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1 Introduction
Ifo<) > a’<ocoand 0< ) "
inequality with the best possible constant factor 7 (cf. [1], Theorem 315):

° b% < 00, then we have the following discrete Hilbert

o oo 12
D) D <”(Z“ Z’f) - )
m=1 n=1 m=1

Assuming that 0 < fo f?(x)dx < 00 and 0 < fo 22(y)dy < oo, we have the following
Hilbert integral inequality (cf. [1], Theorem 316):

/ /OOfx+y xdy<n(/ooofz(x)dxfooogz(y)dy)m, )

where the constant factor 7 is the best possible. Inequalities (1) and (2) are important in
analysis and its applications (cf. [2—13]).

We still have the following half-discrete Hilbert-type inequality (cf. [1], Theorem 351):
If K(x) (x > 0) is a decreasing function, p > 1, = sty = =1, 0 < ¢(s) fo Kx)xdx < oo,
then

Zn” (/ K{( nx)f(x)dx) <¢p<é)/ooofp(x)dx. 3)

In recent years, some new extensions of (3) were provided by [14—19].
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In 2006, using the Euler— Maclaurin summation formula, Krnic et al. [20] gave an exten-
sion of (1) with the kernel Tav® (0 < A <14), and, in 2019, according to [20], Adiyasuren
et al. [21] considered an extensmn of (1) involving the partial sums. In 20162017, by ap-
plying the weight functions, Hong [22, 23] considered some equivalent statements of the
extensions of (1) and (2) with a few parameters and conjugate exponents. Some similar
work was presented by [24—-26].

In this paper, according to [20, 22], by the use of the weight functions, the idea of intro-
duced parameters and the Euler—-Maclaurin summation formula, a reverse half-discrete
Hilbert inequality with the homogeneous kernel Gt (0 < A <28) and the reverse equiv-
alent forms are given. The equivalent statements of the best possible constant factor re-
lated to a few parameters are considered. As applications, two corollaries about the cases
of non-homogeneous kernel and some particular cases are obtained.

2 Some lemmas
In what follows, we assume that p <0 (0 < g < 1), 1 > + ==1,2€(0,28],0 €(0,2] N (0, A1),
nweOnr),fx)>0(xeR, =(0,00),a,>0(neN= {1 2,...}), such that

o0 h=o BT ad (@ Ry
0</ LTI () dx < 00 and 0<2:n‘1’[1 G+ )] 'al < o0.
0 n=1
Lemma 1 Define the following weight function:

o o-1

w(o,x):=x""° Z " (x €R,). (4)

- (x +m)*

We have the following inequality:

w(o,%x) <B(o,.—0) (xeR,). (5)

Proof For fixed x > 0, we set the function g,(t) := x” (t > 0). Using the Euler—Maclaurin

summation formula (cf. [20]), for p(£) := ¢ — [£] — 2, we have
> s - / ader L)+ / " (g (e de = [ " g de— hw),

1 o0
() = fo &0dt— g1 - /1 P0G, (0 dt.

We obtain —%gx(l) ==

2(x+1)47

! 1 go-1 1 Y de 1
() dt = —dt:— ==
/og() / (x+2)* o (x+l.‘)A o (x+1t)*

1 1 deo+!
a(x+1)k a(a+1) (o + )1

11 A DAL b AL +1) /1 o

> — + + t°dt
ox+1) o(0+1) @+ ], oo +1)(x+1)**2 J,
11 A 1 AL+ 1) 1

= — + + ,
cx+1)* o(0+1)(x+1)* oo +1)(o+2) (x+1)*+2

Vot oode

+ _— —_—
o 0 Jo (x + t))&l
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(o —1)t°2 At (-0’ Axto 2

-g,(t) = (x+ L) (x+t+1 T (x+ ) * (x +£)* (x4l
(e l-o)e e
T ) (et

ForO<o <2,0<A <28 wefindi+1-0>0,

AT o2 - d! o2
—1 l—. —_— 0, —1 l_4 D E—— 0 (:0,1;213 )
1) dtt[(xu)k] g 1) dt’|:(x+t)“1] >0 € )

and then, by the Euler—Maclaurin summation formula (cf. [20]), we find

oo ta—2
A+1-— t)——dt
(h+ ")/1 o)
A+l-0
>_7’
12(x+ 1)*

®© o2 XA XA A
—xk/l PO (x + )1 dt> 12(x + 1)1 720 |:(x + )Ml j|t=1
(x+1Ar—A (x+1)k[(k+1)(k+2) 20 +1)2-0) (2—0)(3—o)i|
12(x + 1)1 720 (x + 1)1+3 (x + 1)A+2 ( + 1)A+1
A A
T2+ 1) 12(x+ 1)
A |:(k+1)(k+2) 20 +1)(2-0) (2—0)(3—0)]

- + +
720 (x+ 1)M2 (x + 1)M1 (x+ 1)
Hence, we have h(x) > (xfi))‘ + G jﬁzm gﬁ;}fg , where
L1 1 1-0 32-0)3-0) 1 1 (+1)2-0)
T2 12 720 ’ Too+1) 12 720
and i3 := L 242

o(o+1)(0+2) ~ 720°
For A € (0,28], % < 2—14, o € (0,2], it follows that

1 1 1-0 (2-0)3-0) 24-200+70%-0°
h>——-—-- - = > 0.
o 2 12 24 240

In fact, setting g(o) := 24 — 200 + 702 — o (0 € (0,2]), we obtain
7\° 11
g(0)=-20+140” - 307 = —3(0 - —) =<0,

and then

4
h1>@2gﬁ=—>o (0'6(012])
240 ~ 240 240
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We still find that /1 > ¢ — 15 - 360 =0, and /13 > ﬁ - m = 0. Hence, we find /(x) > 0, and
then

o]

pand ng(n) <x* foogx(t) dt
0

n=1
o o0 ta—l dt o0 ua—l du
=x — = —— =B(o,A-0),
o +p)* Jo Q+ut

namely, (5) follows. O

Lemma 2 We have the following reverse inequality:
* o fWan
I= a
/0 ; v ny

>Bllf(a,)» —O’)B%(M,)\, — )

1
e} A q
1-(5Z+L)]-1 [1-(Z+21)1
x{/ox” p r)l T (x }{Enq A n}. (6)

Proof For n € N, setting x = nu, we obtain another weight function:

(i n) i= / _ Bl k- ). @)

o0 xh=1dx /‘Oo u*du
o (@+n) 0

(u+1)*

For p < 0,0 < g < 1, by the reverse Holder inequality (cf. [27]) and Lebesgue term by term
integration theorem (cf. [28]), we obtain

f(x)an xlH 1)/
fo ~ (x+n)* / Z (x + n)* [x(u 1/ x)}[n(a Dip? ]
!/ [Z (x + n)* x(“ De-1) i|j (x)dx}

oo 00 1 xu_
x {Z [/0 (o + n)* nle-Hig-1) dx:| aZ}

n=1

= {/mw(o,x)xp[l(Vﬁ)]lfp(x)dx}i
0

oo q
raven
X { E w(p, myn= G+ lan] .

Then, by (5) and (7), we have (6). |

Remark 1 For u + o = A, we find

o o-1

w(o,x) =x" Z (xn+ " (x €R,),

n=1

Page 4 of 12
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0</ KPP () dx < 00 and 0<an(1") lal < oo,

n=1

and then we reduce (6) as follows:

/ Z f(x)a,q ' B(u,o)[/ xp(lﬂ)1fp(x)dx:|1”|:znq(1o)1ﬂz:|q. ®
n=1

Lemma 3 The constant factor B(u, o) in (8) is the best possible.

Proof For 0 < ¢ < go, we set

- 0, O<x<1, . o_E_1
fx):= ay:=n 1 (neN).

_£_
AT, x>,

If there exists a positive constant M (M > B(u,0)), such that (8) is valid when replacing
B(,0) by M, then by substitution of f(x) :f(x), a, = d,, we have

/waz)*d M[/ Ao fp(x)dx]l[an” aq]l

) L /o0 ZI
M(/ x‘g_ldx>P (Z n‘g_l)
1 n=1
p q
> M(/ xo1 dx> (/ xe 1 dx) = M/ xldy ="
1 1 1 €

F0r0<o—§<2(0<q<1),by(5),weobtain

00 o (o-g)- 00
~ n &
1= Ly = wlo-=,x)a*1d
J [ Z(xm)*} v [ oo pa

n=1

£ £ R 1 £ £
<Blu+-,0-- x*dx=-Blu+—-,0--—).
q q/ 1 € q q

Then we have

For ¢ — 0%, in view of the continuity of the beta function, it follows that B(u,o) > M.
Therefore, M = B(u, o) is the best possible constant factor of (8). a

A—
+ T“, we have

Remark 2 Setting [i := % + %, 6= %

" A A=O0 WU O A= A
A+6= —
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And, for A — u — o € (-go,g(: — 0)), we find

0<6=A—[I<A, B(f1,6) €R,.

We can reduce (6) as follows:

/""Z S&an s B (0, — 0)B (1o 1)
0

= (x + n)*
. 1
[e¢] . P o . q
x [ / aPA-=1ep () dx} [Z nq(1”)1a3i| . )
0 n=1
Lemma4 IfA — u—o € (—qo,q(\ — o)), the constant factor B% (o, 1 — cr)B?lI (U, A — 1) in

(9) is the best possible, then we have . — . — o =0, namely, i + o = A.

Proof If the constant factor Bll’ (o, A — o)B% (1, A — ) in (9) is the best possible, then, by
(8), the unique best possible constant factor must be B({1,6) (€ R, ), namely,

1 1
B(fi,6)=B? (o, —0)B7(u, A — ).

By the reverse Holder inequality (cf. [27]), we find

Ao g

N A0
00 t//.—l ® 7P *tq 0 1 r—o-1 =1
BA,A = ——dt= —dt= —(t 7 ta )dt
(#.6) /0 1+ 07 /0 1+ 0 /0 (1+t)k( )eT)

<1 .41 /Oo 1 1.2
> — Py 1 dt
- [/o 1+ }9[ o 1+ !

:Bllﬂ(a,k—o)B‘li(/L,)\—po). (10)

We observe that (10) keeps the form of an equality if and only if there exist constants A,
B, such that they are not all zero and At*7~! = Bt*~! a.e. in R,. Suppose that A #0. We
find that
B
P == geinR,,
A

and then A — 4 — o =0, namely, u + o = A. O

3 Main results
Theorem 1 Inequality (6) is equivalent to the following inequalities:

[ e (2 0, TV
= :an [/o (x+n)kdx}}

n=1

Ao M1

> B <a,x—a>B%w,x—m{ / e +")]lfp(x)dx}1;, an
0

Page 6 of 12
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-

00 (= ) q
fai= :/o o |:Z (x+n)*:| }
> B (0,4 — 0)Bi (1, A — 11 {an“ (G- n}q. (12)

1 1
If the constant factor B? (o,, — )B4 (i, A — u) in (6) is the best possible, then so is the
constant factor in (11) and (12).

In particular, for u + o = A in (6), (11) and (12), we have (8) and the following equivalent
reverse inequalities with the best possible constant factor B(u,o):

> e[ [T LW )’ * s ]%
izlnp Uo (x+n)*dx” >B(M’U)Uo AT dx | (13)

00 ~ S a, q % S o %
{/(; xIH 1[; (x+n)*j| dx} >B(/,L,G)|:;qu(l )laz:| . (14)

Proof Suppose that (11) is valid. By Lebesgue term by term integration theorem and the
reverse Holder inequality (cf. [27, 28]), we have

= — o o, Ao
I= Z f(x)an x:Z[nPl*(Z*AqM)/ 2AC dx:|[n11’_(p+qu)an]
(% + n)* £ 0

(x + n)*

1

>] {an[l Z qﬂ n}q,

(15)

Then, by (11), we have (6). On the other hand, assuming that (6) is valid, we set

o - o0 p-1
ay = np(F*ATM)‘I[/ S dx:| , neN.
0

(x+ n)*

If J; = oo, then (11) is naturally valid; if /; = 0, then it is impossible to make (11) valid
namely /; > 0. Suppose that 0 < J; < 00. By (6), we have

o0 3

(A )
an[l—(,,+ Rl
n=1

1 1
>BP(o,A—0)Ba(u, - 1)

A p- Il7 0 o é
x{/ xf’“pq“P(x)dx} {Z -G ’“n},
0 n=1

1

> o, ’ 1 1
{Z ali= ( R n} :]1>BP(O")‘-_U)Bq(/'L;)‘-_M)
n=1

1

o 1

« {/ xp[l—(kl,“ﬂ;)]—lfp(x)dx}p’
0

namely, (11) follows, which is equivalent to (6).
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Suppose that (12) is valid. By the reverse Holder inequality, we have
o _(k=e 1 (ko 1) ad
I = 7t X)|lxa* FRR
b f()[ ;mmk}

1
> { [t dx}”fz. 16)
0

Then, by (12), we have (6). On the other hand, assuming that (6) is valid, we set

o q-1
Ao M a
x) = x1F T 2 , x€R,.
fx) E e "

n=1

If J; = oo, then (12) is naturally valid; if J; = 0, then it is impossible to make (12) valid,
namely /; > 0. Suppose that 0 < J, < 00. By (6), we have

/ xP[l A o )L] 1fp(x)dx
0

=J1=1

> B (6,1 —0)B

oy

(/,L,)\,—,bb)
%0 i
PGB } gl1-(G+ 1)) ’
X {/0 Pl fP(x) dx E ot g

{/ T () dx} = J> > BF (0,1~ 0)B1 (1, 1. - 1)

1
q

(¢ 42ty
:E:nq[l A q n} ,

namely, (12) follows, which is equivalent to (6).

Hence, inequalities (6), (11) and (12) are equivalent.

If the constant factor B% (o, A - (T)Bé (i, A — ) in (6) is the best possible, then so is the
constant factor in (11) and (12). Otherwise, by (15) (or (16)), we would reach the contra-
diction that the constant factor in (6) is not the best possible. O

Theorem 2 The following statements (i), (ii), (iii) and (iv) are equivalent:
(i) Bll’ (o, A — a)B% (1, A — ) is independent of p, q;
(if) BI_I’ (o, A — O‘)B% (i, A — ) is expressible as a single integral;
(iii) Bll’ (o, A — o)B% (e, A — ) is the best possible of (6)
(iv) f»—u—-o0€(-qo,q(A-0)), then u+0 =

1 1
Proof (i)=(ii). In view of B? (o, A — 0)B4(u, . — ) is independent of p, g, we find

B? (0, — )BT (1, % — 1)

1 1
=p21}100 Br (Ur)‘ _U)Ba(ﬂr)‘ - /’L) = B(u, A _/L)r

qg—>17

1
which is a single integral [, iﬂ o7 dt.

Page 8 of 12
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1 1
(if)=(iv). Suppose that B?(o,A — 0)B7(u,A — 1) is expressible as a single integral

Ao I

e !
I %dt Then (10) keeps the form of equality. By the proof of Lemma 4, for
A—pu—o0 €(-qo,q(r—0)),we have u + o = A.

(iv)=(i). If u + o = A, then
B? (0, A — 0)B1 (1, A — 1) = B(, &),

which is independent of p, g.
Hence, we have (i)< (ii) < (iv).
(i)=(iii). By Lemma 3, for u + o = A, Bll’ (o, — o)Bé (0, A — ) is the best possible of (6).
(iii)=-(iv). By Lemma 4, we have u + o = A.
Therefore, we show that (iv)<>(iii), and then the statements (i), (ii), (iii) and (iv) are

equivalent. d

4 Two corollaries and some particular inequalities
Replacing x by %, and then setting F(x) = x*2f (;lc) in Theorem 1 and then Theorem 2, we
have the following.

Corollary 1 IfF(x), a, > 0, such that

R o, A ° o, A
0< / xp[l_(VTﬂ)}_le(x) dx<oco and 0< an[l_(VTﬂ)]_laZ < 00,
0

n=1

then the following inequalities are equivalent:
oo
F(x
/ Z ( )an)t dx
0o = (1+axn)
1 1
> B (U!)\' - O')Bq(/l,,)\, - I’L)

o0 g Al 117 > o, Al %
x{ f x”[l_(fq)]_ll-"p(x)dx} DR AR (17)
0

n=1
1
00 o o 00 Y
Znﬂpﬂqﬂ)—l[/ F(x) )dei|
—~ o (+xn)
1 1 % (i v
>BP(G,A—0)Bq(u,A—u){/ KT Fp(x)dx} , (18)
0
00 At S a q %
LI(%’f%)—l n dx
{/0 * |:;(1+xn)*:|
1 1 - gl1—~(2 +22)1 !
>Br(0,A—0)Ba(, A — ) Zn A (19)
n=1

If the constant factor BI% (o, A — O’)B% (i, A — ) in (17) is the best possible, then so is the
constant factor in (18) and (19). In particular, for u = » — o in (17), (18) and (19), we have
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the following equivalent inequalities with the best possible constant factor B, — 0,0):

/ i(F(x)d" dx>B(A—0,0)

x [fmxp(l—o)—le(x) dx:|p |:Z yﬂ(l—o)—laz:| , (20)
0 n=1
:Z o1 [ / - (1i (j;)q)k dxr } ’ >B(h-0,0) [ / ooxl’(l*“)*lpp(x) dx:| E, (21)
n=1 0 0
0 o o a, q % o0 o %
{‘/0 % 1|:; m] dx} >B(A—o,o)|:;nq(l ) laz:| . (22)

Corollary 2 The following statements (1), (1), (III) and (IV) are equivalent:
(1) Bll’ (o, A — a)B% (1, X — ) is independent of p, q;
(I1) Bi% (o, A — O)B% (1, A — ) is expressible as a single integral;
(III) Bll’ (o, A - G)Bé (1, A — ) is the best possible of (17);
(IV) If A\—p—0 €(—qo,q(h— o)), then we have u = A —o.

Remark 3 (i) Foro =2 <A (<28), u =A—2in (8), (13) and (14), since

r(.-2)re) r(x-2) 1
(x) TO-DG-2T-2) G-D(r-2)

B(A-2,2)=

we have the following equivalent reverse inequalities with the best possible constant factor

1 .
(-1)(2-2)*

1 > (3-1)-1 %7 - —-q-1 !
/ (x+n x>(k—1)(k—2)|:/o o fp(x)dx] (Zl“ “Z> 2
> 291 © f(x) p 1_1; (3-A)-1 1
:Z"P [/0 (x+n>kdx” g 2)[/ g fp(x)dx}’ @

n=1

oo q % o é
> (r-2)-1 an 1 —g-1
{/o g [Z mw} d’“} G0 (2’” “Z) | >

n=1

(if) Foro = 2 < A (< 28), i = A —2in (20), (21) and (22), we have the following equivalent

reverse inequalities with the best possible constant factor m:

x)an 1 *© 1 1
fo Z(l vy 7 G- D -2) (fo e dx) (an aq) -
N IR AL 1 e g
{Z J <1+xnyd’c” sl o rea) e
. SRR ) o 7
2g-1 n —4-1
{A x4 |:n2_1: a +xn))‘:| dx] > m(%n q ﬂZ) . (28)
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5 Conclusions

In this paper, according to [20, 22], by applying the weight functions, the idea of in-
troduced parameters and Euler—Maclaurin summation formula, a reverse half-discrete
Hilbert inequality with the homogeneous kernel and the reverse equivalent forms are
given in Lemma 2 and Theorem 1 (for p < 0, 0 < g < 1). The equivalent statements of
the best possible constant factor related to some parameters are proved in Theorem 2.
As applications, two corollaries about the reverse cases of the non-homogeneous kernel
and some particular cases are considered in Corollary 1, Corollary 2 and Remark 3. The

lemmas and theorems provide an extensive account of this type of inequalities.
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