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1 Introduction

There were rather complete investigations on the method of solution for integral equa-
tions of Cauchy type and integral equations of convolution type [1-5]. The solvability of
a singular integral equation (SIE) of Wiener—Hopf type with continuous coefficients was
considered in [6, 7]. For operators with Cauchy principal value integral and convolution,
the conditions of their Noethericity were discussed in [8, 9]. Recently, Li [10-16] studied
some classes of SIEs with convolution kernels and gave the Noether theory of solvability
and the general solutions in the cases of normal type. It is well known that integral equa-
tions of convolution type, mathematically, belong to an interesting subject in the theory
of integral equations.

In this paper, we study the solvability and the explicit solutions for several classes of SIEs
with Cauchy kernel and convolution kernel, in which include equations with one or two
convolution kernels, equation of Wiener—Hopf type, and dual equations. Here, we give the
new methods of solution for these equations, and our approach of solving the equations
is novel and effective, different from the ones in classical cases. Thus, the results in this
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paper generalize ones in Refs. [1, 2, 10-12], and improve the theory of SIEs and boundary
value theory.

Our study of the following equations is motivated by continuous efforts of those studies
as well as a sufficiently long list of the above-mentioned materials. Now we consider the
following some classes of SIEs of convolution type with Cauchy kernel.

(1) SIEs of dual type

o) + 2 [ Ddr+ = [k - o) dr =g@), teR’;
@m0(t) + 2 [ 2D dr+ = [kt -Do(@)dr =g#), teR".

(2) SIE of Wiener—Hopf type

b o(T) 1 .
aa)(t)+E/D‘%T—dr+E/Rk(t—f)a)(r)dr:g(t), teR".

(3) SIEs with one convolution kernel

aa)(t)+£/wd \/_/ To(r)dt =g(t), teR.

Tl

(4) SIEs with two convolution kernels

aw(t) + %/ @d \/_ " ki(t-t)w(t)dt

1
+ ﬁ /_ k(t-to(t)dr =gt), teR,

where a, b (b #0), aj, b; are constants and b; are not equal to zero simultaneously. For these
equations, we will discuss their Noether theory and methods of solution in a different
class of function, that is, these equations are transformed by integral transformation into
Riemann-Hilbert problems with nodes. Some special kinds of Riemann-Hilbert prob-
lems with discontinuous coefficients appear in the course of solution, which are solved in
the same time. Actually, the problem to find their solutions is very important in practical
applications.

2 Definitions and lemmas
The concepts of classes {{0}} (((0)), {(0))) and {0} ((0), (0)) are introduced as follows.

Definition 2.1 A function F(s) belongs to {{0}}, if the following two conditions are ful-
filled:
(1) F(s) € A, that is, it satisfies the Holder condition on R U {oo} (for the notation H, cf.
(2]).
(2) F(s) e L*(R).

Definition 2.2 A function f(¢) € {0}, if its Fourier transform
1 .
Fs:IE*‘(t:—/ Hestdt, seR, 2.1
(s) =Ef (o) oo Rf (®) (2.1)

belongs to {{0}}.
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Definition 2.3 Let F(s) be a continuous function on R. If
(1) E(s) € H. (2) E(s) = O(ls| ), p > %, where |s| is sufficiently large.
Then we write F(s) € ((0)) or ((0))”.
If F(s) € ((0)) or ((0))”, we write f(£) € (0) or (0).

Definition 2.4 If (1) F(s) € H; (2) F(s) € H*(Nx), p > %, i.e., it belongs to H in the neigh-
borhood N, of 0o, and F(co) = 0.

Then we write F(s) € ((0)) or ((0))?, and f(£) € (0) or (0).

Let Hy = (F(5)|F(s) € L*(R)}, Hy = (F(s)|F(s) = O(s| "), p > 3}, and

Hs = {F(s)|F(s) € H(Ny), p > %}

Obviously, H3 C H, C H, hence ((0)) C ((0)) C {{0}}, and (0) C (0) C {0}.

We denote by Hj the class of Holder continuous functions on any closed interval exterior
tos=0.
For two functions k(¢) and f(¢), their convolution is defined by the formula

kxf(t) = k(t-t)f(r)dr, teR. (2.2)

7 .

It is well known that F(k x f) = KF, where K, F are the Fourier transforms of k, f, respec-
tively.
Lemma 2.1 is obvious fact and we omit its proof here.

Lemma 2.1

(1) Ifk.f € {0} ((0)), then kx f € {0} ((0)).
(2) Iff € {0} and k € (0) ({0)), then k = f € (0) ({0)).
We also introduce the Cauchy operator T

Tf(t) = % A J%)t dr, teR. (2.3)

It follows from [15, 16] that T maps {0} and (0) into themselves, respectively, and T? = I
(identity).

We define the operators N and S as follows:
Nf(t) =f(-t), Sf(t) =f(¢) sgnt, (2.4)

obviously, N2 = §2 = I, and SN = —NS.
For the inverse Fourier transform operator F~!:

F F(s)e ™™ ds, teR. (2.5)

g ] /
V21 JR

It is evident that

F!'=NF=FN, F?=N, (2.6)



Li Journal of Inequalities and Applications (2019) 2019:22 Page 4 of 19

and for any f € {0}, we have
FSf = TFf. (2.7)
Lemma 2.2 plays an important role in our paper.

Lemma 2.2 Let f(t) € {0}, F(s) = Ff(¢), then F[Tf(¢)] = —SF(s), that is,

]F|:i M dr:| = —F(s) sgns. (2.8)

wiJpT—t

Proof Since

1 1 f(t) ist

1 1 eist
= R[E/R - dt:|f(7:)dr, (2.9)

by the extended residue theorem [1], we have

" ST, ifs>0,
1 elS
— dt =40, ifs=0, (2.10)
TiJpt—T ,
-e57, ifs<O.

Substituting (2.10) into (2.9), we obtain

1

]F[Tf(t)] =—sgns- Nors

/f(t)e’“ dt = —sgnsF(s). (2.11)
i

Lemma 2.3 Iff € {0} and F(0) =0, then Tf € {0}.
Proof Since f € {0}, then F = Ff € {{0}} and F € C(R). By F(0) = 0 and F(s) € L*(R), we

have F(s) sgns € C(R) U L(R). For any two points sy, s, in the neighborhood of +0o (or
—00), that is, there exists a sufficiently large constant M such that s; > M (or s; < —M). Since

|F(s1) sgnsy — F(sy) sgnsy| = |F(s1) — F(s2)

, (2.12)

we can obtain F(s)sgns € H” from F(s) € H”, where p is the Holder exponent.
On the other hand, for any s1, s, € [-M, M], when s;15, > 0, (2.12) is fulfilled; when 535, <
0, since
|F(s1) sgnsy — F(sy) sgnsy| = |[F(s1) + F(s2)|
= |F(s1) — F(0) + F(sy) — F(0)|
< |E(s1) - F(0)| + |F(s2) — F(0)]

< Dils1|”* + Dy|s3]” < (D1 + Dy)ls1 — 5217, (2.13)
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F(s)sgns € H, where D; (j = 1,2) are positive constants, and
max{py, p2}, ifls1—s2|=1,
min{py, p2}, if [s1 —s2| < 1.
Through the above discussion, we obtain F(s) sgns € {{0}} and then Tf € {0}. (|

In Lemma 2.3, note that F(0) = 0 is a necessary condition, otherwise the lemma is invalid.
Similarly, we can prove that, if f € (0) ((0)), and F(0) = 0, then Tf € (0) ({0)).
In order to transform the above-mentioned SIEs into Riemann—Hilbert problems, we

give Lemma 2.4.

Lemma 2.4 Let (t) € {0}, 2(x) = Fo(t), and 2(z) = ﬁ fR ?T(i) ds, then, we have

(1) Imz>0, 2(z) = \/% s (@) dit.
(2) Tmz<0, 2(2) = —% Jo w()e dt.
(3) Imz =0, 2(2) = 7= [ w(t)e™ sgntdt.

Proof Since w(z) € {0}, we have

1

1
i /R s—z |:«/ 27 Jr
1 tst Lst
=— — — . 2.14
Tz ) w(t) dtzm / o ds + /+ o(t) dt / ds ( )

Let® = 5= [, g ds. By the generalized residue theorem, when Im¢ > 0, we have

R(z) = w(t)e™t dt} ds

e, Imz>0,
o (2.15)

0, Imz<0;
and when Im¢ <0,

—e %, Tmz<0,
O = (2.16)

0, Imz>0.

Therefore, when Imz > 0, we get

eist
ds=0
2 /— an/Rs—z

and

eist "
s = Ve dit;
V2 /R+ 27”,/5—2 2 /R+

when Imz < 0, we have

1 1 eist
— w(t) dt— / ds=0
27 Jre 2mi Jp S

Page 5 of 19
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and

1 1 eist 1 .
— w(t dt—/ ds=-——— w(t)e™ dt;
«/27{/‘* © 2mi Jr s—2z V2 Jr- ©

when Imz = 0, by applying Plemelj formula [12], we find

2%(x) = %.Q(x) +Q2@), 2= —%.Q(x) + 2(x), (2.17)
therefore,

Q) = %[Q*(x) + 27 ()] (2.18)
and

S+ _ L itx ge. 5>— _ _L itx

27 (x) = Ners /l;v w(t)e™ dt; 27 (x) = Joz ) w(t)e™ dt. (2.19)
Then, we have

sy L[ 88 1 e gy L itx

Qx_2m’ Rs—xds_\/ﬁfww(t)e dt Nors R_w(t)e dt

1 itx
= «/T_TF /Ra)(t)e sgntdt. (2.2(;)

Remark 2.1 1f w(t) € L'(R), then £2(0) = 0 if and only if [, w(t)dt = 0.
Remark 2.2 Note that, for the class (0) or (0), the index p is invariant, provided % <p<l.

In Sects. 3—6, we shall study the Noether theory of solvability and methods of solution
for some classes of SIEs of convolution type with Cauchy kernel.

3 Dual equations
Let us consider the following SIEs of dual type:

’aw(t) + % I % dr + J% ekt -D)o(r)dr =g(t), teR%; 6.1)

ao(®) + & [, 2Fdr + = [y kot - Dw(v)dr = gt), teR",
where a, b are constants and b # 0. The given functions k;,g € {0} (j = 1,2), and an un-

known function w € {0}, then their Fourier transforms belong to class {{0}}. In order to
solve Eq. (3.1), we rewrite it as

ao(t) + 2 [ 2 dt + 2= [y k(e - Do) dr = g() - (1) R, .
ao(t) + 2 [ 2 dt + = [y kolt - Do(x)dr = g(0) +£.(0),
where f € {0} is an undetermined function.
t), t>0, o, t>0,
f= PO S - (33)

0, t<0; —f(), t<O0

Page 6 of 19
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and f(2) = f,(t) - S~ (2).

Taking Fourier transforms in both sides of (3.2), by Lemmas 2.1 and 2.2 we obtain

as2(s) — bsgns§2(s) + K1(s)$2(s) = G(s) + F(s);
as2(s) — bsgns$2(s) + Ky(s)§2(s) = G(s) + F*(s),

(3.4)

where K;(s) = Fk;(£), £2(s) = Fw(t), G(s) = Fg(¢), FE(s) =Ffe(t),j=1,2.
By Lemma 2.4, we know that F*(s) are the boundary values of the Cauchy type integral
1 F(7)

F(z) = — dr, Imz#0,
2wi JgT -2

and it is well known that F*(s) also are the one-sided Fourier transforms of f(t), that is,

+ _ - its ge. — _ _L its
F (S)_«/E R+f(t)e dt; F(s)= Ners Rif(t)e dt.

It is evident that F(s) = F*(s) — F(s).
Since £2(s) is continuous at s = 0, thus £2(0) = 0 by (3.4). We assume

—(a-b), O<s<+o00,
Kj(s) # j=12, (3.5)
—(a+b), -00<s<0,

which is called the normal case of (3.1). By eliminating £2(s) in (3.4) we get
[a —bsgns+ I(l(s)] [G(s) + F*(s)] = [a —bsgns + Kz(s)] [G(s) + F’(s)], (3.6)

so that (3.6) may be written as the following Riemann—Hilbert problems with discontinu-
ous coefficients:

F*(s)=DP$)F (s)+7(s), seR, (3.7)

where

_ [Ka(s) = Ki(s)]G(s)
Ti) = a—bsgns+Ki(s) (38)

B (s) = a—bsgns + Ky(s)

" a-bsgns+Ky(s)

We remark that the Riemann boundary value problem (3.7) can be directly solved by
the methods in [1] under certain conditions through Fredholm integral equations (see
also Muskhelishvili [17]). But in this paper we shall apply Fourier theory to solve (3.7),
which may enable us to deal with other equations.

Since Kj(s) € {{0}}, then Kj(00) =0 (j = 1,2), so @(oc0) = 1 and Y (o0) = 0. Thus s = 0o is
not a nodal point of (3.7), and its unique nodal point is s = 0. Note that F(s) is continuous
on the whole real axis and F(oco) = 0. We take a continuous branch of log @(s) such that it
is continuous at s = 00, e.g., log @(o0) = 0, and denote

1
7 {log @(+0) —log ®(-0)} = yo = 8 + ino. (3.9)
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We choose an integer « such that 0 <8 = §y — « < 1, and call « the index of (3.7). The
homogeneous problem of (3.7) is denoted by

F*(s)=D()F(s), seR. (3.10)

Without loss of generality, we take the fixed point zy such that Imz; > 0, and z, denotes
the conjugate complex number of z;. In order to solve (3.10), we define the following sec-
tionally holomorphic function:

(z-%) '@, Imz>0;
V(z) = (3.11)
(z—2z))*e'@, Imz<O0,

where
log @
I'(z) = i/ LO(t)dt’ (3.12)
2 R t—2z2
and
t _ —K
Po(t) = ( f") o(t), (3.13)
t—2o

in which we have taken the definite branch of

% +log @ (t), (3.14)

log @y(t) = —klog ——
Z0

t—2z
t_

provided that we have chosen log i:—ig lt=c0 = 0, or, which is the same, log i:—zg |¢=Rezo = EiT.
From (3.11) and (3.12), we have

Vi) =)V (s), seR.

Since
F*(s) ~ F~(s)
V(i) V-(s)’

D(z) = % is analytic on R? and has the order ¥ — 1 at co. By the generalized Liouville

theorem [14], we can get a general solution of (3.10),

F(z) = V(2)Pc-1(2), (3.15)

and when k >0, P_1(2) =eg + €12+ - - - + €127

k <0, P,_1(z) =0, that is, (3.10) only has zero solution.

is a polynomial of degree « — 1; when

Next, we consider the solutions and the conditions of solvability for (3.7). To do this, we
define Y (z) as follows:

. .
Y(z) = (3.16)
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According to the method used in [17-19], (3.7) can be transformed into

F's) F(s) ()

= . 3.17
Y's) Y(s) Y(s) (3.17)
We again define the following sectionally holomorphic function:
1 1 (¢) _
Y(z)=— | ————dt, R. 3.18
@ =2 ). v@e-9? =€ (3.18)
By applying Plemelj’s formula to ¥ (z) in (3.18), we rewrite (3.17) as
F*(s) F(s)
—Yt(s) = -y (s). 3.19
R RS 0 (3.19)

It is easily seen that,

Dw=%%—wa

is possibly analytic exterior to z = zy. In order to guarantee that D(z) is bounded at z = zy,

we have that

(z—20)"D(2) = Pc_1(2).

Thus, the general solution of Eq. (3.7) is given by formula

F(z) = Y(Z)[W (2) + PK‘I_(Z) ] k>0, (3.20)
(z—Zzp)«

and
P i(2)=ep+eiz+--+e127,

which is a polynomial of degree x — 1 with arbitrary complex coefficients. If k < 0, then

P,_1(z) =0, in this case, (3.7) has the unique solution
F(z) = Y(2)¥ (2). (3.21)

And when k < -1, (3.7) is solvable if the conditions

A%;:g@—zwﬁdt=a j=1,2,...,—k (3.22)

are also satisfied.
By taking the boundary values to Y (z) in (3.16), we have

Y*H@E) =/ ®Po(t)e?, Y () = el ®, (3.23)

1
A Do(t)

Page 9 of 19
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where /®y(t) = exp{% log @o(t)} has definite value. By applying the Plemelj formula to
(3.20), we get

. 1 . Qx-1(s)
F*(s) = iT(s) +Y (s)|:lI/(s) + (sl:;())k];
17(s) Qi1 s) o2
F (S)Z—Em-l-y (S)|:l1’(3)+ (s—zo)kj|.
Therefore, the general solution of (3.7) may also be written in the following form:
1+ ®(s) . _ Qx-1(s)
F(s) = - ® T(s)+[Y*(s) = Y (s)] |:11/(s) o k_ ;o)k}' (3.25)

Since Y*(s) are bounded and nonzero on R, we can prove that F¥(s), F(s) € L*(R) N Hy. In
order to guarantee that F*(s), F(s) € {{0}}, we need to consider some properties of F*(s),
F(s)ats=0.

Now we discuss the behaviors of the solution near s = 0.

(1) Let s = 0 be an ordinary node. Then,0<8 <1,y =yy—k =8 +ino #0and e’ # 1.1t
is easy to verify that, in the neighborhood of s = 0,

Y*(s) = v/ ®o(s)s” ™Y, I(s) € H,

where Ih(s) = I'(s) — ¥ Ins. Moreover, we can prove that,

vV @o(£0) = exp %[ﬂ:/cm' +log (D(ﬂ:O)];

(3.26)
V@o(=0) = e’/ Py (+0).
Similar to the discussion in [12, 20, 21], when s > 0, we have
icscyn [ _,_. T(-0) T (+0) j|
v(s) = v —cosSym ———— | + A(s), 3.27
(s) 257 el0(s) [ VDo(=0) v /@y (+0) ) (3.27)

where A(s) = v (0< &' <8)and ¥*(s) € H. We apply (3.26) to simplify (3.24) and obtain

/
|s|

icscym

+ —
F*(+0) = Se2vi

[T(=0) - ™1 (+0)]. (3.28)

When s < 0, we have

_icscym 7 (-0) =i T(+0)
¥(s) = 27 00 [cos Y Jo.C0) —e m] +A(s), (3.29)
and then
F'(-0) = 2EE[1(-0) - 77 (40)]. (330)

By comparing (3.28) with (3.30), we know that F(s) is continuous at s = 0 if and only if

Y (=0) = 71 (+0). (3.31)

Page 10 of 19
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Therefore, we obtain
F*(0)=F(0)=0 (3.32)
and
F(0) = 0. (3.33)
By (3.4), we also have
2(0)=0 (3.34)
and
G(0) = 0. (3.35)

Conversely, if (3.35) is fulfilled, then (3.32) and (3.33) are valid, and F*(s), F(s) € H in the
neighborhood of s = 0. Therefore, we have F£(s), F(s) € {{0}}. In conclusion, it is necessary
that G(0) = 0.

(2) Let s = 0 be a special node. In this case, § = 0 and y = in.

If no = 0, that is, y = 0, then @(s) must be continuous at s = 0. It follows from b # 0 that
K7(0) = K5(0) = 0,80 E(0) = 1, T(0) = 0, and F(0) = 0. Thus, F(s) is continuous at s = 0, and
s =0 is not a nodal point at all. There is no boundary value problem in this case.

If no # 0, then (3.27) and (3.29) remain valid. We can prove that A(s) € Hy and A(20)
exist, thus we have

. _dcscym
F*(+0) = S

[T(=0) - ™1 (+0)] + lim0 @y (+0)e 0o [A(s) + By],  (3.36)
where By = (z9)“eo when « > 0; and By = 0 when x < 0. And a similar formula for F*(-0)
can be obtained, that is,

icscym
262)/711'

F*(-0) = [7(=0) =¥ T (+0)] + lim \/@o(-0)e" 5™ [A(s) + Bo].  (3.37)
In order that F*(20) exist, we should have

(zo)eo, Kk >0;

0, k <0.

A(£0) =

By (3.28), (3.30) and (3.31), we get (3.35) again. Once (3.35) is fulfilled, then 7°(0) = 0 and
W (s) € H near s = 0. Since we require F*(s) is continuous at s = 0, thus, when « > 0, the
constant term eg of P,_1(z) should take the value

DR [T,
ey = Y /]1; Yo dt; (3.38)

and when « < 0, the following condition of solvability must be satisfied:

@)
/R P =0 (3.39)

Page 11 0of 19
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Once (3.38) and (3.39) are fulfilled, we can readily verify F¥(0) = F(0) = 0. In all of the
above cases, it is easy to see that F£(s), F(s) € {{0}}.
Moreover, we have the following results.

Theorem 3.1 Assume that (3.5) and (3.35) are fulfilled.
(1) Lets =0 be an ordinary node, when k > 0, (3.1) always has a solution; when « <0,
provided that (3.22) are fulfilled, (3.1) has the unique solution (3.21).
(2) Let s =0 be a special node, when K1(0) = K;(0), the results obtained in (1) remain
true; when K1 (0) # K»(0), if € > 0 and (3.38) is fulfilled, (3.1) has a solution; if k <0,
when (3.22) and (3.39) are fulfilled, (3.1) is solvable.

Under the above suppositions, Eq. (3.1) is solvable in class {0} and has the solution w(z) =
F-1£2(s), where £2(s) is given by (3.6). Obviously, F(s) € {{0}} and so w(¢) € {0}.

Remark 3.1 In Eq. (3.1), if k; € {0} (j = 1,2), g € (0), then w € (0); if k;,g € (0) (j = 1,2),
then w € (0). Similarly, we can also obtain that, if k;, g € (0)” (j = 1,2), then w € (0)”, and if
ki,g € {0)” (j = 1,2), then w € (0)*, provided 0 < p < 1.

4 Equation of Wiener-Hopf type

In this section, we discuss method of solution for the following SIE of Wiener—Hopf type:

b (1) 1
ﬂa)(t)-'—EV/R:dt"—\/T_n—\/]Rl

k(t—1)w(r)dr =g(t), teRY, (4.1)
where a, b are as the above, k(t), g(¢) € (0)” (% < p <1)and w(t) is required to be in {0}.

Extending ¢ in (4.1) to ¢t € R, the right-hand side of (4.1) is augmented with an unknown
function —w_(t). Rewrite (4.1) as

b w, (1) 1 ~
aw,(t) + E/}R — dr + E/Rk(t_ Tw,(t)dt =g(t) —w_(t), teR. (4.2)

Taking Fourier transformations on both sides of (4.2), we get by Lemma 2.2

a$2*(s) — bsgns$2*(s) + K(s)2"(s) = G(s) + £27(s), (4.3)
that is,

27(s) = P(s)827(s) + W(s), (4-4)
where

PG p— W(s) = — 9O @5)

a—bsgns+K(s)’ :a—bsgns+K(s)'

Note that £2%(s), G(s) belong to class {{0}} on R. Here we only consider the case of
normal type, that s,

—(a-b), 0<s<+00,
K(s) # (4.6)
—(a+b), -00<s<O.
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Denote

_L{bg¢uaﬂ—bg¢F“ﬂ}

2mi
1
=— {log(a —b)—log(a + b)}
2mi
=800 + iMoo = Yoor (4.7)

where log @ (s) is taken to be continuous branch for s > 0 and s < 0 respectively such that
it is continuous at s = 00, and 0 < 8, < 1. Since b # 0, thus y., # 0. We again denote

ﬁ {log @(+0) — log GD(—O)} =8¢ + ino = Yo. (4.8)
Then we choose an integer «, the index of (4.4), such that 0 < § = §p —« < 1. Denote y =
Yo —k =8 + ing. Note that 2% (oc0) = 0, then we also have £27(c0) = £2(c0) = 0. Therefore, it
is necessary that £2(oo) = 0. Since b # 0, we get y #O0. It is seen from the above discussion
that both s = 0 and s = 0o are nodes of (4.4).
Similar to the discussion in [17, 22, 23] and Sect. 3, we can obtain the general solution
of (4.4)

20 =Y [M(z> s L(Z)} @9)
(z—2zo)*
where
1 z— 50 W(t) —
M(Z): 2—7”/R t_zomdt’ ZER, (4.10)

when k >0, P,_1(z) =€y + €12 + - - - + e,_12°"! is an arbitrary polynomial of degree « — 1,
and Y(z), z¢ are still given by (3.16); when « <0, P,_1(z) =0, and the following conditions
of solvability must be fulfilled:

we
/Rmdt—o, j=12,...,—k + 1. (4.11)

Note that, in (4.10), since &, g € (0), then W(o0) = 0, by [12] we get

M,
M(s) = —(/S), 0<8 <8,
Is|®

where M, (s) € H. Therefore, a factor % should be multiplied in the integrand of (4.10).
And we also have Y~ (s) = £6) here &(s) € H,.

sYoo !

Taking the boundary values for £2(z) in (4.9), we have

9w9=%wun4”®ﬁw@+f%¥i] (4.12)
s—Z2p)
and

ngz—%zg)+yxgpﬂg+£%2§}. (4.13)
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In the following, we consider some properties of the solutions at nodes. First, we con-
sider the situation near s = co.
(1) Let s = oo be an ordinary node, we have the following two cases.
(@) When0 <8, <1 we easily find that W (s)[Y (s)]~! € H, since W (s) € H,.
In order to guarantee that £2(s) € {{0}}, when k > 0, the constant term ey of
P,_1(z) should take the value

e W) '
€y = —% /l; m dt, (4'.14')

and when « < 0, we have the following conditions of solvability:

W(¢) ,
[Rmdtzo, j=12,...,—«. (4.15)

(b) When % <80 < 1, if p < 8, by [20] we have
Y(s)M(s) = O([s|*>**),

where ¢ > 0 is arbitrarily small such that 8o, — € > %; if p > 850, then M(s) is

bounded and so
Y (s)M(s) = O(|s| )

near s = co. Thus we also obtain £2%(s) € H, and so £2(s) € H,. In conclusion, in
any case, we have F(s) = O(|s| ™), where u = min{p, 8- — €}, obviously, u > %
(2) Lets = o0 be a special node, then o = 0 and Yo = ine # 0. In this case, the
discussion is the same as that in (1), and we can obtain £2(s) € H and $2(s) € H,.
Next, we consider the behavior of the solution near s = 0.
Since £2(s) is continuous at s = 0, similar to the discussion in Sect. 3, we may get W (+0) =
e 3YTiW (-0). From (4.5), we have W(+£0) = G(0)® (£0). Therefore, we can obtain

G(0)[@(-0) - ™ ®(+0)] = 0. (4.16)
Note that @ (+0) = e207®(-0) and y = ¥y —k #0, so

@ (=0) — 7™ P (+0) = P (-0)(1 — €70™) #0, (4.17)
and by (4.16) and (4.17), we get G(0) = 0 again.

Moreover, in the case 84, > %, when « > 0, for the constant term ey of P._1(s) must be

taken the value

(—1)* (z)**! W(t)
= /R Y+(

2i B)(t —Zzo)t a; (4.18)

when « < -1, there is the following condition of solvability:

W (t) B
/Rm””-“ (4.19)

Page 14 of 19
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It is seen from the above discussions that £2(0) = 0, £2(s) € {{0}}. In fact, when 5, > %,
we can get £2(s) € ((0)) and hence w(¢) € (0).

Now we can formulate the main results about the solutions of Eq. (4.1) in following form.

Theorem 4.1 Under condition (4.6), the necessary condition of the existence of solution to
Eq. (4.1) is G(0) = 0 in class {0}.

(1) Lets=0 bea node, Lf% <800 < 1, when k >0, (4.1) always has a solution, and the
constant term of P_1(s) takes value as (4.18); and when k <0, (4.11) and (4.19)
should be supplemented, then Eq. (4.1) has a solution. If 0 < 8o < %, when k > 0, the
constant term of Py_1(s) should be taken as (3.34); when k <0, the conditions of
solvability (3.22) and (3.35) are fulfilled.

(2) Lets =00 be a node, zf% <800 < 1, when k > 0, (4.1) has a solution; when k <0,
provided that (4.11) are satisfied, (4.1) is solvable. If 0 < 8 < %, when k > 0, (4.1)

has the solution; when k <0, the conditions of solvability (4.15) must be augmented.

Assume that the above (1) and (2) are fulfilled, then (4.1) has the following general so-

lution:
wt(t) =F102%(s),
where £27(s) is given by (4.12).

Remark 4.1 We should note that M(z) cannot be separated as, in general,

M(z) =

1 / W (t) 1 W (t) @20)
R

— -— | ———dt,
2mi Jgr YH(2)(t - 2) 2mi Jr Y*(£)(£ - Zo)
because two integrals in (4.20) may be divergent. But, in case (1) of Theorem 4.1, when

800 < %, (4.20) becomes valid, and the integrals in (4.20) are convergent now. In this case,
we also have Y (s)¥ (s) € H,.

Remark 4.2 InEq. (4.1), if a # 0 is real, b is purely imaginary, and ki (¢), k»(¢) are real func-
tions, then (4.1) is a real equation. In this case, s = 0 is an ordinary node of (4.1). It is also

easily seen that the characteristic feature is for 5, > % or 8o < % By (4.7), when 8, > %,

we have
7 < arg(a + b) — arg(a - b) < 2,

then, a + b lies in the quadrant 2 or 4; when §, < %,
0<arg(a + b) — arg(la—b) <,

and a + b lies in the quadrant 1 or 3.
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5 Equations with two convolution kernels
The above method is applicable to solving the SIEs with two convolution kernels

b o(T) 1
aw(t) + ; /;Q : dr + E - kl(t— T)L()(T)df

kt-t)o(t)dt =gt), teR, (5.1)

1
+
21 JRr-
where a, b are as the above, ki, k2, ¢ € (0) and the unknown function w € {0}.
Taking the Fourier transform on both sides of (5.1), we obtain

(a—bsgns)2(s) + Ki(s)$2*(s) — Ky(s) 27 (s) = G(s), (5.2)

where £2%(s) are respectively the Fourier transforms of w4 (¢). In fact, £2%(s) also are the
boundary values of the holomorphic function

2(2) = w(t)e™ dt (5.3)

1
V21 /]‘R
in the upper and the lower half planes, respectively.

In order to guarantee that $2%(s), £2(s) are continues at s = 0, it is necessary that £2(0) = 0,
thatis, £2%(0) = £27(0). Restricted to the case of normal type, i.e., K(s) satisfying (4.6). From
(5.2), we get the following Riemann—Hilbert problem:

() =D ()27 (s)+ W(s), seR, (5.4)

in which we have put

~ a—bsgns + Ky(s) ~ G(s)

D(s) W (s) (5.5)

~a-bsgns+Ky(s)’ ~a-bsgns+Ky(s)

Similarly, we easily verify that s = co is not a nodal point of (5.4), and s = 0 is its unique
nodal point. The solution of (5.4) be discussed by using the same method as shown in
Sect. 3. The remaining discussions will be omitted also.

6 Equations with one convolution kernel
Finally, we solve SIEs with one convolution kernel

o(T)

b 1
aw(t) + — —dr+—/kt—rwrdt= t), teR, 6.1
0+ 2 [ Lare—— [ ke-natr - g0 6.
where a, b are as the above, k, g € {0} and the unknown function w € {0}. Taking Fourier
transforms on both sides of (6.1), we get by Lemma 2.2

as2(s) — bsgnss2(s) + K(s)$2(s) = G(s). (6.2)

Note that (6.2) is not a Riemann—Hilbert problem. Without loss of generality, we only
discuss the function a — bsgns + K(s) #0 (s € R). From (6.2) we get

G(s)

$2(9) = a—bsgns+K(s)

(6.3)
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Since G(s) is continuous at s = 0 and
G(0) =0, (6.4)

thus G(s) € {{0}}. Note that a — bsgns + K(s) is bounded and non-zero on R, we get £2(s) €
{{0}} and hence w(t) = F-1§2(s) is the solution of (6.1) in {0}.

Thus, we obtain the following conclusions.

Theorem 6.1 Ifk(t),g(¢) € {0}, in the case of normal type, that is, (4.6) is valid, then (6.1)
is solvable if and only if (6.4) is satisfied. Assume that this is fulfilled, (6.1) has a solution

o(t) =F102(s)
in {0}, where $2(s) is given by (6.3).

After simplification, w(£) may be written as

o(t) = q(t) — p*q(t), (6.5)
where p(t) = F71P(s), g(¢) = F~1Q(s), in which

K(s) G(s)

PO = hansike Q9"

e 6.6
a—bsgns (6.6)

Noting that, although P(s) is discontinuous at s = 0, it would not influence the property
p * q € {0} since G(0) = 0.

7 Comments

Here, we shall discuss the equations of dual type in the more general case

a1ot) + b1 To(t) + ky xw(t) = g(t), teR* 7.1)
aw(t) + by To(t) + ks * o(t) = g(t), teR-, '

where a;, b; are constants and all the functions appeared belong to {0}. Assume by, b, are
not equal to zero simultaneously. Actually, (3.1) is a special case of (7.1). In order to solve

Eq. (7.1), we rewrite (7.1) as

a1o(t) + biTo(t) + ky x w(t) = g(t) — f-(¢);
eR, (7.2)
arw(t) + by Tw(t) + ko x w(t) = g(¢) + £, (t),

where f, (¢) are as the above. Taking Fourier transforms in both sides of (7.2), we obtain

[ay — by sgns + Ky (s)]82(s) = G(s) + F~(s);
[ay — by sgns + Ky (s)]$2(s) = G(s) + F*(s).

(7.3)
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In the case of normal type, that is,

—(a; - bj), 0<s<+00,
Ki(s) # (7.4)
—(a;j+ b)), —0o<s<0

for any j = 1,2. By eliminating £2(s) in (7.3), it gives rise to
Fr(s)=DP@)F (s)+7(s), seR, (7.5)

where

_ay—Dbysgns+ Ky(s)

)] =
®) ay — by sgns + Ky (s)

and

[as — a1 — (by — b1) sgns + Ky(s) — K1(s)] G(s)
ay — by sgns + Ky (s) ’

T(s) =

Equation (7.5) is a Riemann—Hilbert problem with discontinuous coefficients and nodes
s =0, 0o, and its method of solution may be made fully analogous to those in Sect. 4. In
order that §2(s) is continuous at s = 0, it is necessary that F(s) is continuous at s = 0 and
F%(0) = —G(0). Since F*(s) is continuous at s = 0, we should again get G(0) = 0. Hence all
the results as stated in Theorem 4.1 remain true and w(t) = F~1£2(s), in which £2(s) is given
by (7.3). The only difference lies in that y», and y may be zero, for instance, when a; = as,
by = by, we have y, = 0, then this case may be transformed to that in Sect. 3. Here, we will
not elaborate on the solving method of (7.5).

8 Conclusions

In this paper, we study some classes of SIEs with convolution kernels and Cauchy kernels in
the different classes of functions. By Fourier transform, these equations are transformed
into Riemann—Hilbert problems with discontinuous coefficients. The general solutions
denoted by integrals and the solvable conditions are obtained for the equations. Here, our
method is different from the classical ones, and it is novel and effective. Thus, this paper
generalizes the theory of the classical Riemann—Hilbert problems and SIEs. Meanwhile,
we remark that the methods of this paper may be used to solving the above equations
in the non-normal case. Indeed, it is possible to study the above-mentioned equation in
Clifford analysis, which is similar to that in [24—28]. Further discussion is omitted here.
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