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1 Introduction
The Poélya urn model (also known as the Pélya—Eggenberger urn model; see [5, 9]) is an
experiment in which we observe the number of white balls extracted from an urn contain-
ing initially 4 white balls and b black balls when the extracted ball is replaced in the urn
together with ¢ balls of the same color before the next extraction.

Denoting by X% the random variable representing the number of white balls obtained
in n > 1 extractions from the urn, it can be shown (e.g., [6]) that the model is well defined
(defines a distribution) for a,b > 0 and ¢ € R satisfying (n — 1)c > —min{a, b}, and the

distribution is given by

a(k,c)b(n—k,c)

b, be _ 1\ _ k
pZ,kC:P(XZ C—k) —an, ke{O,l,...,n}, (1)
where " = 1, and %" = x(x + ) - ... - (x + (k — 1)k) for k > 1 denote the rising factorial

with increment 4.
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In the present paper, we focus on the case a = x € [0, 1], b = 1 —x, and the minimal choice
of the replacement parameter ¢ = —min{x, 1 —x}/(n—1), n > 1. The reason for this choice is
twofold. The first is that the limiting (negative) value of ¢ is an interesting problem of study
from the probabilistic point of view, with applications in statistics (reliability theory). The

second reason relates to the newly introduced operator R, [7, 8] defined by
A 1 .
= 1-x}/ (n-1 y1-x,— 1-x}/(n-1
Rn(f: x) — Pn min{x,1-x}/(n )(fr x) — Ef(;Xf,: 1-x,— min{x,1-x}/(n )>, (2)

where P denotes the classical Bernstein—Stancu operator (see [11] or [3] for a survey on
Bernstein—Stancu operators).

The structure of the paper is the following. Section 2 contains some auxiliary results of
independent interest, needed in the sequel. In Lemma 1, we prove an interesting inequal-
ity, which may be seen as a refined version of a reversed Cauchy—Bunyakovsky—Schwarz
inequality (see Remark 2). In Lemma 3, we give bounds for the error of approximation
of an integral by trapezoidal rule in terms of the first derivative for the function (which
complements the asymptotic error estimates, valid just for large values of the parameter),
a useful practical result in numerical analysis. Lemma 4 is a technical result concerning
the sign of a certain function, essential for proving our main results.

In Sect. 3, we first prove that the Pdlya urn probabilities satisfy a certain monotonicity
property with respect to the initial urn distribution (Theorem 5). Using this, in Theorem 7,
we show that the Pélya random variables satisfy a natural stochastic ordering (in terms of
reliability theory, this shows that the corresponding survival function is increasing with
respect to the parameter). In Theorem 8, we give an equivalent formulation of this re-
sult, which shows that the operator R, is a monotone operator, a property of the classical

Bernstein operator (see, e.g., [2]).

2 Auxiliary results

We begin with the following auxiliary result of independent interest.

Lemma 1 For integers n > 2 and k € {1,...,n — 1} and positive real numbers a;,...,ay,
n

. . n —k
by,..., by with max,<i<, a; <min <jc, kbjand )" a; = ijl bj, we have

n n-k
Y oai<) b (3)
i=1 j=1

Proof Without loss of generality, we may assume thata; <---<a, <b; <--- <b, 4.

n-k
Shia  Xia b

Note that ==~ > by > a; for i € {1,...,n}. Moreover, since k > 1 and

n-k —  n-k
"1* aj . . . .
ai,...,a, > 0, there exists i € {1,...,n} for which a; < Z}fk’ is a strict inequality (other-
wise, summing over i € {1,...,n}, we would obtain k = 0).

We obtain

n
i=

n n n n 2
1 1
22t Z<Z> - k(Z ) ’ ?

i=1 1
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and using the Cauchy—Bunyakovsky—Schwarz inequality, we conclude that

n 2 1 n—k 2 k
_ , »2
ety (Ta) -(E) S :
i=1 j=1 j=1

Remark 2 From inequality (3) we can obtain a reversed Cauchy—Bunyakovsky—Schwarz

inequality (see, e.g., [4]) as follows. In the notation of the previous lemma, taking b; =
Ly aii€{1,...,n—k}, we obtain

Y4 1
(Ztld)z_ - ’

(5)

which is especially useful when k > 1 is small. For example, we can take k = 1 if g, <
—L 3" | a;, the condition which holds in particularif p € {1,..., [/A/(A = a)]} of the num-
bers a1,...,a, are equal to a >0 and ¢ = n — p > 1 of them are equal to A > a.

The Polya—Szegé inequality (see, e.g., [4, Theorem 5.5]) is the following reversed
Cauchy-Bunyakovsky—Schwarz inequality:

27 1“2 p b;z /AB / (6)
(Zl lab) ( AB)

where 0<a <a; <A<ocoand0<b<b;<B<oo,i€{l,...,n}. Takingb; =---=b, =1
(thus b = B = 1), it becomes

(foal) 4,1([ f ) &

for any sequence such that0<a <a; <ay <--- <a, <A.
If A > a(l +2/(/n—1)), then the right-hand side of (7) is greater than = 1 , and therefore
inequality (5) (with k = 1) improves the Pdélya—Szegé inequality (under the hypotheses

considered).

We will also need the following auxiliary result, which gives bounds for the error of
approximation of an integral by the trapezoidal rule in terms of the first derivative of a
function. Before stating the result, we note that such a result is known, but only in the
asymptotic case (asymptotic error estimate): denoting by Ex (f) the exact error and Ey/(f) =
ﬁ({” 1) - f'(0)), we have limNﬁoo EN(f)/EN(f) =1 (see [1, Sect. 5.1]), whereas our result
below shows that 0 < Ex(f) < 4N2 (f'(1) = f'(0)) for all N > 1.

Lemma 3 Suppose f € C3([0,1]) is such that f,f',.f".f" > 0 on [0,1]. Then for any integer

N > 1, we have

N (i ! FO) +fQ) _ f/(1)-5"(0)
os%f(N)—N/Of(t)dt— TR T (8)
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Figure 1 Trapezoids T; and T in the proof of Lemma 3. Area(T})
< fXX/’” f(x) dx < Area(T))

Proof Since f is convex, the sum of the areas of trapezoids Ty, ..., Tny_1 (see Fig. 1) is larger
than the area under the graph of f, and thus

1 N-1
flx) +f(xi1) 1
/O Fo)de < Z()(f ~ ﬁ), ©)

where x; = ﬁ, i€{0,1,...,N}, which proves the left inequality in (8).

Since f is convex, the tangent line to the graph of f at x; lies below the graph of f, and
therefore the sum of the areas of the corresponding trapezoids 7 is smaller than the area
under f (see Fig. 1). Summing over i € {0,1,...,N — 1}, we obtain

N-1

Z(f(xz)+yl i) /f(t)dt

i=0
where y; = f(x;) + f'(x;) - ﬁ, or, equivalently,

S(x:) +f(xz - 1 & /

N / fOde= Z - gf(x» oy 2
and therefore

N 1 1 1 N

D) <0+ 50 W [ f0d 557w

Using inequality (9) with f replaced by f’, we obtain

N

N
) <) + S W) 4 N / Oz~ izf«xi)
i=0

1 1
5f(1)+%vf’(1)+N/(; f(t)dt—%(N/o f(¢)dt +

o[ fO)+f(1)  f(1)-f(0)
-N/O ft)de + 5 + aN ,

1(0) +f/(1)>
2

concluding the proof. O

The following technical result is essential for the proof of our main results in the follow-
ing section.
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Lemma 4 For any integers n > 2 and k € {0,...,n — 1}, there exists x,x € [% ’—1] such
that the function
-1 n-k-1 n-1
x x€|0,—— |, 10
iYL <<lonts) &
is positive on (0,x,x) and negative on (x,,x, Zrtn——_kl—Z)'
Proof Under the hypotheses on # and k;, it is easy to verify that = < K < 5775 < 1 (the
last inequality is strict if k < n — 1)
If k = 0, then s1nce - L > fort €{0,...,n—1}andx € (0, %),we have ¢, o(x) <0
S .
for x € (0, ) and the claim holds w1th xn0=0¢€ [—ﬁ, 0].
If k = n — 1, then we have ¢, ,1(x) = Y 1~ 02 T 0 for x € [0,1), and the claim holds
withx,, 1=1¢€ [n 1,1]

Assume now that n > 2 and k € {1,...,n — 2}. We will first show that if ¢, x(x) = 0, then
w;,,k(x) < 0 (note that ¢, x(0) = k > 0 and thus x # 0).
We have

1 1 n-1 n-k-1
—onk(®) + ~ (Z(l Z(l x__x)2>

1=

: 1 n-1 n-k-1 1
If g,k (x) = 0, then we obtain ¢/, (x) = 1 (3_i e Yo W)’ and we are
left to prove the implication
n-1 n—k-1 n-1 n—k-1
= T oa < Z
_ i 2
i=0 1 - i=0 1 % 1 i=0 n— 1 i= 1 x 1x)
Choosing a;,1 = - ;‘ ,ie€f0,...,n—1},and bj,; = ——— ,] €{0,...,n—k—-1}, we have

maXi<j<, d; = dy = ﬁ = by = min;<j<,_x bj, and the 1mp11cat1on follows from Lemma 1,
concluding the proof of the claim.
We showed that ¢, (x) = 0 implies ¢, , (x) < 0. Since @, is continuously differentiable,

a moment’s thought shows that this condition implies that ¢, can change signs at most

once on the interval [0, 5, k 5

Since ¢, x(0) =n—(n—k) =k >0and lim, Sl P, «(x) = —00, the function ¢, x changes

sign on [0, -~—); let %, x denote its unique root We are left to show that x,,x belongs to

’ 2n k 2
the specified interval.

Page 5 of 10
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Using Lemma 3 with N =#n — 1 and f(¢) = %tx, respectively, with N =n — k — 1 and

1
- 1 .
ft) = T, We obtain:

) < (( 1)[1 L g, s
e N A P T Y 1)
+

1
1 1 1=
—<(n—k—1) kldt+ )
0o l-x-tx™" 2
-1 1+ o =%
- (-2 In(1-x) + Lz, (7
x 2 4(n-1)

1 1

In + nl
X 1-x 2

1 1 x4(2 - x) n-1_1-x-"2tly
==(1- + + In .
2 1-x—Kly ) an-1)(1-x)?2 «x (1-x)

In particular, for x = ﬁ we obtain ¢, k( =) <

k(2n—k-2)(k=2(n— 1

i-120r? ~ < 0, which shows that

k
KXk < oy

To obtain the lower bound for x,,x, first note that for k = 1, the claim is trivial (¢, (0) =
1> 0, and thus x,,; > 0), so we may assume that k € {2,...,n— 1}.

Using again Lemma 3 with the same choices as before, we obtain

()>(1)11dt1+—x Y ! dt
Pnix) = V1= ,/(;1—tx * 2 “\r /(;1 X — tx”k1

1 1 e
N = " 1-x- 2 kllx (l—x—”;]:lx)2 (1-x)?
2 4n-k-1)
n—1 1+-L n-1 1-x-"Kly
- <_ In(1 - x) 1"‘) - (— n -
x 2 X 1-x
Lo k- o
A TP (1-x-12571 )2 (1 x)
+ +
2 4(n -k-1)
(i) (e )w
2 —x— 2kl (1-x— 252 (1-%)2 )4 -1)
+ In nl
x (1-x)2
To simplify the following computation, denote A = (2= )2 = : 11)2 ,and C = A (';(__kl)z.

For x = %, the inequality becomes

k=1y_1(, 1 1 1\B 1, (A+B
i\ 21) =2\ " asB A+B? A2)a " B™\ a4

1+1 1 1 1 i 1
2 B\ 21+C) 4(1+C)? Tic c))
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Since
d 1 1 1 (1 1
—\ - - +In{1+—
dC\ 21+C) 4(1+C)? 4C2 C

s 1 1 1Y,
- <2(1+C)2 - C(1+C)> * (2(1+C)3 _2_C3> <

5 +1n(1 + C)) =0, we conclude that (-5

1
and lime oo (=305 ~ 3mep * 302 10 ~ e

c2 +In(1+ 3 ¢))>0forall C>0.
From this and from the previous inequality we obtain x,, x > 1 , concluding the proof. [

3 Main results

We can now prove the first main result.

Theorem 5 For arbitrarily fixed integers n > 2 and k € {0,1,...,n}, the probability

Puilx) = pﬁ omintol=x/=1) given by (1) increases for x € [0, ] and decreases for x €

[x:j, o 11, where

x}’l'k l:fk S HTJ;
samll ke, ay
1 — Xnn-k lfk > nZLl’

and x, ; € [%, %] is given by Lemma 4.

Proof First, note that p,,(x) = [/ (II’_C;’“I::?’E’;:;‘/}(/”@;;)) isa decreasing function of x € [0, 1]
(each factor decreases in x), and, similarly, p,, ,(x) = ]_[;:01 %

function of x € [0, 1] (each factor increases in x). The claim of the theorem therefore holds

is an increasing

in the cases k =0 and k = n (x, , = 4,0 = 0 and Xy, =1=x0=1, respectively), and we can
assume that k € {1,...,n -1}
For x € (0,1/2), in the notation of Lemma 4, we have

d d k-l i
k
lnpnk(x) = —<lnC + E ln<x— ” lx)

i=0

n-k-1 n—k-1 i
In{1-x- - In{1-
+ Il( X e lx) g): Il( n_lx)>

i=0 —x—mx i=0 nTx
ko 1"&E -0+ H)x-1 188 1-ha-1
x o x i l—x—ﬁx ¥ 1-5x
kK n-k 1"&E 1 o
SRR Dl weleh e D v
s P
1

= —@ni(x), (12)
X
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and a similar computation shows

d
—Inp,r(x) = Onn-k(1-%), xe(1/2,1) (13)

dx T 1-x
(alternatively, to derive this, we can use the relation p,(x) = pyu—x(1 — x), valid for x €
[0,1], n>2,and k € {0, 1,...,n}).

It remains to show that the information about the sign of ¢, i(x) given by Lemma 4
translates into the monotonicity of p,,x(x) indicated in the statement of the theorem.
Note that by Lemma 4 we have

:| forallm>2and ke {l,...,n—1}. (14)

If % < %, then Lemma 4 and (12) show that p,; increases on [0,x,,] and decreases
on [x,x,1/2] (note that x,; < % by (14) in this case). Since x,,,,« > ”n‘—]fl‘l =1- % > %,
the function ¢,,,,_x(x) is positive for x € [0,1/2] C [0,%,,,_«], and from (13) it follows that
Pni decreases on [1/2,1]. Since p,,x is a continuous function on [0, 1], it follows that p,,
increases on [0,x,x] and decreases on [x,y, 1], and therefore the claim of the theorem
holds in this case with x}’;’k =Xnk-

If ’V% > %, then Lemma 4 and (12) show that p, x increases on [0,1/2] C [0,x,] (note

n—-k k-1 1
n=K _ 1 _ &1 <1
n-1 1 n-1— 2

is positive for x € [0,x,,,x] C [0,1/2] and negative for x € [x,,, ¢, 1/2], and from (13) it

that x,, 4 > % by (14) in this case). Since x,,,,_ < , the function ¢, ,_(x)

follows that p, x increases on [%, 1 - x,, ) and decreases on [1 — x,,,, &, 1]. Since p,; i (x)
is a continuous function of x € [0, 1], it follows that p,, s increases on [0,1 — x,,, ] and
decreases on [1 — %, , &, 1], and therefore the claim of the theorem holds in this case with
x’;]k =1—-% k-

k-1 k

k=1 1k i n-1 n-1 i
71 < 3 <5 or equivalently, 5= <k <5~ + 1. Ifnis

odd, then the previous double inequality is not satisfied for any integer &, so assume that

We are left to consider the case

n = 2m is even. The previous double inequality gives m — % <k<m+ %, which is satisfied
only for k = m. We have

2m-1 1 m-1 1 1 _2m—1 1
2 1 Tt 1)l

1
i=0 n-1"2  j=0

and therefore

<
~
3
3
7N
[a—
N———"
Il
&)
3
L
|
|
N
L
|\,_.
\
o

23

i, 1 L1
i=0 n1'2 j=0 2 n1 2

Since @uk = Pamm = Pun-k in this case, the previous inequality shows that x,,x = %o, =
Kynk > % (thus @,k = @y u_k are positive on (0, %]). Using (12) and (13), we conclude that
Pni increases on [0, %] and decreases on [%, 1], and thus the claim of the theorem holds
with xj = % in this case, concluding the proof. 0

Remark 6 Since p, x(x) = ppu—k(1 —x) for x € [0, 1], from the previous theorem it follows
that x;’;,k =1- x;’;’nfk foralln>2and k €{0,...,n}.

Page 8 of 10
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k-l k.
n-1’ n-1

[%,%] forallm>2and k€ {0,1,...,n}.

Moeover, note that since x,,x € [ ], from (11) it follows that we also have x;,, €

We are now ready to prove the main result. Recall that a random variable X is smaller
than a random variable Y in the usual stochastic order (denoted X < Y; see, e.g., [10]) if

the corresponding distribution functions Fx and Fy satisfy Fx(x) > Fy(x) for all x € R.

x,1-x,— min{x,1-x}/(n—1
X {1}

Theorem 7 For any n > 2, the random variables ) with Pélya urn dis-

tribution given by (1) and parameter x € [0, 1] satisfy the following stochastic ordering:

Xilc,l—x,—min{x,l—x}/(n—l) <q Xz,l—y,—min{x,l—y}/(n—l), 0 <x Sy < 1.

Proof Fix n > 2 and denote by F, the distribution function of the random variable
X@lmwmminbol=/n=1) < 10,1]. To prove the claim, it suffices to show that, for any k €
{0,1,...,n}, Fy(k) is a decreasing function of x € [0, 1], and we will prove this inductively
on k.

Since F,(0) = P(XZ! o mintol=/0i=) _ ) — ) () is a decreasing function of x € [0,1]
(by Theorem 5), the claim holds for k = 0.

Assume now that the claim is true for k — 1, that is, F,(k — 1) is decreasing in x € [0, 1].

Theorem 5 shows that p,(x) is a decreasing function of x € [}, 1], and therefore
Fy(k) = Fy(k — 1) + pyx(x) is decreasing for x € [x}, ;, 1].

Considering now x € [0,x} ], we observe that

k n n-k-1
Fok) =) puni®) =1= Y pupil-2)=1= > pui(1-x). (15)
i=0 i=k+1 i=0
Using Remark 6, we obtain xfbk + xj;yn_k_l < % + ";ﬁl =1, and it follows that, for x €
[O,x;k], we have
l-—x>1-x, >}, 4 >%., i€{0,1,..,n—k-1}, (16)
since by Remark 6 we have %, < - <« | fori € {0,1,...n—1}.

Using (15) and (16), together with the monotonicity of p,,; given by Theorem 5, it follows
that F (k) is also decreasing for x € [0, x}, ], concluding the proof of the theorem. O

It is known (e.g., [10], p. 4) that the stochastic comparison X <y Y is equivalent to
Ef(X) < Ef(Y) for all increasing functions f for which the expectations exist.
Using this and definition (2) of the operator R,, we can restate the theorem as follows.

Theorem 8 The operator R, defined by (2) is a monotone operator, that is, if f : [0,1] - R
is increasing (decreasing), then R,(f,-) : [0,1] — R is also increasing (decreasing).
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