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1 Introduction

Matrix theory is one of the most fundamental tools of mathematics exploration and sci-
entific research [2, 12]. As a higher-order generalization of a matrix, tensors and their
properties are widely used in a great variety of fields, such as gravitational theory and
quantum mechanics in physics [32, 42], large-scale date analysis [18], hypergraph spectral
theory [33, 43], social network data analytics [16, 48], automatical control [27], the best
rank-one approximations in statistical data analysis [17, 49], complementarity problems
[1,7,9,10, 15, 24-26, 37, 38, 40, 41], etc. As a significant knowledge point of tensor theory,
tensor eigenvalues is one of the most popular research topics in recent years, and gradually
appears in many research and application fields.

In 2005, Qi [28] introduced the concept of eigenvalues for symmetric tensors. At the
same time, this concept was simultaneously introduced by Lim [23], but he only consid-
ered the case when the eigenpairs are real. Since then, the tensor eigenvalue theory has
attracted great attention and developed rapidly over the last decades. However, in order
to find an eigenvalue or eigenvector of a higher-order tensor, it is necessary to solve a sys-
tem of higher-degree polynomial equations with multiple variables [29, 31]. This means
that it will be extremely difficult to solve the tensor eigenvalue problem when the order
of such a tensor is very high. Therefore, many mathematical researchers pay attention to
how to find more accurate range and numerical methods of eigenvalues and eigenvectors
of higher-order tensors. For example, there is a lot of literature on bounds and calculation
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methods of the spectral radius (H-eigenvalue) of nonnegative tensors [3, 5, 8, 10, 19, 21,
31, 34-36, 39, 43-46].

Equally important, the Z-eigenpair for nonnegative tensors plays a fundamental role
in many applications such as high order Markov chains [13, 22], geometric measure of
quantum entanglement [14], best rank-one approximation [6, 30, 47], and so on. Recently,
due to the joint efforts of mathematicians, there are a series of theoretical conclusions and
numerical methods to bound the Z-spectral radius for nonnegative tensors, these results
are beneficial to further research and applications of the field.

In this paper, we mainly consider the bounds of Z-eigenpair of an irreducible nonnega-
tive tensor. By estimating the ratio of the smallest and largest components of a Perron vec-
tor, we present some bounds for the eigenvector and Z-spectral radius of an irreducible
and weakly symmetric nonnegative tensor. These proposed bounds extend and comple-
ment some existing ones. Furthermore, two examples are given to illustrate the proposed
bounds.

This paper is organized as follows. In Sect. 2, we will give some basic facts and symbols.
The concept of Z-eigenvalue and a Peron—Frobenius-type theorem is given [4]. In Sect. 3,
we calculate the ratio of the smallest and largest components of a Perron vector. Moreover,
a sharper bound of Z-spectral radius is shown for an irreducible and weakly symmetric
nonnegative tensor. Two examples are given and the corresponding comparison is made

intuitively and in detail. Some concluding remarks are presented in the final section.

2 Preliminaries and basic facts

For a positive integer #, I, denotes the set I, = {1,2,...,n}. Let R and C be the real and
complex field, respectively. We call A = (a;,j,...;,) a real (complex) tensor of mth order and
dimension n if a; ;,...;,, € R (C), i1, ia,..., iy € I,. Clearly, an mth order n-dimensional ten-
sor consists of 7" entries from the real field R. The set of all mth order #-dimensional
real tensors is denoted by T, ,. For any tensor A = (a;,...;,,) € Tynn, if their entries a;,...;,,
are invariant under any permutation of their indices, then A is called a symmetric ten-
sor. We denote the set of all mth order n-dimensional real symmetric tensors as S, ,. Let
7(1,2,...,n) be set of all permutations of {1,2,...,n}. Let A = (a;,..;,,) € T),» and consider
a vector x = (x1,%,...,%,)| € R" or C". Then Ax"! is a vector with its ith component
defined by

(Axm_l)i : n

= Aiiy iy Kig ** * Kipys Vie 1,
i2 ‘‘‘‘‘ im=1
and Ax™ is a homogeneous polynomial of degree 1,
n
m T m—1 §
Ax =X (Ax ) = Aijin-igXigKin *** Kiyy
01,i25emim=1

where x " is the transposition of x.

Definition 2.1 Let A = (a;,i,...;,,) € Tim,n- We call a number A € C an E-eigenvalue of A if

there is a nonzero vector x € C" which solves the following system of polynomial equa-
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and call the solution x an E-eigenvector of A associated with the eigenvalue A. Any such
pair (&, x) is called an E-eigenpair of .A. We call (,x) a Z-eigenpair if they are both real.

Definition 2.2 The set of all Z-eigenvalues of A is called the Z-spectrum of A, denoted as

0,(A). The largest modulus of the elements in the Z-spectrum of A is called the Z-spectral
radius of A, denoted as p,(A).

Definition 2.3 For any given tensor A = (a;,4y..i,,) € T, We say that A is reducible if
there exists a nonempty proper index subset J C I, such that

iy =0, Vit €], Viny oo im &
A is called irreducible if it is not reducible.

Definition 2.4 A real tensor A is called weakly symmetric if the associated homogeneous
polynomial

n
f_A(x) = Ax”‘ = Z AijineigXiy iy * * * Xiyy,

i2,0im=1
satisfies V4 (x) = mAx™ L.

An mth order n-dimensional tensor A is called nonnegative (or, respectively, positive)
if a;,...;,, = 0 (or, respectively, a;,..,,, > 0) for all i,...,i, € I,. We denote the set of all
nonnegative (or, respectively, positive) tensors of mth order and dimension 7 by R

(or, respectively, Rl”"),

Theorem 2.1 ([4]) Let A be an mth order n-dimensional nonnegative tensor. Then
(i) There exists a Z-eigenvalue Lo > 0 of A with a nonnegative Z-eigenvector xy # 0, i.e.,

m—1 T
.Axo = ono, xo X0 = 1;

(i) The above Z-eigenvalue Ao and its Z-eigenvector xq are positive if A is irreducible;
(i) The Z-spectral radius p,(A) is a positive Z-eigenvalue with a positive Z-eigenvector
if A is weakly symmetric and irreducible.

Recently, there appeared a series of theoretical conclusions and numerical methods to
bound the Z-spectral radius for nonnegative tensors. For instance, Chang, Pearson and
Zhang [4] studied some variation principles of Z-eigenvalues of nonnegative tensors. As
a corollary of the main results, they presented the lower bound of Z-spectral radius for
irreducible weakly symmetric nonnegative tensors (see Corollary 4.10 of [4]) as follows:

max{cy, c2} < p;(A), (2.1)
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,,,,,

pz(A) < /nmax Z iy - (2.2)

Song and Qi [34] proved a sharper upper bound for the Z-spectral radius of any mth
order n-dimensional tensor (see Corollary 4.5 of [34]):

n
Z |ity.ipn |- (2.3)

pz(A) < max
13
in

He and Huang [11] obtained an upper bound of the Z-spectral radius for a weakly sym-
metric positive tensor (see Theorem 2.7 of [11]):

p(A) <R-1(1-96), (2.4)

1
n . . ryL
where r; = Ziz,...,im=1 Aity...ipyy R = MaX; 7y, r = min; ry, [ = ming,_;,, @, and 6 = (%) 7.

,,,,,

Li, Liu and Vong [20] gave an upper bound of the Z-spectral radius for any tensor:

n

,OZ(A) < min max E |61[1...l' i | (25)
kelm] iy
ir=1,te[m]\{k}

Moreover, they also presented two-sided bounds of the Z-spectral radius for an irreducible
weakly symmetric nonnegative tensor:

_m=1
A < p2(A) < max{r; + a;..;( -1)}, (2.6)
ij
_ minjjaj. m=1 1 _ R-minj;ajj...; o n L _ .
where § = Tl (y o =y ) VY = oy ap T D=1 Gy R = M7,

r = min; 7;, and

ke[m]\{1} @ ig,te[m]\{1} ig,te[m]\{1,k} e

n
. 1 . .
Ay = Mmax m1n|:(5m—1) min  @;..i.i,, +  Min E “il"'ik"'imi|'
1

Recently, Li, Liu and Vong [21] obtained an upper bound of the Z-spectral radius for an
irreducible weakly symmetric nonnegative tensor by the following equation: for a Perron

vector x = (%1,...,%,) ",

Tmax o (A 2.7)

Xmin

and

m—1
pz(A) < max <Z Ai,a(k,j)n_ylz)y (2.8)
k=0
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where Xmin = mMing <j<; X, ¥max = MaX1<j<y Xis

m-1 Ls m=k m-1__.
n(A) = ke MiNgjer, Ai,u(k,j)[y mo—y o |+ MaXier, 1= ) i, min;jeg, -Ai,ot(k,/')

t-1 . _k m—1 .
Mineg, ri — Yy Mingjeg, Aiap(1 =y m) = 300, mingjep, Ajak,)

Ai,a(k,j) = Z Z Aiyigeiyy 0=<k=<m-1,

’

§1< <S8k lgq =---=lg, =]
Ska1<"<Sm-1 177k ]?,.
{81 seerSfreerS =1 YET (2,...,111) lsk+l Elsy 17

maXer, ri—mmi,i a,//

_ o o —[m i
Y = iy riming gy i = Zi2 .... ipy=1 Gy AN £ = [%]. From (2.8), they have the following

conclusion:

pe(A) = ggalx(Z %) (2.9)

k=0

. However,

where S8’ = %8, n=n(S"),S = (si..i,) € R"", and Siteeim=Y (11, i)t Crrmsivn) Gt
there is a small negligence here since they use ¢ > m — ¢ in their proof, but the fact that
t = [5] may not imply ¢ > m — ¢ (for example, for m = 3, ¢ = [5] = 1 and m — t = 2). In this
paper, we will modify this negligence by taking ¢ = m — [ ].

Obviously, the bound (2.5) is sharper than those in (2.2) and (2.3) for any tensor. Since
8 > 1, it’s easy to see that the upper bound in (2.6) is sharper than that in (2.4) when the
tensor is assumed to be weakly symmetric positive. Since n(A) > § > y > 1, hence the
upper bound in (2.8) is always better than that in (2.6). When the tensor is irreducible
symmetric nonnegative, the bound in (2.9) becomes that in (2.8).

3 Bounds for the Z-spectral radius of nonnegative tensors
Theorem 3.1 Let A = (a;;,...,,) € R be a nonnegative tensor having a positive Z-
eigenpair. Then for any Z-eigenpair (1, x) of A with a positive Z-eigenvector x, we have

I > (A,

Kmin

where X; = Xmin = Milzer, Xiy X = Xmax = MaXjel, X,

M- m-1 M- m—k m—k—
(A = E et )= D" (Al =y " )R- (L )0r= 7 B (4)

P ()= 1R B (AYL ) = ()= 1 i (A)

,Bt(A) m1n{a,,2 iy ¢ (12’ ,im)EA(j;m_t_l)}; t=0,1,...,m—2,

AGuy= | {Gaoim)iiv=jVveS, andi,#j Vv ¢S}, u=0,1,...,m-1,

SE{2,...m}
[S|=u

R —min; je;, a;.. , R
y=—F""—""" Ty = ma}x Y ¥ =rg=minr;,r; = Aiiy.ipy+

mlnl]dﬂ aij.. ] ijely ijely iyimel

Proof According to Theorem 2.1, there exists an x = (x1, %, ... ,%.)T >0 such that Ax™1 =
Ax. For x5 = Xmin = min;ey, x;, it follows that

)"xs = )"xi = E Aiiy iy Kiy ** * Kiyy,
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m—1 m—2
< adjs.sX;  + E AjigiyXg XL+ o0+
(6950l ) EA(s,m=2)

2 k om—k-1
+ Aijy iy Kg X] + -

(82erim) € A(sK)

m-2 m—1
+ E Ajjy.ipy XX+ E Ajiy iy X]

(i25.im) €A(s,1) (i25+.»im) € A(s,0)

= ais.us(xf’_l —xy" 1) + Z Aiiy iy (x;”_le X" 1) o

(i2erim) EA(s,m=2)

k . m—k-1 m—1
+ Z Aiiy..i (x X — X ) + -

(i2erim) € A(sK)

Y gy (] = A7)+ (AN

(i25.im) €A(s,1)

m—1

m—l_x;ﬂ l) +

(= DBUA) (2 — ) -

< mina;..;(x
el i 1( s

m—1

+ 2 (n— l)m’2/3m_2(A)(xsxl —xy" 1) + ;",»(.A)xf”’1
m-2
(") o 0 A - A

k=0
Taking r; = rq =1, since x; > 0, we have

m-2

=S (- Df A
k=0
m=2 _ m—1
(n— 1) B(A) | = (3.1)
k=0 S

For x; = Xmax = maX;ey, x;, we similarly have

Axp > Ax; = E Ay iy Xioy * * * Kiyyy

2 €l

v

m—1
ajl...[x; + Z Ajjy..i xl xs + -
(i25crim)€A(,m=2)

+ > Ay XKLy

(i2seerirn) €A (LK)

m=2 m-1
LI SO A 2k S SO

(i25-im)€A(L1) (i25+-sim) € A(L,0)

= ag. (¥ =Xl + Z ity (K] 205 =21 -

(i2rim)€A(m=2)

+ Z Wity (2 =) 4

(i2seeriyn) €A LK)

+ Z Wiyt (0202 = &71) + 1y (A)a!

(i25-im)€A(L1)
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> mina;. J(x;"_l_xgn_l)ﬂL( )(”—1)/31(A)( ) R

ijely

+ (m ) 1) (1= 1) Bua(A) (1> = 2"1) + (A

m—2
2 (m-1
=3 ( L ) (1 — 1) Bie(A) (k1) 4 (A
k=0

Taking r; = r,, since x; > 0, we have that

m-2

>,

( )(n D Br(A)a 24

k=0

m=2 P
+ (R ( ) n—1)% By (.A)) o (3.2)
k=0 M

Combining (3.1) and (3.2) together gives

m—2 m—2 m—1
Z (m/; 1) (= 1)FBr( A 2xk + (R Z (m 1) n—1)Br(A )) xsx—l

k=0 k=0

m-2

< ('” 1) (1= 1) B (A 2k

m-2 m 1
() smin)
k=0 s

2 m-k=2 K m2
(m]; 1) (n- l)kﬁk(A)% * (R 2 (m 1) - l)kﬁk(A))

m-2 m—k—-1 m-2
Z (ml: 1) (n— 1)’23,4,,4)(%) + <R Z ( ) (n— 1)’<,3k(./4)>
k=0 $ k=0

0 s
n2 m — ]. 1 k A X "
=27, )0 ) () (3.3)
k=0
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Since (1) > (jﬁ—i)”"1 > ... > 7L >1,by (3.3), we get

m-1  m=2 -2
min aij...j<§> + Z (m/; 1) (n—-1)*Be(A) + (R - Z <m/: 1) (n— 1)kﬁk(A)>
, k=

s k=1 0
x 2 (m-1 x\”
. 1 - 1
< minaj..,— + (n -1 B(A)| =
ijely X ) k Xs
m-2 m
+<r— ( , )(n—l) mA)) (2)
k=0 < s
ie.,
-1
. x\" ) . X . x\"
mina;..;j[ — + (R - mmaij...,) <mina;.;j— + (r— mlnalj,,.j) - .
ij€ln Xs ij€ln ij€ln Xs ij€ln Xs
Hence
m .
(x1> - R- min; jey, ai...i
Xs T r— mini,jefn ajj...j
_ R—mini,jeln ajj...j x] 1 _ m .
Lety = Ty ety Ay Then FZym= 1.Lett=m~[7%]. Thent > m~t,soby (3.3) again,
we have

' m—1 -1 m-2
%Ed,}..j(%) + (ml ) (Vl—l)ﬂl(A)(%) FE
t
+ ( m-l ) (n— l)m_t_lﬁm—t—l(A)<ﬂ>
m—t—1 Xs
2 om-1
- m—k—1

¥ (R -2 (m e 1) (n-1) ﬁm_k_l(A))
< mina; 4ﬂ+ m-1 (n-1)B1(A) il 2+...
= mnay 1 1 X

+ < m-1 ) (n- 1)m_t_lﬂm—t—1(-/4)<ﬂ>m_
m—t—1 Xs

" 1) (n- 1)m-tﬂm_t(A)(ﬂ> y
m-—t X

+ (m - 1) (n— 1)’"'2;‘3m_2(«4)(ﬂ> Y
m—2 X
n2 m — ]. k X "
r— (n=1)"B(A) (—)
k X

N
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X m—1 X 2
< >+ (n—l)ﬁl(A)(—) +oe
1 Xs

—t
x1>m

( m-1 )(n— 1)m-f-lﬁm_t_1(A><
Xs

= min a;;...;
ijel, 77

m—t-1
N )
_ - _ 1ym—k-1 T
. [r > (m " 1) (1= 1" B (A (1 -y 5)
S Yoo | ()
- m—tk—1 n-— ﬁm—k—l (E) .
k=t
Sincex—i Zy% >1and ¢t > m — t, we have
- t-1 m—1 (n—l)mikilﬂ (A)(l— 75)
= m—-k-1 mok-1 v
= m—1 m—k—1 X "
- (1= 1" B s (A) (—)
m-k-1 Xs
k=t
. X Loy m—1 w\"2 (%)
> mina; ][<—> ——]+ (n—l)ﬂl(A)[<—) _(_) ].,.
ijely s X 1 Xs Xs

-2

( m-l ) (n- 1)m_t_lﬂm—t—1(-/4)|:<
1 X

k=t
2

m-1
(m’f o 1) (- 1)'"—k-1ﬁm_k_1(A>)
W] 4+ .

+ <R—
m-1 1 -1 m=2
Z{?gpdij.../[y_ —)/W]*' (ml )(”1_1)181(14)[)/T -V
-1 t m—t
+ (mni . 1) (n=1""1 By (A)[yr -y |

and hence, :—i > (p(A))#, where

"l Y (= 11, k1 (A)
0

Y1 = 1K B (A =y " R= (Y= 1R B (A)
m—k-1

m-1
i (

m—k-1

Yy
-1

9(A) = : -
r= () ) = 1R B (AL -y ) -

From Theorem 3.1, we have the following upper bound.
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Theorem 3.2 Let A € R be an irreducible and weakly symmetric nonnegative tensor.

Then we have

m-1
&
p-(A) < max (Z Z aiig---im(/)_m)’
k=0

ijely
=0 (igism) €A (k)
where ¢ = ¢(A) is given in Theorem 3.1.

Proof Since A is a weakly irreducible nonnegative symmetric tensor, we know that the Z-
spectral radius p = p,(A) is a positive Z-eigenvalue with a positive Z-eigenvector x. Since
xTx=1and x >0, then 7! <u; for any i. Let x5 = Ximin = MiNjes, Xi, X = Xmax = Milies, X;.

Then we have

(At < p(A)x;

m—1 m-2
< adjs..sX%, E AiigigyXg KL+t
(1250l ) €A (5,m-2)

§ m—2 § m—1
+ Ajjy- iy KsX ] + Aijy iy K] .

(i2erim)€A(s1) (825rim) € A(s,0)

Taking i = / and multiplying by ;™" on both sides of the above inequality, from Theo-

rem 3.1, we get

x m-1 x m-2
s s
p(A) < dis...s(;l) + ( Z )aiiz---im (x—l) +

12 yeerii) EA(s,m=2

Xs
+ E Aiin...j, — + E Aiin...i
2 mxl 2 lm

(i25+-sim)€A(s,1) (i2+-im) € A(s,0)

_m-1 _m=2
< mEaIx Ajj...jP + E Aijy iy M e
iy
/i (i2ipn) € A(m=2)

_1
+ E Ajiyiy, @ "+ E ﬂiiz-»»im}

(i,enim)€A(,1) (i,-enim) € A(7,0)

m-1
= [T)ax (Z Z aiiz...imw_r];). 0

k=0 (igeeim) €A (j,K)

Remark 3.1 For the matrix case A = (a;) € RUA i e, ie., when m = 2, it is easy to see

that the bound in Theorem 3.2 reduces to the following one:

pz(A) < mi?X{ri(A) +ay(E - 1)}, (3.4)
h = (Bomini%iy-3 R = max; r;, r = min; i, and 7, = 3. a;;, which is th th
where & = o ay ) 2» R =max; i, r =min;r;, and r; = Z;‘:1 a;, which is the same as the

bound in (2.6) for the matrix case.

Page 10 of 14
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Remark3.2 Letd =% andg = ‘”b , where § is given by (2.6), ¢ is given by Theorem 3.1 and

m=1

a =mingjer, aj.;(y m —Vl) + R —minyjer, ajj..js
b= 0 () = 1B (A -y )
=30 () = 0 B (A),
¢ =71 —min;jey, ...,
d= Y ()=, (A -y )
+ (= 1L, (A,

Since § > y > 1anda,c,d,a+b,c—d >0, it’s easy to conclude that

b >_ e (e n )= 1B 1 (A)
d= Z/i_:ﬁ( "t )(ﬂ Dmk18,, i 1(A)(1 y m)+ ”’_2( m-1 )n = 1y k-1B,, 1 (A)

m-k-1

a
>_-1>-0=——
- - c

’

k

when d > 0, andb:Z,y(":_tz( )(n 1) k18, 1 (A)(ym — mTk)zO,whend:O.
Then we have % > %, ie, go >8>y >1.

Thus the upper bound in Theorem 3.2 is better than that in (2.6).

The authors presented the following bound in [20]:

X 1
‘max > 8,
Xmin
where
min,»,jeln ﬂ,’j...}' m=1 1 R- min,;,»eln 61,‘1‘...1‘
§=— T (ytm —ym) 4y,  y=———— (3.5)
r—min; ey, a;..; r—1min; ey, a;..;

Example 3.1 Let A = (a;,1,;,) € R>? with
an =ain =k, ai =daxns =1, Aril =dpp =dpi =din =2, k>4

Then A is a positive tensor. A 51mple computation with (3.5) givesR =2k +3,r=7,y =
and then § = g[(k?%l)s - (k”) 3]+ &= k*l . However, by Theorem 3.1, we have ¢ = 2, 8o(A
min,',,» ajj..j = 1, ,31(./4) =1, thus

k+1
3
) =

NI (s a2k 3 -1 [(KhE - (k)5 31 +2k+2
- 7_2[1_(’%1)—%]—1 B 4+2(k*1)"

Now we take k = 10, and then in (3.5) we have

1.5613 < ~max

Xmin

while in Theorem 3.1,

1.6275 < Jmax

Xmin

Page 11 of 14
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Remark 3.3 Letn = § and ¢ = J%, where 7 is given by (2.7), ¢ is given by Theorem 3.1 and

e =Y rt minjep Aoy (v m—y")+R- S mingjem Asaii»
f= Y0 () =1 B (A -y ) + R

= ) = 1)L, (A,
g=r—= Y mingjen Apg(1 - J/_é) -yt mini/’eln Ak
== () 0= 17 B (AL =y )

= ) = 1)L (A,

Obviously, we have

m-1 m—-1
m—k—1 .
Et (m . 1) n-1) Bm-k-1(A) > /;t gEEAi,a(k,j)-

Then (1 — y‘ﬁ) > 0, so it’s easy to conclude that / < g. Since

m-1

Z ((m k — 1) (Vl l)m —k— I,Bm k— I(A) mlnAza k/) (]/5 —ym74< _1)’

when ym —ym7 >1,k=t,...,m—1,wehave f > e, ie, o >n.
So in some cases, the bound of Theorem 3.2 is sharper than that of (2.8).

Example 3.2 Let A = (a;,,;,) € R with k > 4,

aj =an =k, Ay = A333 = Agqq = Ass5 = 1, aj =2,
and other
Ajyiniz = 2.

Then A is a positive tensor, and we have ¢ = 2. A simple computation with (2.7) gives
min; jes Ai,a,(z,j) =1, min;jes Ai,al(l,j) =4, R =5k + 40, r =49, so

()3 = (y)3] + 5k + 40— 1
49-4(1 - (y)3) -1

However, in Theorem 3.1, fo(A) = min;j a;..; = 1, B1(A) = 2, thus

()3 - (1)31+5k+40-1 _[(1)3 - (y)3] +5k +40-1

249—2x4x2(1—(y)—%)— 49 — 16(1—(1/)‘?)—

Similarly, we take k = 10,

5 -3 +89
44 + 4(y)3
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1005 )31+ 89
32+ 16(y)"3

So we have
1 1 1
44 +4(y)3 -32-16(y)"3 =12(1 - (y)73).
Since y > 1, we get (1 — (y)’%) >0, and so
p=n.
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