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W1 =172+ /6V/(120), Ay =1/2 + A/ +2)/41"Y = 1/2 and w, = 1/2 + /3v/(6v) are
the best possible parameters on the interval [1/2, 1] such that the double inequalities

C'[Ax+ (1 =2y, Ay + (1= Ax]A ™ (x,y)

<Roaly) < C[pax+ (1= paly, pay + (1= w)xJA ™ (x,y),
C'[Aax+ (1= A2)y, Aoy + (1= A)x]A ™ (x,y)

< Ruol,y) < C”[pax + (1= waly, pay + (1 = pa)xJA™ (x, )

hold for all x,y > 0 with x #y and v € [1/2,00), where A(x, y) is the arithmetic mean,
C(x,y) is the contraharmonic mean, and Roalx,y) and Rao(x, y) are two Neuman
means.
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1 Introduction
Let x,y > 0. Then the arithmetic mean A(x, y), quadratic mean Q(x, y) [1], contraharmonic

mean C(x,y) [2, 3], and Schwab—Borchardt mean SB(x,y) [4] are given by

X+ xZ + 2 x2 + 2
Axn =2, Quy =)L, Cwy=-"L,
2 2 x+y
22
arccos (x/y)’ X <) (11)
SB(x,y) = | %, x=Y,

cosh™1 (x/y)’ x>

respectively, where cosh™! (0') = log(o + v/ — 1) is the inverse hyperbolic cosine function.
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The Gaussian arithmetic—geometric mean AGM(x, y) [5—7] of two positive real numbers
x and y is defined by the common limit of the sequences {x,}:°, and {y,};2,, which are

given by

X+ Yn

X0 =X, Yo=Y KXn+l = 5 Yn+1 = A/ XnYn-

Itis well known that the bivariate means have wide applications in mathematics, physics,
engineering, and other natural sciences [8—55], many special functions can be expressed

using bivariate means, for example, the complete elliptic integral

(0<r<1)

/2 dt
K(r) = / —_—
0 1-r2sin’(2)
of the first kind [56-61] and the modulus w(r) of the plane Grotzsch ring [62, 63] can

be expressed by the Gaussian arithmetic—geometric mean AGM(x, y), the formula of the

perimeter of an ellipse and the complete elliptic integral

/
Er) = /0 2,/ 1-r2sin®(¢) dt

of the second kind [64—70] can be given in terms of the Toader mean [71-74]

2 /2
T(a,b) = — / \/zzz cos2(¢) + b2 sin?(t) dt.
0

Indeed, we have

T 1 " 7 AGM(1,V1 - r2)
=, yr)= ——
2aGMLVIom) T 2T AGM@L

Leny)=21T(@w),  E0)=ZT(LVI-P).

K(r)

)

Recently, the inequalities for bivariate means have attracted the attention of many math-

ematicians. Neuman [75] introduced the Neuman means

_ 1 Az(x:y)
Raax,y) = 2 [Q(x,J’) + SB(Q(x,y),A(x,y))}

1 Q*(x,y)
Raqlx,y) = E[A(x’y) * SB(A(x,7), Q(x,y))}

and provided the formulas

P

Rau(,y) = %A(x,y) [ﬂ T2+ %(”)} (1.2)
2

Raglx,y) = %A(x, y)|:1 + M] (1.3)
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if x>y >0, where u = (x — y)/(x + y) and sinh~! (') = log(o + +/o'2 + 1) is the inverse hyper-
bolic sine function. Neuman [4] proved that the inequalities

Ax,9) < Roax,y) < Raox,y) < Qlx, ) (1.4)

hold for x,y > 0 with x #y.

Zhang et al. [76] proved that «; = 1/2 + \/2ﬁlog(1 ++/2) +log*(1 +/2) = 2/4 =
0.7817..., Br = 1/2 + +/3/6 = 0.7886..., ay = 1/2 + /7% + 47 — 12/8 = 0.9038... and
B2 =1/2 +/6/6 = 0.9082... are the best possible parameters on the interval [1/2,1] such
that the double inequalities

Qanx + (1 —ar)y,cny + (1 - a1 )x]

<Roa®y) < Q[Brx + (1 - 1)y, By + (1 - Br)x), (1.5)
Q[agx + (1 —o)y,00y+(1- az)x]
<Ragy) < Q[Box + (1= Ba)y, Bay + (1 — Bo)x] (1.6)
hold for x,y > 0 with x # y.

In [77], Yang et al. proved that the double inequalities

Q[C(zfy) s ZA(;C:J’)] +(1-a)CYB(x, ) A3 (x, )

Clx,y) . 2A(x,y)
3 3

<Ragx,y) < ,3[

. [ Clx,y) 5A(xY)

] + (L= BT (5,3) A%, ),

+

6 6 ] +(1—A)C1/6(x,y)A5/6(x,y)

Clx,y) s 5A(x,)
6 6

<Roalx,y) < M[ ] + (1= u)CY0(x, 1) A% (x, )

hold for for x,y > 0 with x #y if and only if @ < (37 + 6 — 1292)/(16 — 12/2) = 0.3470. ..,
B >2/5x<[3v2+3log(l +/2) —672]/(7-62) =0.5730... and u > 16/25.

The main purpose of the article is to generalize inequalities (1.5) and (1.6). To achieve
this goal, we define the two-parameter contraharmonic and arithmetic mean W , (x,y) as
follows:

Wiw(x,y)=C" [Ax + A -Myray+(1- )L)x]Al’”(x,y), (1.7)

where 1 € [1/2,1] and v € [1/2,00). We clearly see that the function A — W; ,(x,y) is
strictly increasing on [1/2,1] for v € [1/2,00) and «,y > 0 with x # y.
It follows from (1.1), (1.4) and (1.7) that

Wi12(%y) = Q[Ax + (1 - M)y, Ay + (1 - M)x], (1.8)
Wi1(x,y) = C[ax+ (1= M)y, Ay + (1 - M)x], (1.9)

Wi (%) = Ax, ),
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2v
Wi, (x,9) = C¥ (%, ) A ™" (x,%) :A(x,y)[Q(x’y)} > Q(x,),
A(x,y)
Wi 9) < Roa(%,¥) < Rag,y) < Wi, (%, ). (1.10)

Inequalities (1.5), (1.6), and (1.10) give us the motivation to discuss the question: What
are the best possible parameters A1 = A1(v), 1 = u1(v), Az = A2(v) and wy = ua(v) on the
interval [1/2,1] such that the double inequalities

Wi (,7) < Roal®,y) < Wiy u(x,9),

Winw () < Rag(®:y) < Wi,,0 (%, 7)
hold for all x,y > 0 with x # y and v € [1/2, 00)?

2 Lemmas
In order to prove our main results, we need to introduce and establish five lemmas which
we present in this section.

Lemma 2.1 ([78, Theorem 1.25]) Leto,B € Rwitha <, I',¥ : [a, B] — R be continuous
on [«, B] and differentiable on (o, B) with W' (t) #0 on («, B). Then the functions

I'(t)-I'(a) r'@-re
W(r)-¥ () v(t)-¥(B)

are (strictly) increasing (decreasing) on (o, B) if I''(v) /W' (%) is (strictly) increasing (decreas-
ing) on (a, B).

Lemma 2.2 The function

A1+ £2sinh™}(¢)

P(t) = .

is strictly increasing from (0, 1) onto (1,+/21og(1 + +/2)).

Proof Differentiating ¢(t) gives

P'(t) = tji(-i—)tz’ (2.1)
where

$1(2) = tv/1+ 22 = sinh ™' (2). 2.2)
It follows from (2.2) that

¢1(0") =0, (2.3)

¢1(t) = % >0 (2.4)

forall £ € (0,1).
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Note that
(0 =1,  ¢(17) =+v2log(1 +v2). (2.5)
Therefore, Lemma 2.2 follows from (2.1) and (2.3)—(2.5). O

Lemma 2.3 The function

23
- (1 + £2)arctan(z) — ¢

@(2)

is strictly increasing from (0, 1) onto (3/2,2/(7 - 2)).
Proof Let ¢1(t) = £ and ¢o(t) = (1 + ¢2) arctan(¢) — £. Then we clearly see that

_ 1(8)
()

@1(07) = 2 (0%), @(2) (2.6)

@1 (2) _ 3t
@y(t) 2arctan(z)’

(2.7)

It is not difficult to verify that the function ¢ +— ¢/arctan(¢) is strictly increasing from
(0,1) onto (1,4/w). Then equation (2.7) leads to the conclusion that ¢ (£)/¢}(2) is strictly
increasing on (0, 1).

Note that

o)==, 28)

N w

v(0) =

Therefore, Lemma 2.3 follows from Lemma 2.1, (2.6), (2.8), and the monotonicity of
@1 B)/ @) O

Lemma 2.4 Let0 €[0,1],v € [1/2,00), t € (0,1) and
Sow(®) =vlog(1+60¢%) —log[tv/1 + £2 + sinh ™' (£)] + log £ + log 2. (2.9)

Then we have the following two conclusions:
(1) fo,u(£) >0 forallt € (0,1) if and only if 6 > 1/(6v);
(2) fon(t) <0 forall t € (0,1) ifand only if & < [(v/2 +1og(1 + +/2))/2]" - 1.

Proof 1t follows from (2.9) that

Jon(07) =0, (2.10)
fg,.,(l_) =vlog(l +0) - log[ﬁ +log(1 + ﬁ)] +log?2, (2.11)
) t[(2v = 1)(¢v/1 + £2 — sinh ™1 (¢)) + 4v sinh™1(2)]
= 0—£()], 2.12
Jo. ) (1+082)[tv/1 +£2 +sinh™'(¢)] [0=0)] 212
where
£ = tv/1 + £2 —sinh™1(¢)

(2v — DE2[t/1 + £2 — sinh ()] + 4v£2 sinh™'(¢)
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Let ¥1(£) = tv/1 + £2—sinh ™} (¢) and ¥ () = (2v—1)£2[t+/1 + £2—sinh ™ (£)] +4v£2 sinh ™1 (¢).
Then

¥1(0%) =v2(07) =0,  £,(2) D)’
Yo 1
Ust)  (2v+Do(t) +2Q2v - D2 +dv -1

(2.13)

(2.14)

where ¢(¢) is defined in Lemma 2.2.

Equation (2.14) and Lemma 2.2 imply that v (£)/¥5(¢) is strictly decreasing on (0, 1).
Therefore, the conclusion that f, (¢) is strictly decreasing on (0, 1) follows from Lemma 2.1
and (2.13), together with the monotonicity of v (£)/v;(¢) on the interval (0, 1). Moreover,
making use of UHopital’s rule, we have that

£(07) = i, (2.15)

6v
B V2 -log(l ++/2) .
- (2v = 1)v/2 + 2v + 1) log(1 + +/2) -

(1) (2.16)

We divide the proof into three cases.

Case 1.0 > 1/(6v). Then (2.12) and (2.15), together with the monotonicity of f, () on the
interval (0, 1), lead to the conclusion that fj,,(£) is strictly increasing on (0, 1). Therefore,
fon() >0forallt € (0,1) follows from (2.10) and the monotonicity of f; , (¢) on the interval
(0,1).

Case 2. 6 < 6. Then from (2.12) and (2.16), together with the monotonicity of f,(¢)
on the interval (0, 1), we clearly see that f; , () is strictly decreasing on (0, 1). Therefore,
fou(t) <O0forall t € (0,1) follows from (2.10) and the monotonicity of f; , () on the interval
0,1).

Case 3. 6y < 6 < 1/(6v). Then from (2.12), (2.15), (2.16), and the monotonicity of f,(¢)
on the interval (0, 1), we clearly see that there exists ¢, € (0,1) such that f; , () is strictly
decreasing on (0, ty) and strictly increasing on (£, 1).

We divide the proof into two subcases.

Subcase 3.1. [(v/2 +1og(1 + +/2))/2]""* =1 <0 < 1/(6v). Then (2.11) leads to

Sow(17) >0. (2.17)

Therefore, there exists t* € (£, 1) such that f;,(¢) < 0 for £ € (0,£*) and f3,,(¢) > O for
t € (¢%,1) follows from (2.10) and (2.17), together with the piecewise monotonicity of fj,, (£)
on the interval (0, 1).

Subcase 3.2. 0y < 0 < [(v/2 +log(1 + +/2))/2]""? — 1. Then (2.11) leads to

Son(17) <0. (2.18)

Therefore, f;,,(t) < 0 for all ¢ € (0,1) follows from (2.10) and (2.18), together with the
piecewise monotonicity of f; , (£) on the interval (0, 1). d

Lemma 2.5 Let 9 €[0,1], v € [1/2,00), t € (0,1) and

gov()=v log(l + 19t2) - log[t + (1 + tz) arctan(t)] +log(t) + log 2. (2.19)
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Then the following statements are true:
(1) go(t)>0forallte(0,1) ifand only if ¥ > 1/(3v);
(2) g9.,(t) <0 forall t €(0,1) ifand only if ¥ < [(r +2)/4]"" - 1.

Proof 1t follows from (2.19) that

20(0%) =0, (2.20)
gr(17) = vlog(l +19)—10g(n22>, (2.21)
, _t[((2v = 1)# +2v + 1) arctan(t) + (2v - 1)f]
8,(8) = (1 +02)[t + (1 + £2) arctan(z)] [9 - ()], (2.22)
where
&0 t — (1 - ¢?) arctan(z)

" 2[(@v - D2+ 20 + arctan(t) + 2v - 1))’

Let w1 (¢) = [t — (1 — £2) arctan(?)]/t? and ws () = [(2v — 1)£2 + 2v + 1] arctan(z) + (2v — 1)¢.
Then elaborate computations lead to

_ w1(2)
w(t)’

01(07) =w,(0%) =0,  g,(8) (2.23)

wy(t) 1 (2.24)
wh(t)  2[(2v—1)E2 + v]p(t) + 2v — 1)4 ’

where ¢(¢) is defined in Lemma 2.3.

From Lemma 2.3 and (2.24) we know that o/ (£)/w}(t) is strictly decreasing on (0,1).
Therefore, the conclusion that g, (¢) is strictly decreasing on (0, 1) follows from Lemma 2.1
and (2.23), together with the monotonicity of w](£)/w,(¢) on the interval (0, 1). Moreover,
making use of UHopital’s rule, we have that

2(0%) = % (2.25)

1

gV(l_) = (7'[ + 2)\) _ 1' (226)

We divide the proof into three cases.

Case 1.9 > 1/(3v). Then (2.22) and (2.25), together with the monotonicity of g, (£) on the
interval (0, 1), lead to the conclusion that g, ,,(¢) is strictly increasing on (0, 1). Therefore,
gov(2) >0forallt € (0, 1) follows from (2.20) and the monotonicity of gy , () on the interval
0,1).

Case 2. 0 < 1/[(m +2)v —1]. Then from (2.22) and (2.26), together with the monotonic-
ity of g,(¢) on the interval (0, 1), we clearly see that g, (¢) is strictly decreasing on (0, 1).
Therefore, gy, () < 0 for all ¢ € (0,1) follows from (2.20) and the monotonicity of gy, (£)
on the interval (0, 1).

Case 3. 1/[(m +2)v — 1] < ¥ < 1/(6v). Then it follows from (2.22), (2.25), (2.26), and the
monotonicity of g,(¢) on the interval (0,1) that there exists py € (0,1) such that gy, () is
strictly decreasing on (0, pg) and strictly increasing on (pp, 1).

Page 7 of 13
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We divide the proof into two subcases.
Subcase 3.1. [(w +2)/4]Y =1 <® < 1/(6v). Then (2.21) leads to

gr(17) >0. (2.27)

Therefore, there exists p* € (po, 1) such thatgy,,(t) < Ofor ¢ € (0, p*) and gy, (£) > Ofor ¢ €
(p*, 1) follows from (2.20) and (2.27), together with the piecewise of gy, (£) on the interval
(0,1).

Subcase 3.2. 1/[(w +2)v — 1] < < [(;r +2)/4]" — 1. Then (2.21) gives

Zov(17) 0. (2.28)

Therefore, gy,,(t) < 0 for all ¢ € (0,1) follows from (2.20) and (2.28), together with the
piecewise of gy, (¢) on the interval (0, 1). a

3 Main results
Theorem 3.1 Let A, 1 € [1/2,1] and v € [1/2,00). Then the double inequality

Wi (:9) < Roa(x,y) < Wy, v (x,9) (3.1)

holds for all x,y > 0 with x # y if and only if .y < 1/2 + \/[(ﬁ +log(1 ++/2))/2]Yv —1/2
and 11 > 1/2 + +/6v/(12v).

Proof Since both Wj ,(x,y) and Rqga(x,y) are symmetric and homogenous of degree 1,
without loss of generality, we assume that x >y > 0. Let ¢ = (x — y)/(x + ») € (0,1) and
0 € [1/2,1]. Then from (1.1), (1.2), and (1.7) we get

W0 (%, 9))

YT [1+(20-1)%], (3.2)
PR |
%:%[«/nthw} (3.3)

It follows from (3.2) and (3.3) that

o [We,v(x,y)} 1o [We,u(x,y)] 1o [RQA(x,y)]
¢ L Awy) A(,y)

RQA(xvy)
=vlog[1+ (20 - 1)**] —log[¢v/1 + £ + sinh ™' (2) ]

+log(¢) + log2. (3.4)

Therefore, Theorem 3.1 follows easily from Lemma 2.4 and (3.4). O
Theorem 3.2 Let Ay, py € [1/2,1] and v € [1/2,00). Then the double inequality

Wiow@®,9) < Rag(,y) < Wy, (%,9) (3.5)

holds for all x,y > 0 with x #y if and only if Ay < 1/2 + /[(w +2)/4]V" - 1/2 and pu, >
1/2 + /3v/(6v).

Page 8 of 13
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Proof Since both W3 ,(x,y) and Raq(x,y) are symmetric and homogenous of degree 1,
without loss of generality, we assume that x >y > 0. Let £ = (x — y)/(x + ) € (0,1) and
¥ € [1/2,1]. Then it follows from (1.1), (1.3), and (1.7) that

Wi () 2,27V

W_[u(w—l)t], (3.6)

Raq@y) _ 1[1 , (L+ e arctan() ] (3.7)
Alxy) 2 £

From (3.6) and (3.7) we have

Wa,v(x,y))]:l [Wa,u(x,y)]_l [RAQ(x,y)}
° [RAQ(x,y) % Awy) % Ay

=vlog[1+ (20 —1)*#*] —log[¢t + (1 + £*) arctan(¢)]

+log(t) + log 2. (3.8)
Therefore, Theorem 3.2 follows easily from Lemma 2.5 and (3.8). O

Remark 3.3 Let v = 1/2. Then from (1.8) we clearly see that Theorems 3.1 and 3.2 become
(1.5) and (1.6), respectively.

Let v = 1. Then from (1.9) and Theorems 3.1 and 3.2 we get Corollary 3.4 immediately.

Corollary 3.4 Let Ay, (1, Ao, o € [1/2,1]. Then the double inequalities

C[)le + 1=y, My +(1- M)x] <Roalx,y) < C[,U«NC + (1= pa)y, 1y + (1 - Ml)x],

Clhax + (1= Aa)ys Aoy + (1 = Aa)x] < Raq(x,y) < Claeax + (1 = o)y, poy + (1 = pao)x]

hold for all x,y > 0 with x # y if and only if A\; < 1/2 + \/[(ﬁ+log(1 +4/2))/2] - 1/2 =
0.6922..., up >1/2 + V6/12=0.7041..., hy < 1/2 + /[(m + 2)/4] —1/2 = 0.7671... and
Wy >1/2++/3/6=0.7886....

Letue(0,1),x=1+u,y=1-u,A; =1/2+ \/[(«/5+ log(1 ++/2))/2]1Y" = 1/2, juy = 1/2 +

V6v/(120), Ay = 1/2+/[(rr +2)/4]V" = 1/2 and s = 1/2+ +/3v/(6v). Then (1.2), (1.3), and
Theorems 3.1 and 3.2 lead to Corollary 3.5.

Corollary 3.5 The double inequalities

- (YT

'hfl 2\ V
<L(”)<2<1+Z_> ey
v

u

3v

21 -u?) + (B -1 arctan(u)  2(1+ 55u?)" -1
1+u? < u < 1+u?

hold for all u € (0,1) and v € [1/2, 00).

Page9of 13
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4 Results and discussion

In the article, we give the sharp bounds for the Neuman means

1 A%(x,y)
Raa@®y) = 5 [Q(x’y )+ SB(Q(x,y),A(xry))}
and
B 1 Qz(x:y)
Raqlx,y) = §|:A(x,y) * SB(A(x, y), Q(x,y))}

in terms of the two-parameter contraharmonic and arithmetic mean
Wiw(x,y)=C" [)»x + 1 -Myay+(1- )L)x]Al‘“(x,y),
and find new bounds for the functions sinh(u)/u and arctan(z)/u on the interval (0, 1).

5 Conclusion

In the article, we prove that the double inequalities

Wi (69) < Roa(x,y) < Wy, v (%,9), Wiaw(8:9) < Rag(x,y) < Wi, o (%, 9)

hold for all x,y > 0 with x # y if and only if A1 < 1/2 + \/[(ﬁ+ log(1 + +/2))/2]1" —1/2,
w1 > 1/2 + J6v/(12v), Ay < 1/2 + /[(w +2)/4]1VY = 1/2 and uy > 1/2 + /3v/(6v) if

AL, 1, Ao, (o € [1/2,1] and v € [1/2,00). Our results are a natural generalization of some

previously known results, and our approach may lead to many follow-up studies.
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