c)lw(c)l"ck)
v 1/p v 1/q

+(/ (;—u)|go(¢>|”d¢) (j (c—u>|w(¢)|qd;) }

(ii) First, let us consider the case

v » lp v . l/q_
0] d¢ lw(@)|"de)  =o.

Then, ¢(¢) = 0 for almost every ¢ € [u,v] or ¥(¢) = 0 for almost everywhere ¢ € [u,V].

Thus we have
[ le@we)]ac -o.

Therefore inequality (6) is trivial in this case.

Finally, we consider the case

1= ([l a) " ([woras) v
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Then

1 v 1/p v 1/q
(v—u)l{(/u ‘V—f>|¢<z>!”d<) (f <v—¢>|w<;>|qd;)
v 1/p v g

+</ (C—u)!so(s“)\’”d§> (/ (;—u)\w(g)\qd;) }

1 {<f;(v—z)m(cﬂpdg>””</‘;(v—c)lw(z)lqd§>”q
M@ dg [ (@)ede

+ (/;,”(c —u>|¢(c)|1’d;)””<f;@ —u)w(c)wdc)”q}

Lo dg [V (@)lede '

T v—u

Applying (1) to the right-hand side integrals of the last inequality, we get

1 v l/p v 1/q
(V_u)z{(/u (V—Olw(c)l’”dc) (f <v—c>|w(c>|”d;)
v 1/p v /g

+(f (é—u)|¢(4)|pd§) (/ (C—u)|w(§)|qd;> }

1 :fﬂv—;)lw(;)lpd; N [Yv=0ly(©)l7dg
[ lp@)Pde qf \y(@)ledg
[IC-wle@)WPde [ -uwly@)1de }
+ 14 + v
pf, lo@)Pde qf, 1v()ade

T v—u

1 1
=—+-=1
b q
This completes the proof. d

Remark 2.1 Inequality (6) shows that inequality (5) is better than inequality (3).
More general versions of Theorem 2.1 are given in the following:

Theorem 2.2 Let p > 1 and 1/p + 1/q = 1. If ¢ and  are real functions defined on [u,Vv]
such that |p|P and |\ |1 are integrable functions on [u, V), then

(i)

/ lo()v ()| de

v 1/p v 1/q
s{(/ a(c)|¢<;>|sz) (/ a<4)|1/f<:>|"d;>
v 1l/p v 1/q
+</ ﬂ(c)1<p(c>|”dc) (/ ﬂ(()lw(c)lqdi) } ®)

where a, B : [u,v] — [0, 00) are continuous functions such that
O5(4-) + ﬂ(;) = 1}( € [l/l, V];
(ii)

/ lo()v ()| de
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n b 1/p b 1/q
< ai(g)lw(c)l”d;) ( ai(;)lw(c)l”d;> ,
> ([ /

where a; : [u,v] = [0,00),i =1,2,...,n, are continuous functions such that

S ai@) =1,¢ € [uv].

Proof The proof of the theorem is easily seen by using a similar method as in the proof of
Theorem 2.1. 0

Remark 2.2 We easily see that the inequalities obtained in Theorem 2.2 are better than
inequality (3).

Remark 2.3 (i) Taking «(¢) = sin* ¢ and B(¢) = cos? ¢ in inequality (8), we have

/ (@) (0] de

v 1/p v 1/q
5{(/ sin2§}<p(§)]"d§) (f sinthﬂ({)‘qdf)
v 1/p v 1/q
+(/ coszclw(z)lpdc) (f coszch/f(z)l"d;) }

(ii) Taking &r(¢) = =% and B(¢) = i_;” in inequality (8), we have inequality (5).

v-u u

Theorem 2.3 Letu = (uy,...,u,,) andv = (vi,...,v,,) be two positive n-tuples, and let p, q >
0 be such that 1/p + 1/q = 1. Then
@)

m 1 m p / m 1/q
Z UpVy < - i (Z nuﬁ) (Z nVZ)
n=1 n=1 n=1
m p / m 1/q
+ (Z(m - n)uﬁ) (Z(m - n)vZ) }; 9)
n=1 n=1

1 m Up s m l/q m p / m 1/q
p : (Z nuﬁ) (Z nvZ) + (Z(m - n)u{;) (Z(m - n)vZ) }
n=1 n=1 n=1 n=1
m Up / m 1/q
< (Z uﬁ) (Z VZ) . (10)
n=1 n=1

Proof (i) Using the Holder inequality in (4), we easily see that

m
E UyVy
n=1
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S

n n=1

m Up / m 1/q
() ()
n=1 n=1
m p / m 1/q
+ (Z(m - n)uﬁ) (Z(m - n)vZ) }
n=1

n=1

m m
{ Py, ny, + Z(m )Py, (m — n)l/qu,]
-1

=<

I~

(ii) Let us first consider the case

m p / m 1/q
n=1 n=1

Then u,=0forn=1,2,...,morv,=0forn=1,2,...,m. Thus we have

m
E u,v, =0.
n=1

Therefore inequality (10) is trivial in this case.
Finally, we consider the case

m p s wm 1/q
S= (Z uﬁ) (Z VZ) #0.
n=1 n=1

Then

n=1

_1 {(Zflﬂuﬁ>l/”(22"1nvz>”q
T m\ T Yo v

n=1 Vn

+<ZTAm—m%>W<ZTAm_m#>W}
2 > Vi

n

1 m p / m 1/q m p / m 1/q
v { (Z nuﬁ) (Z nvZ) + <Z(m - n)u’,j) (Z(m - n)vZ) }
n=1 n=1 n=1

Applying (1) to the right-hand side sums of the last inequality, we get

1 m 1/p m 1/q m 1/p m
S { (Z nuﬁ) (Z nvZ) + (Z(m - n)uﬁ) (Z(m —n)v
n=1 n=1

n=1 n=1

< i{ Doy Mty + Dot MV + Yoy (m—muy 3T (m - n)vi;

T m
1 1

=—+-=1
p 4

This completes the proof.

Remark 2.4 Inequality (10) shows that inequality (9) is better than inequality (4).

m m m + m
Pt qY Ve Pt qy Vi
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More general versions of Theorem 2.1 are given in the following:

Theorem 2.4 Letu = (uy,...,u,,) andv = (vi,...,v,,) be two positive n-tuples, and let p, q >
0 be such that 1/p + 1/g = 1.
(i) Letc=(c1s...,¢cm) and d = (dy,...,d,,) be two positive n-tuples such that
cut+d,=1,n=12,...,m. Then

m m p / m 1/q
> ={ (Set) (L)
n=1 n=1

n=1
m Up s m 1/q
+ (Z d,,uﬁ) (Zdﬂﬂ) ] (11)
n=1 n=1

(i) Let ¢ = (c(li), s cﬁ,)), i=1,2,...,k, be positive n-tuples such that
ZLCS) =1,n=12,...,m Then

m k m 1/p m 1/q
> =Y| () (L) |
n=1 i=1 n=1 n=1

Proof The proof of the theorem is easily seen by using a similar method as in the proof of
Theorem 2.1. O

Remark 2.5 We easily see that the inequalities obtained in Theorem 2.4 are better than
inequality (4).

Remark 2.6 (i) Taking ¢ = (sin®1,...,sin’ m) and d = (cos®1,...,cos? m) in inequality (11)
of Theorem 2.4, we have

m m p s m 1/q
Z UV, < { (Z sin? nuﬁ) (Z sin? nvZ)
n=1 n=1 n=1
m p / m 1/q
+ <Z cos” nuﬁ) <Z cos” nvZ) }
n=1 n=1

(ii) Taking c = (%, %,..., 1) and d = (2L, ”’7"2,.‘.,0) in inequality (11) of Theorem 2.4,
we have inequality (9).
3 An application

To obtain our main results, we need the following lemma of Dragomir et al. [3].

Lemma 3.1 Letf:I° € R — R be a differentiable mapping on I°, let a, b € I° with a < b,
and let g > 1. Iff € L[a, D), then

fla)+fb)
2

1 [t b-—a (!
b_g/ﬂf(x)dsza/o (1 -20)f'(ta + (1 - )b) dt.

Using this equality and the Holder integral inequality, Dragomir et al. obtained the fol-
lowing inequality.
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Theorem 3.1 Let f:1° C R — R be a differentiable mapping on I°, and let a,b € I° with
a < b. If the new mapping |f'|1 is convex on [a, b), then

b b
f(a);rf( )_bia/ ) da

where 1/p + 1/q = 1.

(12)

__b-a [If@I+If®I"
—2(p+1)1/p[ 2 } ’

If Theorem 3.1 is resulted again by using inequality (5) in Theorem 2.1, then we get the
following result.

Theorem 3.2 Let f : I° € R — R be a differentiable mapping on I°, and let a,b € I° with
a < b. If the mapping |f'|? is convex on [a, b], then

b
OO 1,

__b-a [[2f@I1+F®ITT [ @I +2) )]
T S e A el B

(13)

where 1/p + 1/q = 1.

Proof Using Lemma 3.1 and inequality (5), we find

f(a)+f(b) 1 [t
‘ 5 _b—a/a fx)dx

_ 1
< bT“/ 11— 2¢||f'(ta + (1 - £)b)| dt
0

b 1 1/p 1 ) 1/q
gTa{(/o (1—t)|1—2t|Pdt) (/0 (1—t)[f(ta+(1—t)b)|th)

1 1/p 1 1/q
+ (/ t|1—2t|pdt) (/ th/(m+(1—t)b)|th> } (14)
0 0

Using the convexity of |f'|7, we have

1 1
/ tlf (ta + (1 - 0)B)|*dt < / elf @]+ (L= 0)f'B)|] de
0 0

_ 2@ + [f (B)I1 (15)
6
and
1 1
f (1-t)V’(ta+(1-t)b)|th=/ t|f'(tb + (1 - t)a)|" dt
0 0
< @+ 27O (16)

6

Further, since

1 1
/ t|1—2t|pdt:/ 1-0)|1-2t1Pde
0 0
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1
C2p+1)

a combination of (14)—(16) immediately gives the required inequality (13). O

Remark3.1 Since u :[0,00) — R, u(x) = x*,0 < o < 1, is a concave function, forall z, ¢ > 0,
we have

(z+t) (z+t>°‘ @)+ () %+t
l=)=l=) = = :
2 2 2 2

from which we get

12/ @I+ 1f®)1*]" LTI @I7+ 2/ BT _[If @I +If' )17 ]
e I S

Thus we obtain

b-a {[zm(a)|uw<b>|q]””’+[V’(anuzwmw]”q}

4(p + 1)V 3 3
__b-a [V@I+f®)]"
“2p+ 1)l [ 2 ] ’

which shows that inequality (13) is better than inequality (12).

4 Conclusion

In this paper, using a simple proof method, we obtained some new refinements for inte-
gral and sum forms of Holder’s inequality. Many existing inequalities related to the Holder
inequality can be improved via newly obtained inequalities, which we illustrate by an ap-
plication. Moreover, our results can be recognized as significant methods in the fields of

mathematics.
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