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Abstract

Employing a generalized Riccati transformation and integral averaging technique, we
show that all solutions of the higher order nonlinear delay differential equation

Y26 + pOy () + g (v(g(®)) =0

will converge to zero or oscillate, under some conditions listed in the theorems of the
present paper. Several examples are also given to illustrate the applications of these
results.
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1 Introduction
The objective of this paper is to investigate the oscillation and asymptotic behavior of
solutions to the following higher order nonlinear delay differential equation:

" 2(8) + p)y™ () + qe)f ((g(®)) =0, tel, (1.1)

where 7 is a positive integer, I = [a,+00) C R (a > 0). The coefficients p € C'(I,R) and
q € C(I,R) satisfy p(t) > 0 and ¢(¢) > 0. The function g € C*(I,R) satisfies 0 < g(¢) < ¢,
¢g'(£) = 0, and lim;—, ;00 g(¢) = +00. The function f € C(R,R) satisfies f(u)/u > K (u #0)
for some positive constant K. Our attention is restricted to the solutions of equation (1.1)
which exist on the interval I and satisfy sup,.. |y(¢)| > 0 for any T > a. We make a standing
hypothesis that equation (1.1) possesses such solutions.

A solution of equation (1.1) is called oscillatory if it has arbitrarily large zeroes, other-
wise it is called non-oscillatory. Equation (1.1) is called oscillatory if all its solutions are
oscillatory. For solutions of some nonlinear delay differential equations, some interesting
phenomena will occur. For example, some solutions are oscillatory, while there may exist
some other solutions which are not oscillatory but will converge to zero as time approaches
to infinity. We take a third-order delay differential equation as example. The equation

1" / T
Y+ 2y +y(t—§)=0
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has an oscillatory solution y;(£) = sin(£) and a non-oscillatory solution y,(t) = €*?, where

A <0 is a root to the characteristic function A3 + 21 + ¢~ 2*

= 0. Another example is that
the delay differential equation y” + (¢t — t) = 0 for t > 0 is oscillatory if and only if Te > 3.
However, the corresponding equation y” + y = 0 has a non-oscillatory solution y,(f) =
e~* and two oscillatory solutions y,() = e’ cos(@) and ys3(f) = e? sin(@). So for higher-
order delay differential equation, people naturally ask the following question: under what
conditions does the equation have oscillatory or asymptotic behavior? This is the topic we
will study in this paper.

Since Sturm [20] introduced the concept of oscillation when he studied the problem of
the heat transmission, the oscillation theory has been a very active area of research in the
qualitative analysis of both ordinary and functional differential equations. Usually, a quali-
tative approach is concerned with the behavior of solutions of a given differential equation
and does not seek explicit solutions. Since then, asymptotic and oscillatory properties of
solutions to different equations, functional differential equations, and dynamical equation
have attracted the attention of many researchers.

The oscillation and asymptotic behavior have extensive applications in the real world,
the readers can refer to the monographs [1, 4, 6, 14], and [21] for more details. The problem
of obtaining the oscillatory and asymptotic behavior of certain higher order nonlinear
functional differential equations has been studied by a number of authors. The interested
readers can see [3, 5,9-11, 13, 17, 18], and the references cited therein.

There are many excellent works studying the oscillations and asymptotic behaviors of
solutions to higher-order nonlinear delay differential equations, to list all of which is al-
most impossible. We just list some studies relating to our work below.

In 1971 and 1977, Ladas [12] and Magfoud [16] studied the oscillation of solutions to
the equation

() + a(0)f (x(g0))) = 0,
where 0 < g(¢) < ¢, g(t) = oo as t = +00 and a(t) > 0.

In 2008, the authors studied in [2] the following 2x-order nonlinear functional differen-

tial equation:

d" d"x(£)\* _
%(a(t)< o > >+q(t)f(x(g(t)))—0:

where « is the ratio of two positive odd integers. The oscillation theorems established in

that paper extend a number of existing results.
In 2014, the oscillation and asymptotic behavior of solutions to the following nonlinear
delay differential equation were studied in [15]:

") + p()x" (1) + q(6)f (x(g(0))) = 0.

In that paper, he used a generalized Riccati transformation and an integral averaging tech-
nique to study the sufficient conditions for the oscillations of differential equations. The
goal of the present paper is to use a generalized method to study the oscillation and asymp-
totic behavior of solutions to the nonlinear delay differential equation (1.1). We need to
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carry out much more delicate analysis to overcome the difficulties in the proof. For the
special case n = 1, equation (1.1) reduces to the form

y"(8) + p@)y () + q()f (¥(¢(0) = 0,

which is exactly the main equation studied in [22] with r1(¢) = 1 and r,(¢) = 1 as a spe-
cial case. The third order differential equations arise in the study of entropy-flow phe-
nomenon, problems of hydrodynamics, three-layer beams and so forth, see the mono-
graph [7] and the references cited therein. It is interesting to study the oscillation and
asymptotic behavior of general higher order differential equation (1.1), and we give gen-
eralizations of the former studies in [22].

The present paper is organized as follows. In Sect. 2, we present some lemmas which
are useful in the proof of our main results. In Sect. 3, we carry out delicate analysis to give
several oscillatory and asymptotic criteria for the higher order nonlinear delay differential
equation (1.1). Noting that the delay g(¢) has the form g(¢) = ¢t — = or the form g(¢) = at in
many applications, therefore, in Sect. 4, we give two examples to illustrate the applications
of our main theorems.

2 Some preliminary lemmas

To give the main results of this paper, we first present and prove some useful lemmas.
These lemmas play central roles in the proof of our new oscillation and asymptotic results
in the next section.

Lemma 2.1 Suppose that the equation
Z'(6) + p(£)z(t) = 0 (2.1)

is non-oscillatory and suppose that y(t) is a non-oscillatory solution of equation (1.1) on
[T, +00), where T > a. Then there exists ty € [T,+00) such that, for any t > ty, we have
Y (t) > 0 or y™(t) < 0.

Proof We use the contradiction argument to prove this lemma. Suppose that y(¢) is a non-
oscillatory solution of equation (1.1). Without loss of generality, we may assume y(£) > 0
and y(g(¢)) > 0 for t >ty > T. It is easy to see that x(¢) = —y"(¢) is the solution of the
following second order delay differential equation:

& (1) + p(O)x(t) = q(0)f (v(¢(®))) for t > to. (2.2)

Suppose that z(t) is a non-oscillatory solution of equation (2.1). Without loss of gen-
erality, we may assume z(¢) > O for ¢ > £,. Suppose that x(¢) is an oscillatory solution to
equation (2.2), a and b (ty < a < b) are its two adjacent zero points of x such that x'(a) > 0
and x'(b) < 0. From equation (2.1) and equation (2.2), we get

z2(t)g@)f (y(g(®))) = 2(){x" (&) + p()x(2)}

=x"(8)z(t) + p(t)x(t)z(t) = 2" (£)z(t) — 2" (£)x(2)

= (¥ (020 - 202 ®)
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i.e., we have

(& ()z(t) - x(1)2 (1)) = 2()gOf (y(g®)))- (2.3)

Integrating from a to b on both sides of equation (2.3), we obtain

b
0> x'(b)z(b) — %' (a)z(a) = / z(t)q(t)f(y(g(t))) dt >0,

which leads to a contradiction, and we thus complete the proof of Lemma 2.1. d

Lemma 2.2 Suppose that equation (2.1) is non-oscillatory, y(t) is a non-oscillatory solution
to equation (1.1), and there exists a constant T > a such that y(t)y(")(t) >0fort>T > a.
Then y(t)y"*V(t) is eventually positive.

Proof Let y(t) be a non-oscillatory solution to equation (1.1) such that y(¢)y"(¢) > 0 for
t > T > a. Without loss of generality, we may assume y(t) > 0, y(g(t)) > 0, and y™ () > 0
(t >ty > T). Using equation (1.1), we know

y(’”z)(t) <0 fort>T. (2.4)

From the above inequality, we know y"*1(¢) is strictly monotonically decreasing in the
interval [T, +00), and therefore y"+V(¢) is eventually positive or eventually negative.

We use a contradiction argument to exclude the case that y"*(¢) is eventually nega-
tive. In fact, if y”"*(¢) is eventually negative, without loss of generality, we may assume
Y"1 (t) < 0 for t > T. By using the monotone decreasing of y"*1(£), we have

Yy U@t <y (T) fort>T. (2.5)
Integrating from T to ¢ on both sides of inequality (2.5), we obtain
Y @) <y(T) + (= T (T) fort>T.

By letting t — +00 in the above inequality, we see y"(t) — —oo and this leads to a con-
tradiction. Therefore y(£)y"*1(t) is eventually positive and hence we have completed the
proof of Lemma 2.2.

By careful check of the proving process of Lemma 1.1 in [8], we obtain the following
results which will be used in the following proof. g

Lemma 2.3 Assume that x € C"([a,+00),R) such that x(t) > 0, x"(t) < 0 for t > a,
and x")(t) does not vanish identically on any interval [T,00) C [a,+00). If n is even (or
odd), then there exists [ € {1,3,...,n— 1} (respectively | € {0,2,4,...,n—1}) such that,
for all sufficiently large t, x(t)x"(t) > 0 for j = 0,1,...,1 and (-1)"7 " x(t)x9(¢) > 0 for
j=1+1,1+2,...,n— 1. Furthermore, if | > 1, then

gt -gm)y "t

2511 - 1)(n -1 -1)! ") (2.6)

|« (¢®)] =

for all sufficiently large t.
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Lemma 2.4 Suppose that the function x € C*([T, +00), R), then both of the following state-
ments hold:
(i) Ifx"(t) <0andx'(£) <0 fort > T, then lim;_, , x(£) = —00;

(i) Iflimys 00 %' (£) = , where u > 0 or . = +00, then lim;_, 400 %(£) = +00.

The statements are obvious, which can be easily checked, we therefore omit the proof

here.

Lemma 2.5 Suppose that n is a positive integer, x € C"([T,+00),R), g € C1([T, +00),R),
2 (t) <0, x(t) > 0, g(t) < t for t > T and lim,_, ;o0 x() # 0, lim;_, o, g(£) = +00. Then both
of the following statements hold.:
(i) Ifn=1, then there exist & >0 and T' > 0 such that x(g(t)) > x(t) > A fort > T";
(i) Suppose that n > 2, then there exist & >0 and T’ > 0 such that 0 < x" D (t) < A < x(t),
x(g(2)) > Afore>T'.

Proof Suppose first n = 1. Then '(£) < 0 and x(¢) > 0 for £ > T. Hence the function x(¢) > 0
is monotonically decreasing on the interval [T, +00). Using the monotone bounded the-
orem, we know the limit lim,_, , x(¢) exists and we denote lim;_, ;o %(t) = A. Using the
monotonicity of x(¢) again, we know x(£) > A for t > T'. Noting g(¢) < ¢ and lim;_, 0, g(¢) =
+00, we can find 7" > T such that ¢ > g(t) > T for ¢ > T". Since the function x(¢) is mono-
tonically decreasing, we deduce that x(g(¢)) > x(¢) > A for £ > T’ and we have proved state-
ment (i).

Now we suppose that # > 2. Since () < 0 for t > T, we deduce that x”"~D(¢) is mono-
tonically decreasing on the interval [T, +00), and therefore x"~1(¢) is eventually positive
or eventually negative. We use a contradiction argument to exclude the case for eventual
negativeness. In fact, if "~ (¢) is eventually negative, by using the fact that x"(¢) < 0 for
t > T and Lemma 2.4, we obtain lim,_, ;o "2 (¢) = —00. Similarly, by using the induction
method, we know x(t) — —o00 as t — +00, which is a contradiction with x(¢) > 0. Hence
=1 (¢) is eventually positive. Without loss of generality, we may assume x"~(¢) > 0 for
t > T and x"(¢) is monotonically decreasing on the interval [T, +00). By using the

monotone bounded theorem, we know

tErJrnoox(”_l)(t) =u>0.
From Lemma 2.3 we know that x(¢) is eventually strictly monotonous and x(¢) > 0 for
t > T. Since lim;_, , o x(¢) # 0, we assume lim;_, .o x(£) = Lo, where Ag > 0 or Ag = +00. We
divide the proof of statement (ii) into two cases. We first deal with the case for u = 0.
Let A € (0, 40), then there exists T; > T such that 0 < x"V(¢) < A < x(¢) for ¢ > T;. Since
lim;_, ;00 g(£) = +00, then there exists 7" > T; such that g(¢) > T for t > T’. Therefore we
know x(g(t)) > 2 and 0 < x"~V(£) < A < x(¢t) for ¢ > T’, and hence we have proved that state-
ment (ii) holds in this case. For the second case lim;_, oo £ V(£) = u > 0, we repeatedly
use Lemma 2.4 to deduce A = +00. If we let A € (i, +00), then there exists 7’ > T such
that 0 < ¥V (¢) < A < x(¢) and x(g(t)) > A for ¢ > T". Statement (ii) also holds in this case,

and we have completed the proof of Lemma 2.5. O
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3 Asymptotic dichotomy
In this section we present some sufficient conditions which guarantee that every solution
to equation (1.1) oscillates or converges to zero as ¢ approaches to infinity. Throughout

this section we will suppose that one of the following conditions holds:

limsup,_, , ., f; fvt [ (Kq(u) - p/(s)) dudsdv = +oo,

(3.1)
limsup,_, , [7 [} p(s)dsdv < +oo,
or
t
lim sup/ (Kq(s) - p'(s)) ds = +o0, (3.2)
t—+00 T

where the integrand Kg(£) — p/(¢) > 0 for ¢ € [a,+00) and does not vanish identically on

any subinterval of [, +00).

Theorem 3.1 Suppose that equation (2.1) is non-oscillatory and condition (3.1) or (3.2)
holds. We further assume that there exists a positive differentiable function p such that

) ¢ 2"p!
li‘i‘fé‘oP/T {K" W19~ g r6)
% (0/(9) - pls)ols)(s - g(9)° } ds = +00. (33)

In addition, for n > 2, we further assume p'(t) > 0 for t € [a, +00). Then any solution y(t) of

equation (1.1) is oscillatory or converges to zero, i.e., y(t) — 0 as t — +oo.

Proof Suppose that y(t) is a non-oscillatory solution of equation (1.1) on the interval
[T, +00), where T > a. Without loss of generality, we may assume y(£) > 0 and y(g(¢)) > 0
for t > ty > T. By Lemma 2.1, there exists ¢; such that y () > 0 or y"(£) < 0 for t > t; > t,.

If y")(¢) > 0 for ¢ > ¢;, by using Lemma 2.2, we know that there exists ¢, > t; such that

y(”“)(t) > 0 for t > t,. We now define a function

y(n+1)(t)

e (34)

w(t) = p(t)

Since p(¢) is positive, we know that the function w(t) > 0. Using equation (1.1), we know
Y2 (t) < 0 for t > t,. Since y(£) > 0,y () > 0, y"*V(¢) > 0,and y"(¢) > 0 for t > t,, then we
can replace n with n + 2 and use Lemma 2.3 to conclude / = n + 1. Since lim;_, , », g(¢) = +00
by our assumption, we may find £3 > t, such that, for ¢ > t3, we have g(¢) > t,. Hence, for

t > t3, we obtain

¥ @) =y (@) -y (g@) = ¥V (@B (¢ - g(0)). (3.5)
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By using equation (1.1), (3.4), (3.5), and Lemma 2.3, we know that, for t > 3,

o (8) = ot ‘;((tt)) &((t))) POy (1) + qe)f (g(®)) - w(;)%
< -Kp(t)q(t) + w(t) /; ((tt)) = p(t)fg()ty)(; ' _ w(t)ig y(”;”(g(%q)/(t)
R
< —Kp(t)g(t) + ol®) /;((tt)) ~ p(t)’”(t)yy(&ig(t —80) _ %
< _Kp)q() + a)(t){ ((tt)) (- g(t))} N 2n( 2g((t))
——kotoqe)- $08 D o - 0
< (L8 pte(e- g )t}

=—1<p(t)q(t>—w[w o2

2
2711 p(£) 202 ® x(p'(t) = p(O)p(&) (£ - g(t)))]

. 2"n!
4g"(t)g'(t)p(2)

—{K p(t)q(t) -

(0'(®) - POt - 21)))°

2"n!

() = _ 2
m(ﬂ () - pt)p(0)(t - g(1))) }

Integrating from 3 to ¢ on both sides of the above inequality, we deduce that, for ¢ > 3,

‘ 2" ,
/ts {K,o(s)q(s) - WZS),O(S)(/) (s) —P(S)P(S)(S _g(s)))z} ds

< o(t3) - o(t) < w(ts),

which is a contradiction with (3.3) valuing at T = ¢3.

Therefore we know y™(t) < 0 for ¢ > ¢,. Noting that y(t) > 0 and y(g(t)) > 0, we consider

y"1(¢) is either eventually negative or eventually positive.

First we prove Theorem 3.1 under condition (3.1). We now exclude the case that y"+1(¢)
is eventually negative. In fact, if y*(¢) < 0 for ¢ > t;. By using Lemma 2.4, we obtain
lim,_, 00 Y"1 (£) = —00. Similarly, by induction on 7, we deduce that y(£) — —oco as t —
+00, which is a contradiction with y(¢) > 0. Hence the function y"*!(¢) is eventually posi-
tive, and hence there exists t; > £; such that y(””)(t) >0 fort>ty.

We prove y(¢) — 0ast — +00 by using a contradiction argument. Otherwise, we assume
lim;, ;0 y(¢) # 0. We divide the proof into two cases with respect to n.

First we prove for the special case n = 1. Then we have y"(¢) > 0, y'(¢) < 0, y(¢) > 0 for
t > t4. By Lemma 2.5, we know there exist © > 0 and t5 > 4 such that y(g(¢)) > y(¢) >  for
t > t5. By equation (1.1), we get

y"() + (pO)y(®)) +a@O)f (v(g(®)) - P O)y(2) = 0. (3.6)
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Integrating from s to ¢ on both sides of (3.6), we get

¥ (s) + p(s)y(s) = y" () + p()y(2) + / y(u) <q(u JM —P/(u)> du

y(u)
Yo foew) )
EM/S (q(u) yew) ¥ ) ) du

> / (Kq(s) - p/ (1)) di

for t > s > 5. Letting ¢ — +00 in the above inequality, we obtain

¥'(s) + p(s)y(s) > u/ (Kq(w) - p'(w)) du. (3.7)

We integrate from v to ¢ on both sides of inequality (3.7) to get
t t
S0 00 [ pOds=yO-y0)+ [ s ds

> //,/ / (Kq(u) - p'(w)) du ds.

Integrating from ¢5 to ¢ on both sides of the above inequality, we obtain

90 =306 +3te) [ [ podsav-n [ [ [ (ka0 -p)dudsar. 33)

Combining (3.1) and (3.8), we know y(¢) < 0 for sufficiently large ¢, which leads to a con-
tradiction with y(¢) > 0.

We now prove for the case # > 2. Then we know y"(¢) < 0, y(t) > 0 for t > ¢; and
lim;, ;00 y(t) # 0. By Lemma 2.5, we know there exist A; > 0 and £ > ¢; such that 0 <
Y () < Ay < y(2), y(g(2)) > A for £ > tg.

By equation (1.1), we deduce that, for ¢ > s > £,

Y S) +p(y" ) =y (@) + p(e)y PV (e)

! FOE@) )
+ /s <y(g(u))q(u ) P w)y" "V (u) | du

> f (Kq(u) - p'(w) ds,

i.e., for t > v > tg, we know

+00

YD (s) + p(s)y"V(s) = 2 / (Kq(w) - p'(w) du. (39)

s

Integrating from v to ¢ on both sides of (3.9), we obtain
t t
") +y" D) / pls)ds =y (&) -y () + / p(e)y" V(s)ds

> M / / (Kq(u) —p/(u)) duds.
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We integrate from £, to ¢ on both sides of the above inequality to get
t t
Y0 <5 )+ Ve [ [ p)dsal
tg Jv

—A1[6t£t[+w(l<q(u) -p' (W) dudsdy. (3.10)

Combining (3.1) and (3.10), we deduce that ¥~V (¢) < 0 for sufficiently large ¢, which also
leads to a contradiction.

y"+1(£) does not change sign, then y"*1(¢) will not be eventually positive or eventually
negatlve, which contradicts with y(¢) < 0.

In the following, we prove Theorem 3.1 under condition (3.2). Then we know y™(¢) < 0
for ¢ > ¢;. First we consider the case n = 1. By Lemma 2.5, we know ., > 0 and there exists
t; > t; such that y(g(¢)) > y(£) > us for ¢ > £7.

We integrate from £; to ¢ on both sides of equation (1.1) to get

0=y"(t)—y"(ts) + p(t)y(t) — p(t7)y(t7)

- [ Py dis [ giro(eu) da

t7 7

Therefore we have

Y (0) 45 (6r) - PO + plE)y(Er) = / @) (q(u ’% - p/(u)) du

Zuz/ ( (u )f(yg() p/(u))du

> s / (Kq(w) - p' () du

t7

From the above inequality, we easily obtain

Y'(6) < Hy - s / (Kq()  p/ () dt - p()y(0), (3.11)

t7
where H; is a constant. Combining (3.2) and (3.11), we conclude that y”(¢) is eventually
negative.
Consider the case that # > 2. By Lemma 2.5, there exist A, > 0 and tg > ¢; such that
0 <y D(£) < ky < y(£) and y(g(t)) > A, for t > tg.
We integrate from £g to ¢ on both sides of equation (1.1) to get

y(”“)(ts) +P(t8)y("_l)(t8)

=y D (e) + p(e)y" V() + / (y(g( )y 28w (yéq( p(u)y(”‘”(u)> du
>y (e) + / (Y(g( )q(u o) @(i p/(u)y(”‘”(u)> du

>y () + 4y / t (Kq(u) - p'(w)) du, (3.12)

tg

Page 9 of 17
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ie.,

Yy (8) < Hy — hy /[ (Kq(u) - p'(w)) du, (3.13)

tg

where H, is another constant. Combining (3.2) and (3.13), we know y"*1(¢) is even-
tually negative. Noting that y*(¢) < 0 for ¢ > ¢;, we use Lemma 2.4 to conclude that
lim,_, ;00" V(t) = —oo. Similarly, we can use the induction method to obtain
lim;_, 0 y(t) = —00. This is a contradiction and we finish the proof of Theorem 3.1.

In the following, we prove a new asymptotic dichotomy for equation (1.1) under the
so-called Philos-type integral averaging conditions. Following the literature [19], we first
introduce a class of functions . We define two sets Dy = {(¢,s): t >s > T} and D = {(¢,s) :
t>s>T}.

If a function H € C(D,R) satisfies

(i) H(t,t) =0for t > T and H(t,s) > 0 for (¢,s) € Dy;
(ii) H has a continuous and non-positive partial derivative on Dy with respect to the
second variable such that — 31—13(;'3) = h(t,s)J/H{(t,s) for (t,s) € Dy;
then H is said to belong to ). d

Theorem 3.2 Suppose that equation (2.1) is non-oscillatory and condition (3.1) or (3.2)
holds. We further suppose that there exist two functions H € R and 0 < p € C}([T, 00))

satisfying

where
Q(t,5) = h(t,s) = VH(t5)y (5), (3.15)
yo="2 ((:)) ~ p(0)(¢ - g(0), (3.16)
W (t) = %. (3.17)

For the case n > 2, we further assume p'(t) > 0 for t € [a, +00). Then any solution ¥(t) of
equation (1.1) is oscillatory or y(t) — 0 as t — +00.

Proof Suppose that y(t) is a non-oscillatory solution of equation (1.1) on the interval
[T, +00), where T > a. Without loss of generality we may assume y(¢) > 0 and y(g(¢)) >0
for t >ty > T. By Lemma 2.1, we deduce that " (£) > 0 or y")(£) < 0 for t > t; > t,.

If y")(¢) > 0 for ¢ > t;, then by Lemma 2.2, we know y"+1(¢) > 0.

We define w(t) as in (3.4), i.e.,

A0
y(g(®))

w(t) = p(t)

for t > t;. It is easy to see that w(¢) > 0. Using equation (1.1), we get y"*?(t) < 0 for t > t,.
Note that y(£) > 0, y® () > 0, y"*D(£) > 0, and y"*?(¢) < 0 for t > t,. We replace n with 1 +2
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and use Lemma 2.3 to conclude that / = n + 1. Since lim;_, , o g(£) = +00, then we may find
ty > t; such that g(¢) > t; for ¢t > t,. Therefore a relation similar to (3.5) holds for ¢ > t,,

ie.,

y(0) = Y7 (8) - 5" (g(0) = YD (8) (£ - ().
Combining (1.1), (3.4), the above inequality, and Lemma 2.3, it follows that

o'  p)

_ ¥ (g()g' (1)
p(t)  y(g®)

y(g(®)
p'(t)  pBp@y" (1) ol g Oy D ()g (o)
p(t) y(g(®) 2"y(g(t))n

W' (t) = o(t) {p@y" (&) + q)f (¥(g(®)) } - (@)

= -Kp(t)q(2) + o(2)

o't)  p®Op@®y™(E)  ,, &)
< -Kp(t)q(t) + w(t) PO ) - "(t) Plo(0)
') pOp)y™V@)(E-gt) , g
< —Kp(0)q(t) + w(2) 0 N0 - (1) Tp(0)
—1<p(t)q(t>+w(t)<p—() —p(O)(t-g® ) 2ngg ©
- e (g (1) %0
=~Keltlgld) - ("0 {(2 'p(t)) (p(t) )>} (319
Since
_ P B
y(t) = 0 p@)(t-g(1))
and
g"(vg(®)
W) = 21nlp(t)’

we carry out the estimates of inequality (3.18) and obtain
t
| Kttte9p0a0)ds
5]

< /tH(t,s)[—a)/(s) +y(s)w(s) — W(s)a)z(s)] ds

= —H(t,s)o(s)l;, + / { a1'18(:,5)60(5) +H(,9)[y (s)w(s) - W(s)w*(s)] } ds

- Hit () - [ 0260 WOH(E)
+ w(s) (h(t,s)\Z/H(t, s) — H(t,s)y(s))} ds
= H(t, t)w(ty) — /t W(s)H(t,s) {a)2(s)

+ w(s)

h(t,s) YH(t,s) — H(t,s)y(s))
W(s)H(t, s) }

Page 11 0of 17
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JH(t,5)y (s)) 4
S

= H(t, t)o(t) _/ W (s)H(t, s) (a)(s) +/ (h(t,s) —4W(S)

(h(t,s)H(t,s) — H(t,s)y (s)) )2
+ ds.
2W (s)H(t,s)

Therefore

t t 2
/ KH(t,s)p(s)q(s)ds < H(¢t, t)w(t) + Q(5,9) ds, (3.19)

%) ty 4‘V(S)

where Q(t,s) = h(t,s) — JH(t,s)y(s).
From inequality (3.19), we deduce that

Q*(t,s)
4W (s)

_1 / (KH(L‘, 5)p(s)q(s) —

H(tt) ), ) ds < w(ty), (3.20)

which contradicts with (3.14). The remaining proof is similar to the proof of Theorem 3.1,
and we omit the details here. Therefore we have completed the proof of Theorem 3.2.

Theorem 3.3 Suppose that equation (2.1) is non-oscillatory and condition (3.1) or (3.2)
holds. Assume further that there exist two functions H € % and 0 < p € C([T, 00)) such

that

0< ;g;[tgglm inf II;I((tt"?)] < 400 (3.21)
and

lim sup Q) ds < +00 (3.22)

t—+00 H(t, T) T W(S)

hold for all T, where W (t) is defined as (3.17) in Theorem 3.2. In addition, there exists
¥ € C([a, ), R) such that

limsup/ W2 (s)W(s)ds = +o0 (3.23)
t—+00 T
and
1 t (¢,
imsup 2o fT [Kp(s)H(t, 94(s) - (jv(;(;)} = sup (0, (3.24)

where ¥, (t) = max{¥(t),0}.

Then any solution y(t) of equation (1.1) is oscillatory or satisfies y(t) — 0 as t — +oo.

Proof Suppose that y(¢) is a non-oscillatory solution of equation (1.1) on the interval
[T, +00), where T > a. Without loss of generality, we may assume that y(¢) > 0 and
y(g(2)) > 0 hold for ¢ > t, > T. By Lemma 2.1, we deduce that y"(¢) > 0 or y"(¢) < 0 for
E>1 >t

If y"(t) > 0 for ¢ > t;. From Lemma 2.2, we know y"*(¢) > 0. We define w(t), Q(t,s),
y(£), and W(t) as in (3.4), (3.15), (3.16), and (3.17), respectively. The same as in the proof
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of (3.18) in Theorem 3.2, we know that inequality (3.18) remains true here. By (3.18), we

know that

f tI( o (s)H(t,s)q(s) ds
<H(t t1)o(t)

_ /t{w2(s) W (s)H(t,8) + w(s) (h(t, )V H(t,s) — H(t,5)y (s)) } ds. (3.25)

From inequality (3.25), it follows that

Q*(t, S)} s

lim sup (tltl)f [KH(t,s)p(s)q(s)— W)

t—00 H

1 [T, Qts) T
< w(t) —tganoomfm i |:\/H(t,s)W(s)a)(s) + 2\2/W/—(s)i| ds

= H(t, t)oo(t1) - / [(0(6)¥/ W (s)H(z,9))*

ty

+ \2/H(t,s)a)(s)(h(t s)— JH(t, s)y(s))} ds

1 h(t s)— JH(t,s)y(s)
{<”VW“ I )

=Hmmmm—/

31

(h(t,s) - JH(,8)y (5))* } J
- s
4W (s)

h(t,s) — JH(t,s)y (s)
lftl tl) /< W(S ) 2 m ) ds

/ (t,5) — JH(L,5)y(s))?
+
f 4W (s)

ds

t 2 t N2
< H(t,t)olt) - / [f/H(t,s)W(s)a)(sH% ZQSV;))] ds + (jvggs‘? ds.  (3.26)

Combining (3.24) and (3.26), we deduce that

t 2
JH(t, )W (s)w(s) + Qt,s) ds,
2

w(t]) > ¥ () + lim inf
() =¥(t) Jim A0

1
H(t7 tl) 15}

ie.,
T, Qt,s) 1°
o=t gy J, [T+ ] ¢ o
<o) - ¥(t) < oco.
We define two functions # and v as follows:
L
u(t) = H(t,s)W(s)w?(s) ds (3.28)

H(t, tl) t
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and

1 £ )
v(t) = o) [I v H(t,5)Q(t, s)w(s) ds. (3.29)

Combining (3.22) and (3.27), we deduce that
tlim inf[u(t) + v(t)] < o0. (3.30)

Using (3.30), we claim and prove the following inequality:

/00 W (s)w?(s) ds < 0. (3.31)

1

We prove it by using a contradiction argument. If (3.31) were not true, then

/OO W (s)w?(s) ds = oo. (3.32)

1

By (3.21), there exists a positive constant x such that

H(z,
inf| tim int ZZED S (3.33)
s>T| t—+o00 H(t, T)

Let § be an arbitrary positive number. By (3.32), we know that there exists £, > #; such
that, for £t > £,

/ t W (s)w?(s) ds > (3.34)

)
s

By (3.28), we know that, for ¢ > ¢,

L el W
u(t) = o) /t1 H(t,s) s |:/t1 W (u)w* (u) du] ds

1 LOH(E ) [° ,
~ H(t,t) /rl C o Bs |:/t1 W (u) du] ds

1 t 3H(t,s) s ,
=y || e d] s

2
5§ 1 tO9H(t,
i /_ ( S)ds
XH(trtl) ty 35

5 H(t)
X H(tx tl)

(3.35)

By (3.21), we know that there exists t3 > ¢, such that, for ¢ > ¢3,

H(t’ tZ)
=X
H(tx tl)

(3.36)

Page 14 of 17
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Combining (3.35) and (3.36), we know u(t) > § for t > 3. From the arbitrariness of §, we

conclude that

lim u(t) = oo, (3.37)

t—>+00

which is a contradiction with (3.30), and we have proved claim (3.31).
From (3.30), we can choose a sequence {t,}°; C (¢, 00) satisfying lim,_, .o £, = +00
such that

u(t,) +v(t,) <M forn=1,2,3,..., (3.38)

for some positive number M.
Combining (3.28) and (3.32), we obtain

lim u(t,) = +00. (3.39)

n—+00

Combining (3.38) and (3.39), we get
lim v(¢,) = —o0. (3.40)
n—+0Q

By (3.38) and (3.39), we know there exists a positive integer N such that, for n > N,

v(t,) M 1 v(t,) 1
Yue) Swe) S22 % w2 (3.41)

Combining (3.39), (3.40), and (3.41), we obtain the following:

Vit

m
n—+o0 1(t,)

(3.42)

On the other hand, by using the Schwarz inequality, we obtain

/ JH(t,,5)Q(t,, s)w(s) d :|

2
(t |:H(tm tl)

" Q(tns @)

d
L W Y

0 t) / H(t,, ) W(s)w(s) ds

_ 1 " Q*(tw,$)
=) e ) W %

for any arbitrary integer n. By the above inequality, we get

Vz(tn) < 1 fn Qz(tm s)

wt) = Hwe) Jy W) © (343)

Combining (3.42) and (3.43), we deduce that

. 1 QX (t, 9)
lim
n—>+00 H(t,,t1) J,,  W(s)

ds — +00. (3.44)
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By the arbitrariness of the sequence {t,}9°;, it is obvious that (3.44) contradicts condition

(3.22) in Theorem 3.3.
The case for y"(¢) < 0 is similar to the proof of Theorem 3.1, and we omit the details

here. We thus have completed the proof of Theorem 3.3. d

4 Some applications of the asymptotic dichotomy
In this section, we give some examples to illustrate the applications of the asymptotic di-
chotomy proved in the previous section.

Example 4.1 Consider the fourth-order delay differential equation
YD () + iy”(t) (1oL yt—m)=0 fort>m+1. (4.1)
8t2 812

Here, comparing with equation (1.1), we see p(t) = s%’ qt)=1- ﬁ,f(u) =uwithK=1
andg(t)=t-m.
It is easy to verify that equation (4.1) satisfies condition (3.2) and that the equation z” +

8%2 = 0 is non-oscillatory. We now take p =1 and then obtain

2221(p'(s) — p(s) p(s)(s — g(s)))?
4g%(s)g'(s)p(s)

lims /t L 2 ( 1 ( ))2 e v
=limsu -— |- s = .
t—>+oop 1 82 (s—m)? 8s?

Hence condition (3.3) in Theorem 3.1 holds, and we can use Theorem 3.1 to conclude

t—>+00

limsup/T Kp(s)q(s) -

that all the solutions of equation (4.1) are oscillatory or approaching to zero as £ — +00.
In fact, we can verify that y(t) = — cost is a solution of equation (4.1) which is oscillatory.

Example 4.2 Consider the fifth-order delay differential equation in the following:
1
YOO + ey () + —yt - 1)(1+y*(t-1)) =0 fort>3, (4.2)
e

where comparing with equation (1.1), we take p(t) = €2, q(¢) = 1, f(u) = u(1 + u*) with
K=1landg(¢)=t-1.
It is easy to verify that equation (4.2) satisfies condition (3.2) and the equation z” +
=23 _ @)2
6

e2*2z = 0 is non-oscillatory. We choose H(z,s) = (-

. 1 t Q%(t,9)
limsup /T (KH (684) - 7o HE s)) as

. 1 HT@E-22 (s-237%/1
=1tf£f;tp[%z/2{[ o] )

and p =1 and verify that

{6(s - 2)2 + [(5*2)3 _ (372)3]6—2s+2}2
- 5 5 5 5 5 ds = +00.
(s=1) [(t*2) _ (5=2) 12
12 6 6

Therefore condition (3.14) in Theorem 3.2 holds, and we use Theorem 3.2 to conclude
that all the solutions of equation (4.2) are oscillatory or approaching to zero as t — +00. It

Page 16 of 17
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is easy to verify that y(¢) = e is a solution of equation (4.2) which is approaching to zero
ast— +00.
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