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1 Introduction
In this paper, we consider the Sturm-Liouville equation on the semi axis

-y +qx)y =1*px)y, x€[0,00), (1.1)
with boundary condition
(0) =0, (1.2)

where A is a spectral parameter, and p is the density function. There is a comprehensive
literature on the spectral theory of boundary value problem (1.1)—(1.2) for p = 1. In par-
ticular, the spectral analysis of the problem having discrete and continuous spectrum was
begun by Naimark [1] for p = 1. He proved that some poles of the resolvent kernel are not
the eigenvalues of the operator. He also showed that those poles, which are called spectral
singularities by Schwartz [2], are a mathematical obstruction for the completeness of the
eigenvectors and are embedded in the continuous spectrum. Pavlov [3] established the
dependence of the structure of the spectral singularities of the differential operator on the
behavior of the potential function at infinity. So far, a large number of problems related
to the spectral analysis of differential and some other types of operators with spectral sin-
gularities have been investigated [4—10]. As is well known, the Sturm-Liouville equation
(1.1) has a bounded solution satisfying the condition

lim e(x,A)e ™ =1,

X—> 00
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where

reC,:={reC:Imxr >0},
and e(x, 1) is the Jost solution of (1.1) and has the integral representation

e(x, 1) = e + / K(x,t)e*dt, reC,, (1.3)

X
under the condition
o0
/ x|q(x)| dx < 00, (1.4)
0

where K (x, t) is defined by the potential function g [11, 12].

Furthermore, boundary value problems with discontinuities inside an interval have great
interest in mathematical physics and quantum mechanics. To solve interior discontinu-
ities, some extra conditions are imposed on the discontinuous point, which are often called
interface conditions, point interactions, transmission conditions, and impulsive condi-
tions. The theory of impulsive differential equations were studied in applied mathematics
in detail [13, 14]. A great number of authors studied the spectral theory of impulsive dif-
ferential equations [15—18]. Moreover, the physical meaning and potential applications of
spectral singularities of impulsive differential equations have been understood quite re-
cently [19, 20]. Especially in [21], the author provided the physical meanings of eigenval-
ues and spectral singularities of the Schrodinger equation at a single point. Such problems
have been widely studied for impulsive differential operators on the whole axis.

In this work, we are concerned with the impulsive Sturm—Liouville operator on the semi
axis. The density function p and impulsive condition make the spectral analysis of op-
erator quite difficult, but by determining a transfer matrix we can obtain some spectral
properties.

2 Statement of the problem
Let us introduce the Sturm—Liouville operator L in L2[0, o) generated by the equation

—y" +q(x)y =2*p(x)y, € [0,%0) U (x0,00), (2.1)
with the boundary condition
»(0)=0 (2.2)
and the impulsive condition
[y/(x?))} _» [y/(x())} s [al Olzi| , 03
¥ (g ¥ (x5) as o

where o1, ay, a3, o4 are complex numbers such that det B # 0, A is a spectral parameter, xg
is a positive real constant, and the real-valued potential function g satisfies the condition

/wx|q(x)| dx < 0. (2.4)
0
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The density function p has the form

B% 0 =<x<ux,
p(x) = (2.5)
1, x>xp,

where 8 € R\(-1,1).
Note that x = x is the impulsive point of problem (2.1)—(2.3), and the matrix B is used

to continue the solution of (2.1) from [0,x) to (xg, 00).
Furthermore, we denote the solutions of equation (2.1) by y_ and y,, respectively:

y-(x) :=y(x), 0=<x<x,

Y. (x) = y(x), x> x0.

It is known that S(x, 12) and C(x, A?) are the fundamental solutions of (2.1) in the interval

[0, xo) fulfilling the conditions
$(0,4%)=0,  S§(0,A%)=1
and
c(0xr*) =1,  C(0,2%)=0,

respectively. The solutions S(x, A2) and C(x, A%) can be expressed in the form

S(x12) = % + /0 P, ) Sh;;ﬁ L as (2.6)
and
C(x, Az) =cosABx + /xQ(x, t)cos ABtdt, (2.7)
0

where the kernel functions P(x, ) and Q(x, £) can be given in terms of the potential function
q [11]. Besides, S(x, A?) and C(x, A2) are entire functions of A, and

W[S(x,2*),C(x,4%)]=-1, 1€C,

where W{y1, 7] denotes the Wronskian of the solutions y; and y, of equation (2.1).
On the other hand, (2.1) admits another solution

o0
e(x,—\) =e ™ 4 / K(x,t)e ™ dt, reC._, (2.8)

X

in (xp, 00), fulfilling the asymptotic condition

lim e(x, —A)e** =1,
X—> 00
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where 2 € C_:={» € C:Imx < 0}. Obviously,
We(x, 1), e(x,—1)] = —2ix, A € R\{0}.

Also, K(x, t) satisfies

K(x, )| < co (’%t) (2.9)
|Ky(x,0)] < i‘q(%ﬂ)‘ +co<x7+t), (2.10)

where ¢ > 0 is a constant, and
[ee]
ox) = / ‘q(t)‘ dt.
0

Now, let A € R\{0}. Using linearly independent solutions of (2.1) in the intervals [0,xg)

and (xg, 00), we can express the general solution of (2.1) by

y_(x, 1) = A_C(x,A2) + B_S(x,12), 0 <ux < xy,
¥e(x,A) = Ae(x, A) + Boe(x,—A), x> xq,

where A and By are constant coefficients depending on 1. By (1.3), (2.6), (2.7), and (2.8)
we get y_(xg,A), v+ (x5, 1), ¥ (x5, 1), and ¥/, (x§, 1). Then, from the impulsive condition (2.3)

we have transfer matrix M satisfying

=M ) 2.11)
B, B_
where

Moe My My - N-'BD (2.12)
My Mp
with
2 2
D. C(xo,A?)  S(x0,A%) (2.13)
C'(x0,2%)  S'(x0,A2)

and

z
l

NH N12 (214)
Ny N |’
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where
. e .
N11 = e’)‘xo + / 1((960, t)e’“ dt,
X0
. o0 .
Nyp = e %0 4 / K(xo,t)e™ dt,
X0
No; = ire™ — K(xo,%0)e”* + / K, (x0, t)e™ dt,
X0
Nia = —ine™ = K (o, x0)e ™ + / Koo, e di,
X0
and K, (x, t) := aa—xl( (x,£). Since det N = —2i), we easily obtain
Mzz()n) = é {—6/(360, )L)[(X]S(xo, )»2) + 0125/ (x(), }LZ)]
+ e(x0, M) [3S (%0, %) + aS' (%0, 4%) ]}, (2.15)
i
MIZ()\') = ﬁ {6/(960, —A)[alS(xo, )\2) + (XzS/(x(), )\2)]
—el(xg, —A) [agS(xo, )Lz) + 0,8 (xo, kz)] } (2.16)

Let us consider any two solutions of (2.1), denoting the coefficients A+ and B by AT and

B, which are expressed as

ATC(x, 22 + B*S(x,A2), 0<x<xo,
F(x,2) = (2.17)
ATe(x,A) + Ble(x,—-1), %o <x< 00,

and

A-C(x, 22 +B=S(x,A2), 0<x<xo,
G(x,A) = (2.18)
Ale(x,A) + Bie(x,—1), %o <x< 00,

where AT and BT are complex coefficients. Let F and G be associated with the Jost solution
of the boundary value problem (2.1)—(2.3) and the boundary condition (2.2), respectively.

Then we obtain

B'=0, A'=1, AZ=0, B =1 (2.19)

+

Furthermore, using the impulsive condition (2.3) and (2.11), we get

. Maa(A) . _le()»)
= detM’ - detM’

AL =M (M), B, =My (A) (2.20)

uniquely for the solution F and G. Clearly, inserting these coefficients into (2.17) and

(2.18), we obtain the solutions F and G satisfying the following asymptotic equations,

Page 5 of 16
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respectively,

Mu) C(x,22) — M20B) g(x 32)  x — 0,

F(x, )\') — det M detM (2‘21)
e(x, 1), x — 00,
and
S(x, 12), x— 07,
Gx,A) = (2.22)

Mia(Me(x, A) + Mo (X)e(x, —2), x— oo.
Now by (2.21) and (2.22) we can give the following lemma.

Lemma 2.1 The following equations hold for all » € R\{0}:

WIF,G](x,A) = =2iAM (L), x— 00,

Mo (A)
detM’

WI[F,G](x,A) = — 0.

Note that, the Wronskian of the solutions of (2.1) in the intervals [0,x9) and (xg, 00) are
independent of x, but they are not equal because of the characteristic feature of impulsive
differential equations.

Moreover, from (2.15) we understand that My, has an analytic continuation from the
real axis to the set C, := {A : 1 € C, Im X > 0} and continuous up to the real axis because of
analytic properties of solutions e(x, 1), €'(x, 1), S(x,A2), §'(x, A2). By Lemma 2.1 and [22],
we have the following.

Corollary 2.2 A necessary and sufficient condition to investigate the eigenvalues and spec-
tral singularities of the impulsive Sturm—Liouville operator L is to investigate the zeros of
the function My;.

By (2.15) we have the following representation for Mj;:

i . io
Mo(A) = o {etho [_?1 sin ABxg — iap ) cos ABxg + oo K (xg, x9) cOS ABxg

sin ABx .
B > (1K (20, %0) — ictaAP(x0, %o) + o K (30, %0) P(%0, %0))
sin ABxg sin ABxg
+ + g COS ABxg + g P(xg, X
o3 v ay Bxo + aaP(xo,x0) v
. . ) *0 sin At
+ (oth (%0, %0)e™0 — jory Ae?*0 4 age‘“") / P(xo, t)—'B dt
0
. . . *o inABt
+ (02K (30, %0) €™ — ity he™0 + arge™0) / P.(x0,1) sn;\ﬂﬂ dt
0
i i . ’
+ <oc3 sin Ao + Qg COS ABxg + g P(xg, Xx0) i ﬁxo)f K{(xo, t)e™ dt
AB AB %0
i i . 4
- (Otl sinAfxo + oty cos ABxg + oczP(xo,xo)Sm ﬂxo)/ Ky(xo, t)e™ dt
)":3 )":3 X0
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(o] X x0 )\’ t %0 )\’ ;
"’/ K (%, t)e™ dt|:—061/ P(xo,t) sin /3/3 dt—ogZ/ P, (x0,1) sin ,8,3 dt:|
0 0

X0

o0 . LBt
‘ / K(xo,t)e’“dt[+a3 / P(xo,t)smﬂﬂ dt
0

X0

v / b0, ) S0 ;ﬁ t dt} } (2.23)
0

3 Main results

We introduce the sets of spectral singularities and eigenvalues of impulsive operator L as
05s(L) = {1 =2%:ImA = 0,1 #0 and My, (%) = 0}

and
o4(L) = {,u =22:ImA > 0and My(A) = 0},

respectively. To study numerical properties of the sets o(L) and o,4(L), we investigate the
numerical properties of the zeros of My, in A € C..
Now, we define the sets

Sl = {)\ A E C+, Mzz()») = 0},

Sy ={r:heR\ {0}, Mx(h) =0}.
Thus we can rewrite the sets
oal)={pn:n=2*1eS}, ox@)={n:n=2*1reS}

Theorem 3.1 Under condition (2.4), the function My, satisfies the following asymptotic

equations:
My =000 [1 o( )] B=1, (3.1)
Moy, = elxxo(hﬁ |:1 + O(k):| B<-1, (3.2)

where oy 0, . € C,, and |A| — oo.
Proof The derivative of the Jost solution e(x, 1) satisfies the following asymptotic:
€(x,1) =™ [ir+O(1)], x€[0,00), AeCy, M| — oco. (3.3)

From (2.15) and (3.3) we can express the function My, for A € C, when g > 1, ay #0, and

|A] — o0:

) . e/ X ’A efi)hxg .
MZZ(}\) — etlxo(l—f}) {_WTII: ( 0 )L) i|[S(x0’)L2)etAﬂxo]

; / — A .
~ 10172 [e (o, ))»L)e 0 ] [S’ (xo, )LZ)eiAﬁxo] N l;_; [e(xo,)h)e"’“o] [S(xo, AZ)eikﬂxQ]
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- 2 et e[S (x0,22) fwxo]}

eZiXﬁxo 1 1

_ eihxo(lﬁ){ ﬂ[ 211 /xO P(xo’t) [eim(xmt) zkﬂ x0—t) ]dt:|
4igl » x a )

o 2i).Bx0

‘ e
. Zz [emﬁxo + 1 + P(x9,%0)

P(xOr xO)

B iAB

1 *o .
+ P.(x ot ez)»ﬁ(x0+t) lAﬁ x0—t) dt
2i1Bx0 X0
o3 | € 1 1 i
P [ P(xo, t)[eP0rt) _ gitBo=0)] ¢
4‘,3 |: A2 A2 )»2 ( 0 )[ ]
iy [ 2B%0 ] e**h%0  P(xo,x0)
— + =+ Pxo,%0) 5~ — o5
4 Py iBA i

1 *0
P ot iAB(xo+t) _ z)Lﬁ x0—t) dr
’ iﬂ/\2/o o le ]
. 1 1 1 1
—e Aol 2) 2ol )io( 2 )+ 0f =
A 4 A A2 A
_ eikxo(l—ﬂ)% |:1 + O(l)]
4 A

This completes the proof of (3.1). Similarly, (3.2) can be proved easily. O

In this section, we assume that 8 > 1. We give a lemma, which is necessary to discuss

the properties of eigenvalues and spectral singularities of L.

Lemma 3.2 Assume (2.4).
(i) The set Sy is bounded, and no more than a countable number of elements and its
limit points can lie on a bounded subinterval of the real axis.
(i) The set Sy is compact, and its linear Lebesgue measure is zero.

Proof Asymptotic equation (3.1) shows that M, cannot equal zero for sufficiently large
A € C,. Thus the boundedness of the sets S; and S, follows from (3.1). Moreover, since My,
is analytic in C,, the set S; has at most countable number of elements, and its limit points
can lie only on a bounded subinterval of the real axis. Using the uniqueness theorem of
analytic functions [23], we obtain that S, is a closed set and its linear Lebesgue measure is

Z€ro0. O
Now, we can give the following theorem.

Theorem 3.3 Under condition (2.4),
(i) The set of eigenvalues of L is bounded and has at most a countable number of
elements, and its limit points can lie only on a bounded subinterval of the real axis.
(ii) The set of spectral singularities of L is compact, and its linear Lebesgue measure is

zero.

Now, we proceed by assuming an extra condition on g to assure the finiteness of the sets
04(L) and og(L).
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Theorem 3.4 If

/OO exp(ex) |q(x)‘ dx < o0 (3.4)
0

for every € > 0, then there are finitely many eigenvalues and spectral singularities of the
operator L, and each of them has finite multiplicity.

Proof Using (2.9), (2.10), and (3.4), we find that

|K(xo, t)| <cexp (—t%), |Kx(x0, t)| < cexp(—t%),

that is, the function M,; has an analytic continuation from the real axis to the lower half-
plane Im 2 > —€/2. Hence the sets 04(L) and o(L) have no limit points on the real line,
and by Theorem 3.3 these sets are bounded and have a finite number of elements. Finally,
using the uniqueness theorem of analytic functions [23], we see that all zeros of Mj; in C,
have finite multiplicities. d

Now, let us denote the set of all limit points of S; by S3 and the set of all zeros of My,
with infinite multiplicity in C, by S;. By the uniqueness theorem of analytic functions, we
find that

S1NSa=0, S3C Sy, S84 C Sy, w(S3) =0, 1(S4) =0. (3.5
From the continuity of all derivatives of My, up to the real axis, we obtain that
S3 C Sa. (3.6)

Next, we indicate the same result of Theorem 3.4 by using a weaker condition than (3.4).

Theorem 3.5 If
oo
f exp(ex’) |q(x)| dx < 00 (3.7)
0
for some € >0 and % <48 <1, then

Sy =0. (3.8)

Proof Since My, cannot be continued analytically from the real line to the lower half-plane
under condition (3.7), it is not possible to prove the finiteness of eigenvalues and spectral
singularities in a way similar to Theorem 3.4.

On the other hand, from (2.15) we have

MM () = 5 [0aM GIM(2) + 0y (M (2)

— oMy (M) M3 (%) — ar Mo (R)Ma(X) ], (3.9)
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where

o0
M) =1+ / K (xo, £)e™ 0 gt
X

0

Mo(A) = ix — K (x0,%0) + / K (%0, )€ %0) g,

*0

. . sinABx *0 . sinABt
Ms(A) = (cos ABxo)e™™ + P(xg, x)e™ sinApxo + / P, (%0, t)e*0 sin’pt dt,
0

AB AB
. inA *0 . inABt
Mas()) = %o S AP%Xo P +/ P(xo, t)e**0 SIAPE p dt.
A8 0 A8

Moreover, it follows from (2.9), (2.10), and (2.23) that My, is analytic in C, and all of its
derivatives are continuous up to the real axis. Then, using (2.9), (2.10), and (3.7), we obtain

.

oo )
dk”M (A)' <q [(1 + ,B)t]"exp(—e(%) ) dt, i=1,2, (3.10)

*0

where L € C,, || <H,and m =0,1,2,.... From the continuity of the functions P and P,

we get

.

WM;'()»)' <o[d+B)x]", =34, (3.11)

where A € C,, [A\| <H,and m =0,1,2,.... Thus, from (3.9)—(3.11) we have

= (n\ |4 d°
; (s) ‘WMI(M‘D%' PrE
n an-s a5
£y (") ‘ o SMZ(M‘[W
n 00 s
< c3az <Z) / [+ B)xo] X+ B)E]" exp <—e <§> )dt

oo )
<ca2"(1+ ﬁ)”/ t" exp (—e (%) ) dt (3.12)
0

for a := (Jo1| + |aa| + o3| + |aa]) and 1 =1,2,.... Now we can write

S

i)

()‘-MZZ) ds

)

d}’l
’ + |as|

darr

'S

dMA)
dis 4

+ Jaq|

| @ (AMyy)| <A,

darr

forn=1,2,...and A € C,, |A| < H, where

00 8
A, =cza2"(1+ ﬁ)”/ t" exp(—e<£> )dt.
o 2

Since M, is cannot be zero, it follows from Pavlov’s theorem [24] that

h
/ In T(s) du (S, s) > —00, (3.13)
0
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where T(s) = inf{A”sn :n=0,1,2,...}, and u(Ss,s) is the linear Lebesgue measure of the

n!

s-neighborhood of S4. Also, for A, using the gamma function, we can write
Ay < Kab"n"=9"p, (3.14)

where K and b are constants depending on c3, €, 8, and §. Therefore it is obvious that
18 1 si0-9) ~s/0-9)
T(s) < Kaexp —Te b s . (3.15)

From (3.13) and (3.15) we get

h
f s709) 411(S4, 5) < 00. (3.16)
0

Since §/(1 — §) > 1, it follows from (3.16) that (4(Sy, s) = 0, that is, Sy = @. O

Theorem 3.6 Assume (3.7). Then the operator L has a finite number of eigenvalues and

spectral singularities, and each of them is of finite multiplicity.

Proof Using Lemma 3.2, (3.6), and (3.8), we obtain that S3 = ¢ and the sets S; and S, are
countable and bounded. Then it follows from (3.8) that the spectral singularities and eigen-

values of L have finite multiplicities. O

We remark that, by the help of asymptotic equation (3.2), similar results can be given
for g <-1.

4 Scattering function of the impulsive operator
In this section, we determine the scattering function of the impulsive Sturm—-Liouville

operator L.
Theorem 4.1 Let oy, a5, 03,4 € R, B € R\(-1,1), and A € R\{0}. Then M»,(A) #O.

Proof Let us consider the solutions F and G of (2.1)—(2.3) defined by expressions (2.17)
and (2.18) for a3, a3, 3,04 € Rand g € R\ (-1, 1), respectively. Then it follows from (2.15),
(2.16), and (2.20) that

B = My(h)=Mp(h) =A;, AreR\{0}. (4.1)

Assume that, for any real nonzero 4 such that My, (Ao) = 0. This gives that

A7 (Xo) = B;(Ao) = 0 by (4.1). In this case, G(x, A¢) turns into a trivial solution of (2.1)—(2.3),
which gives a contradiction with our assumption, that is, My, (1) # 0 for all A € R\{0},
B eR\(-1,1), and o, ay, 3,04 € R. O

Corollary 4.2 Let a1,a3,a3,04 € Rand B € R\(-1,1). The operator L has no spectral sin-

gularities.
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Definition 4.3 Let o1,02, 3,04 € R and B € R\(~1,1). Then the scattering function of
the operator L is defined by

F(0,-1)

S = 00

Since ¢ is a real-valued potential function, it is evident from (2.17) and (2.20) that
F(x,A) = F(x,—\)

for all A € R\{0}. Then the definition of the function S turns into

F(0,2) n(A) M)
S0 = F00) - Mnln) ~ M)

, A eR\{0}. (4.2)

From (2.15), (2.16), and (4.2), it is clear that, for all A € R\{0},

€ (xo, =A) (1S (w0, %) + 2 (%0, 1%)) — e(wo, =A) (@3S (%o, %) + 24’ (x0, %))

50 —e' (%0, A) (01 (%0, A2) + 028" (%0, 12)) + (o, A) (@3S (%0, A2) + aS' (0, A2))

Theorem 4.4 Let a1, 0,003,004 € R and B € R\(-1,1). For all » € R\{0}, the scattering
function yields

S(=1)=87() = SM).

Proof By (4.2) we obtain

Miya(—2)

51 = Mo (-1)

(4.3)

Since May(—A) = Mar(A) and Mia(=A) = Myp(A) for all A € R\{0}, 8 € R\(~1,1), and
a1, 00, 03,04 € R, we get

The proof is completed. O

5 An example
Let us consider the Sturm-Liouville operator Ly in L?[0, 00) created by the following im-
pulsive problem:

-y =A%p(x)y, x€[0,x)U (x0,00),

) ) .
[yen] =8,0) B=[% )

where p is the density function given by

B% 0 <x<xo,
p(x) =
1, x>xo,
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such that 8 € C\{0}, a1, 04 € C, @3.04 #0, and xp € R*. Using g = 0 in (2.23), we directly
obtain

Moy(A) = o ‘kx°|: lﬂl sin ABxg + otg COS Aﬂxo]. (5.2)

To investigate the eigenvalues and spectral singularities of Ly, we examine the zeros of

My,. For this purpose, we see that

Q2iMBx0 _ o1 + oy

- Bay

by (5.2). Using the last equation, we find

1+A 1 1+A
A 2kn |, keZ, 5.3
nl—A‘+2ﬂxo|: rg(l_A>+ 71:| ke (5.3)

i

Ak =—
k 2,3?6()

where A = £%

Let B = a + ib. Then we can write real and imaginary parts of Ax by

1 1+A 1+A
Re g = a| Arg * +2km | =bln * (5.4)
2x0| B> 1-A 1-A
and
1 1+A 1+A
Imig = - aln * +b| Arg i +2km | ¢, (5.5)
2x0| B2 1-A 1-A

respectively. It is easy to see that if

|:aln 1A +b<Arg<ﬂ) +2k7r)] =0,
1-A 1-A

then the problem has spectral singularities, and if

1+A 1+A

aln * +b| Arg -2 +2km || <0, (5.6)
1-A 1-A

then the problem has eigenvalues. Now, we investigate some particular cases.
Casel:Let A = ‘1 for 6 € R. In this case, since Arg( 1JFA) 0, we get
0 + 2k

k= * 7'[, kel

2,3960

la: Let B € R. Thus A € R, and then the numbers uy = A}, k € Z, are the spectral sin-
gularities of the impulsive boundary value problem (5.1).
1b: Let g € C. We get

Ima, = [b(@ + an)] keZ,

I/BI2
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by (5.5). If b(0 + 2km) < 0, then the operator L, has eigenvalues. Otherwise, the problem
has no eigenvalues and spectral singularities.

Case2: Let ImA # 0. We investigate some subcases.

2a: Let A be purely imaginary, that is, Re A = 0. In this case, since |%| =1, from (5.3)
we get

_arg(1+A)

Ak
Bxo

, kelZ.

which means that the numbers uy = A%, k € Z, are the spectral singularities of (5.1) for
BeR.
Let 8 € C. We find

Imi; = - arg(1l +A)], keZ.

b
2xo|ﬂ|2[

If blarg(1 + A)] < O, then the operator Ly has eigenvalues. Otherwise, the operator has no
eigenvalues and spectral singularities.
2b: Let Re A < 0. For B € R, that is, b = 0, we have

1 1+A
Im)»kz——<ln‘ * ), kelZ.

2xX0a 1-A
If a > 0, then the numbers 14 = A7, k € Z, are the eigenvalues of impulsive problem (5.1);

otherwise, the operator Ly has no eigenvalues.

Let Be C.Ifa >0 and b(Arg(%) + 2km) < 0, then there exist eigenvalues, and if a < 0
and b(Arg(%) + 2k7) > 0, then the problem has no eigenvalues by (5.6).

2c: Let Re A > 0. In this case, since |M| > 1, for B € R, we obtain

1A
1 1+A

Imip=———>|1n * , kel
2x0a 1-A

If a < 0, then the numbers jux = A3, k € Z, are the eigenvalues of Lo; otherwise, the problem

has no eigenvalues.

For B € C, ifa < 0 and b(Arg(%) + 2km) < 0, then there exist eigenvalues, and if a > 0
and b(Arg(%) + 2k7) > 0, then the problem has no eigenvalues.

Case3: Let A be a real number.

3a: Let 0 < A < 1. In this case, we get

i 1+A km
A =— In +— keZ.
2Bxo 1-A Bxo

Let 8 € R.Ifa < 0, then the numbers p; = Ai, k € Z, are the eigenvalues of (5.1). Otherwise,
the problem has no eigenvalues. For g € C, we obtain

1 1+A
ImAg = — aln * +b(2km)|, keZ.
2x0| B2 1-A

If a < 0 and b(2kr) < 0, then we have eigenvalues of Ly, and if a > 0 and b(2kr) > O, then
the problem has no eigenvalues.
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3b:Let 1 < A < 00. We find

1+A
1-A

1
+
2/3?60

i

Ak =—
k 2,396()

n‘ [71(2k+1)], kel.
For B € R, if a < 0, then the numbers uy = A, k € Z, are the eigenvalues of impulsive
problem (5.1). Otherwise, the problem has no eigenvalues. For 8 € C, if 2 < 0 and
b(2k + 1)1t < 0, then there exist eigenvalues, and if a > 0 and b(2k + 1)z > 0, then there are
no eigenvalues.

3c: Let —1 < A < 0. In this case, for B € R, if a > 0, then the numbers iy = )»,2(, k € Z, are
the eigenvalues of Ly. Otherwise, the problem has no eigenvalues. Let g € C. If 2 > 0 and
b(2km) < 0, then the problem has eigenvalues. If a < 0 and b(2krw) > 0, then the problem
has no eigenvalues.

3d: Let —00 < A < —1.In this case, for 8 € R, if a > 0, then the numbers p; = A,z(, k € 7, are
the eigenvalues of (5.1); otherwise, the problem has no eigenvalues. For g € C, ifa > 0 and
b(2k + 1) < 0, then there exist eigenvalues. If a < 0 and b(2k + 1)7 > 0, then the problem
has no eigenvalues.

Case 4: Let 8 be purely imaginary, that is, 2 = 0. In this case, we find

1 1+A
Im)»kz—Tx0 Arg T4 +2km |, keZ.

If Arg(%) + 2km =0, then there exist spectral singularities of L.
If b[Arg(%) + 2krm] < 0, then the numbers puy = A,%, k € Z, are the eigenvalues of Ly;

otherwise, the problem has no eigenvalues.

6 Conclusions

In this study, we discuss some spectral and scattering problems of an impulsive Sturm—
Liouville boundary value problem on the semi axis. Although there are various studies
about the spectral analysis of these problems, much of them are on the whole axis. More-
over, the method we use to investigate the eigenvalues and spectral singularities is quite
different from other papers. By using a transfer matrix we introduce the sets of eigenvalues
and spectral singularities, and under sufficient conditions, we guarantee the finiteness of

these sets.
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