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1 Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will denote
the ring of p-adic integers, the field of p-adic rational numbers, and the completion of the
algebraic closure of Q,,, respectively. The p-adic norm is normalized as |p|, = 1%.

Let f be a C,-valued continuous function on Z,. Then the fermionic p-adic integral of

f on Z, is defined by Kim as

-1
| )= lim szgf(x)u-l(x +1V )

-1
= lim X(; FR)(=1)* (see[11,12]). (1.1)
From (1.1), we note that
/Z S+ )dp_i(x) = - /Z f)du_1(x) +2f(0) (see [5,8]), (1.2)
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and by induction, for any n € N, we get

n-1
[ s mdisw =1 [ fodua 2y o,
Zp Zp =0

It is well known that the Euler polynomials are defined by

2
ef+1

et = ZE,,(x);—n! (see [1-21)).
n=0

When x =0, E,, = E,(0) are called the Euler numbers.
From (1.4), we note that

n

E,(x) = Z <n>E1x”l, n >0 (see [1-21]),

=0 !

where 7 is a nonnegative integer.
By (1.4) and (1.5), we get

n

2, ifn=0,
E,(1) +E =Z<7)E1+E -1 o

1=0 ) ifn>0.

Let

n

T,(n) = 22(-1)k-1/<1ﬂ, mpeN.
k=1

Then, by (1.4) and (1.5), we get

o0 tp n 2
Z TP(")_‘ =2 Z(—l)kilekt = m (e(n+1)t + et)
p=0 P k=1

= E 1)+E,(1))—,
(B V£

where n € N, with n =1 (mod 2). Thus we have, for n,p € N, with n =1 (mod 2),

Ty(n)=Ey,(n+1)-E,.
From (1.2), we can derive the following equation (1.10):

2 = "
(x+y)td 3 — Xt _ E (x)—.
/Zpe wa0) = e ;:0 n)—

Thus, by (1.10), we get

fZ (9 dps() = Es(x), 1> 0 (see [11]).

(1.3)

(1.4)

(1.5)

(1.6)

(1.9)

(1.10)

(1.11)
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Thus, by (1.9) and (1.11), we have

Ty(n) = /Z x+n+1Ydu_i1(x) —/Z xP dp_1(x), (1.12)

P

where 1, p € N with 7 =1 (mod 2).
We recall here that the Stirling numbers of the second kind are given by the exponential

generating function

1, k it /t"
E( -1) =Xl:‘sz(n, ()E' (1.13)
n=

The purpose of this paper is to investigate some identities on Euler numbers and poly-
nomials, and those on degenerate Euler numbers and polynomials which are derived from
the fermionic p-adic integrals on Z,,.

The outline of this paper is as follows. In Sect. 1, we will review some necessary results
about fermionic p-adic integrals, Euler polynomials, and alternating integer power sums.
In Sect. 2, we will introduce the alternating integer power sum polynomials and represent
them in terms of Euler polynomials and Stirling numbers of the second kind, and derive
various properties about Euler numbers and polynomials. In Sect. 3, we will introduce
the degenerate alternating integer power sum polynomials and express them in terms of
degenerate Euler polynomials and degenerate Stirling numbers of the second, and derive

some properties on degenerate Euler numbers and polynomials.

2 Some identities of Euler numbers and polynomials
In this section, we will introduce the alternating integer power sum polynomials and rep-
resent them in terms of Euler polynomials and Stirling numbers of the second kind, and
derive various properties about Euler numbers and polynomials.

For p € N, we have

p
gy ey =30 () s ey

. i
i=0

p-1
=2(-f + ) (’z)j"(—ly' + (-1 (2.1)
i=1
From (2.1), for n,p € N with n =1 (mod 2), we note that

(1" 0n+ 1) =Y _{(<1Y( + 1) + (-1)7*}

j=0

n p-1 n n
SISV ESY <’Z) S 1+ -1y
j=0 j=0

i=1 j=0
p-1

By E Iy <1j> SOy, (22)
j=1

j= i= j=1
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By (1.7) and (2.2), we get

p-1
Ty(n) = (n + 1) — % 3 (’f ) Ti(n), (2.3)

i=1

where n,p € N with n =1 (mod 2).
Therefore, by (2.3), we obtain the following theorem.

Theorem 2.1 Let n,p € N withn=1 (mod 2). Then we have

w+n+1¥du_i(x)— | *du_i(x)
ZP Zp

p-1
:(n+1)P—%Z(i’){/zp(xmu)idu1(x)—/

i=1 Zp

X dul(x)}. (2.4)

From (1.11) and Theorem 2.1, we note the following corollary.

Corollary 2.2 Let n,p € Nwith n=1 (mod 2). Then we have

p-1
E,(n+1)—E,=(n+1) - % > <’:> (Ei(n +1) - E). (25)

i=1

For n € Ny = N U {0}, we have
fZ (+1-2"dp () = (-1)" [ (v +2)" dpa (). (2.6)

Zp

Thus, by (2.6), we get
En(l _x) = (_1)nEn(x); n>0.

For n € Ny, and by (1.2), we have

/Zp (x+2)"dp_1(x) = ZXWO: <7) /z,, (x+ 1) dp_i(x)
“1+ 121: (’;) fzp(x + 1) dpy (x)
_1- 121: (’;) /prldu_l(x)
—2- IZWO: (’Z) /Z p (). 2.7)

Thus, by using (1.2) and (2.7), we get the next theorem.
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Theorem 2.3 For n € NU {0}, we have

Zp

(e +2)" dpuy () = 2+ / # dpt1 () 2o

Zp

where 8, is the Kronecker’s delta.

By combining Theorem 2.3 with (1.11), we arrive at the following corollary.

Corollary 2.4 Forn € N, we have

E,(2)

=2+E,.

For the next result, we note that, for any n € N,

E,,:(—

1)"E,.

For m,n € N, and by (1.11) and (2.9), we have

P

[ ECEERTREES

n

n n—i m+i
> (l.><—1> /Z e

. n n—i
:Z<l>(_1) Em+i

i=0

= (-1t Yy (’Z)Emﬂ.
i=0

On the other hand, by (2.6) and (2.8), we get

J e

)idu_i(x

m

()/ 2= 1™ dpu s (3)
0 17

i=

Z( )e 1)"“/ (x+ 2" djta (3
i=0

i( )V e 2

i=0

Z( )( 1)"™E,.;

i=0

e m
= _; (l.)EnH"

Therefore, by (2.10) and (2.11), we obtain the following theorem.

Theorem 2.5 For m,n € N, the following symmetric identity holds:

(-1)" Z (Z)Ew =L (’f)E

i=0

i=0

(2.8)

(2.10)

(2.11)

(2.12)

Page 5of 11



Kim et al. Journal of Inequalities and Applications (2019) 2019:265

Now, we define the alternating integer power sum polynomials by
Tp(nlx) =2 (-1} (k+xF, npeN,. (2.13)

Note that T,(#|0) = T,(n), n € Ng, p e N.
For N € N with N =1 (mod 2), by (1.3), we get

N
2 Z(_l)k—le(k+x)t
k=0

:/ e(N+1+x+y)t dﬂ—l(y) _/ e(x+y)t d/,L,l (y)
Zp Zp

:Z{/Z (N+1+x+y)"du_1(y)—/Z (x+y)”du_1(y)}%. (2.14)

n=0

Now, we see that (2.14) is equivalent to the next theorem.

Theorem 2.6 For N € N, with N =1 (mod 2), and n € Ny, we have
T,(N|x) = E,(x + N + 1) — E,,(x). (2.15)

From (2.14), and recalling (1.13), we note that

N
2 Z(_l)k—le(k+x)t _ ext (e(N+1)t _ 1) eyt d/,L,l (y)
k=0

Zp

2 (S (N+1 .
:met<z< " )(et—l) —1)

=0

(S (S )

m=0

Z{ Z (N ’ 1)( )m!Sz(l,m)En1(x)—En(x)}Z—n', (2.16)
=0 m= :

=0

where N € N with N =1 (mod 2) and S,(/, m) is the Stirling number of the second kind.
Therefore, by (2.16), we obtain the following theorem.

Theorem 2.7 For N € Nwith N =1 (mod 2) and n € Ny, we have

T,(Nlx) = Z Z (N ’ 1) ( )m!szu, m)E,_(x) - Ey(x),

=0 m=0

where Sy(n, m) is the Stirling number of the second kind.
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For m, k € N with m — k > 1, and making use of (1.2) and (2.9), we have

(1 f K ()

Zp

__ / P dp )= [ e 1) Fdp @)
Zp Zp

mE_k m—k k—j L (m—k )

= K d — = m—;d B

=0 <m_k_j>./%px () ;(m—j)/sz p-1(x)

i (%) Z. - (r]n) <i>/z K dps (). (2.17)
j= »

Theorem 2.8 For m,k € N with m —k > 1, we have

(e S5

3 Some identities of degenerate Euler numbers and polynomials
In this section, we will introduce the degenerate alternating integer power sum polyno-
mials and express them in terms of degenerate Euler polynomials and degenerate Stirling
numbers of the second, and derive some properties on degenerate Euler numbers and
polynomials.

Throughout this section, we assume that A € C, with |A|, < p“lﬁ . The degenerate ex-

ponential function is defined as
) =(1+r)%,  elt)=e(t), n>0 (seel3, 4, 14-16]).

Note that lim; o €} (¢) = e*.

It is well known that the degenerate Euler polynomials are defined by L. Carlitz as

_ 2?2 a2 x_ = "
T 100 TEEIO (L+a)7 = nzza‘&q,k(x)n!. (3.1)

When x =0, &, = &,,(0) are called the degenerate Euler numbers (see [3, 4, 14-17]).
From (3.1), we note that

n

Enal(x) = Z (n) (®)n-12E17, 1 >0 (see[3,4,14-17]), (3.2)

=0 !

where (x),, =x(x—X1)---(x—(m-1)A), n > 1, (x), = 1.

From (3.1), we can derive the following recurrence relation for &, n > 0.

" 2, ifn=0,

3 (’l’) (D1 €0 + Eng = (3.3)

-0 0, ifn>0.
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From (3.2) and (3.3), we have
5n,k(1) =—Cpp t 280,;1» n= 0.

For N € N with N =1 (mod 2), we have

N
2 Z(_l)k—le/;m(t) _ 2 (e;\\[+1+x(t) _ e’;(t))
k=0

e)\(t) +1
= Z{SM,A(N +1+x)— EH,A(x)};—V:. (3.4)
n=0 :

On the other hand,

(3.5)

n=0 k=0

N [} N n
2) D) =) (2 D 1 ke x)n,x> %
k=0 ’

Let us define a degenerate version of the alternating integer power sum polynomials,

called the degenerate alternating integer power sum polynomials, by

Tpa(nla) =2 (1) (k + )0, n>0. (3.6)
k=0
Note that lim) .o T, (n]x) = T (n|x), n > 0.
Therefore, by (3.5) and (3.6), we obtain the following theorem.
Theorem 3.1 Forn € Ny, and N € N, with N =1 (mod 2), we have
Ty (Nx) = Egp (N + 1 +x) = &y ().
From (1.2), we note that
[ &tdnao- 0= 60 (37)
e Ly = ex(t) = " —. .
Z, » H e +1 * = A n!
On the other hand,
. . "
| &20dua0)=3 [ it (38)
Zp n=0 v ZLp e
By (3.7) and (3.8), we get
(3.9)

fz (64 P A () = Ep (), 12 0.
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For d € N with d =1 (mod 2), by (1.3), we get
| ¢r0dnaw
ZI’

d(t) Z( D'el™ (1)

2 & . x+ 1\ d"t"
= -1 dt = 1) —
ei(dt)+lz( )e Z ZS”)%( d > n!
=0 =0 n=0
[} d-1
N\ t"
Z( "3 (1Y, A<x+ ))— (3.10)
n!
n=0 =0
From (3.9) and (3.10), we have
-l x+1
n !
L) =d" )y (-1'E, 2( y ) (3.11)
1=0
where n € Ny and d € N with d =1 (mod 2).
From (3.7) and (3.9), we have
(=4 D dpa0) = 1 [ 490 diia) (312)
Zp Zp
where 7 is a nonnegative integer.
Hence, by (3.7), we get
Eun(1—) = (-1)"E, (), n>0. (313)

Now, we observe that

N
ZZ(_I)k 1 x+k(t) _ ( ?+ - (ei\l+1+x(t) _ ei(t))
- m((ek(t) —1+ )" o))

2 (B /N+1 m
:ek(t>+1(§( m )(e*(”’l) -

where N € N, with N =1 (mod 2).

As is well known, the degenerate Stirling numbers of the second kind are given by the

1>e§(t), (3.14)

generating function as

;ex(t)—l ZS“(n k)— (see [14, 16, 18]). (3.15)

Page9of 11
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From (3.14) and (3.15), we have

N = V[ S~ (N +1 !
22( Dfler® () = Zg;,x(x),—‘ <Z Z < )Wl'Sz,x(ly Wl)l - 1)
k=0 j=0 J: 1=0 m=0

] n 1 "
= Z (Z Z <7) (Nr; 1) mlEy 1, (x)S2,.(, m)) % (3.16)

n=1 \[=1 m=1

The left-hand side of (3.16) is given by

N [e%e} N "
2 g(—l)“e’;*km =y (2 PG VamC km) —

n=0 k=0
o0 tn

=Y TN ) (3.17)
n=1 :

where N € N with N =1 (mod 2).
Therefore, by (3.16) and (3.17), we obtain the following theorem.

Theorem 3.2 Forn,N € N, with N =1 (mod 2), we have

n !
TNk =33 (’Z) (Nn: 1)m!5m (%)S2, (0, m).

=1 m=1

4 Conclusions
As is well known, the alternating integer power sums can be expressed in terms of some
values of Euler polynomials. In this paper, we studied some identities on Euler numbers
and polynomials, and those on degenerate Euler numbers and polynomials, which are
derived from certain fermionic p-adic integrals on Z,. Here we mention that fermionic
p-adic integrals were introduced by Kim and have been used fruitfully in investigations of
combinatorial and number-theoretic aspects of many special numbers and polynomials.
Specifically, we obtained a recursive formula for alternating integer power sums and
representations of alternating integer power sum polynomials in terms of Euler polyno-
mials and also of Euler polynomials together with Stirling numbers of the second kind.
Along the way, various properties of Euler numbers and polynomials were derived as well.
As to the degenerate alternating integer power sum polynomials associated with the al-
ternating integer power sums, we obtained their representations in terms of degenerate
Euler polynomials and also of degenerate Euler polynomials together with the degenerate
Stirling numbers of the second kind. Along the way, we also derived some properties of
degenerate Euler numbers and polynomials.
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