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1 Introduction

The complete convergence plays a key role in the development of probability theory, espe-
cially in establishing the rate of convergence. Hsu and Robbins [1] introduced the concept
of complete convergence as follows. A sequence {X,,,n > 1} is said to converge completely
to Cif

o0
ZP(lX,,—C| >¢)<oo foralle>0, (1.1)

n=1

where C is a constant. By the Borel-Cantelli lemma, it follows that X,, — C almost surely
as n — oo. If {X,,,n > 1} is independent and identically distributed (i.i.d.) random vari-
ables, the converse is true.

Suppose that {X,,,n > 1} is a random variable sequence defined on the fixed probability
space (2, F,P). Denote S, = Y, X;, So = 0, log x = log(max{e, x}), x* = x/(x > 0), and F; =
{Q,0}. Let {F,;, n > 1} be an increasing sequence of o fields with F,, C F for each n > 1. If
X, is F,, measurable for each n > 1, then o fields {F,, n > 1} are thought to be adapted to
the random variable sequence {X,,,n > 1} and {X,,, F,,, n > 1} is thought to be an adapted
stochastic sequence. The following theorem is a generalization of some known results.

Theorem 1.1 (Hsu—Robbins—Erdos strong law (1, 2]) Let {X,,n > 1} be a sequence of
independent and identically distributed random variables. Assume that EX,, = 0 and set
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Sp=Y 11 Xi, n> 1. Then EX? < ¢ is equivalent to the condition that

ZP(|S,,| > en) <00 foralle>O0. (1.2)

n=1

In probability theory, Hsu—Robbins—Erdds strong law as a basic theorem has been ex-
tended in several directions by some authors. The following theorem is given by Baum

and Katz [3] to establish a rate of convergence.

Theorem 1.2 (Baum and Katz strong law) Let o > 1/2, ap > 1, and let {X,,,n > 1} be a
sequence of independent and identically distributed random variables. Assume that EX,, =
Oifa <1,andset S, = Z;’zl Xi, n> 1. Then E|X,|P < 00 is equivalent to the condition that

oo
> nPP(|S,| = en”) <00 forall € >0 (1.3)

n=1

and also equivalent to the condition that

0
Z n"’p‘zP(g]?an |Sk| > en"‘) <oo foralle>O0. (1.4)
n=1

Motivated by the above results for i.i.d. random variables, many authors have studied
them for dependent cases. The case for weighted sums of extended negatively depen-
dent (END) random variable sequence was investigated by Shen et al. [4]. Miao et al. [5]
improved some known results and studied the Baum—Katz type convergence rate in the
Marcinkiewicz—Zygmund strong law for martingales. Chen et al. [6] also gave some ex-
tended results for the sequence of martingale difference.

The aims of the present paper are to extend the results on complete convergence for the
sequence of martingale difference. The following definitions will be used frequently in this

paper.

Definition 1.1 If {X,,, 7,,,n > 1} is an adapted stochastic sequence with
EX,|Fu1)=0 as.

and E|X,,| < oo for each n > 1, then the sequence {X,,, F,,,n > 1} is called a martingale

difference sequence.

Definition 1.2 A real-valued function /(x), positive and measurable on (0, ), is said to

be slowly varying if

I(Ax) ~

— =1

for each A > 0.



Ma and Sun Journal of Inequalities and Applications (2018) 2018:173 Page 3 of 16

Definition 1.3 A sequence {X,,n > 1} of random variables is said to be stochastically

dominated by a random variable X if there exists a positive constant C, such that
P(|X,,| >x) < CP(|X| >x)
forallx>0and n > 1.
Now let us recall some known results for complete convergence of martingales.

Theorem 1.3 ([7,8]) Let {X,, F,,n > 1} be an LP-bounded martingale difference sequence.
Ifo<1l/a<2<porl<p<2,1<1/a <p,then

Z n*?2P(|S,| = en”) <oco foralle > 0. (1.5)

n=1

Ifp = a = 1, the martingale difference sequence satisfies

sup E| X, | log | X,| < oo,

n>1
then (1.5) holds.

Wang and Hu [9] further studied the Baum—Katz type theorem for the maximal partial

sum of martingale difference sequence.
Theorem 1.4 [9] Let {X,, F,n > 1} be a sequence of martingale difference, which is

stochastically dominated by a random variable X. Let l(x) > 0 be a slowly varying func-

tionasx — oo.Let o >1/2,p > 1 and ap > 1. When p > 2, we further assume that

E[supE(Xﬁ]—'i_l)]q/z <00

i>1
for some q > %. If
EIXPL(1X]"*) < o0, (1.6)

then for any € > 0,

in"p’zl(n)P<max 1S > en"‘) < 00. (1.7)
n=1

1<j<n

Yang et al. [10] generalized the results of Stoica [7, 8] and Wang et al. [11] for the non-

weighted sums of martingale difference sequence to the case of randomly weighted sums.

Theorem 1.5 [10] Let {X,,, ., n > 1} be a martingale difference sequence stochastically

dominated by a nonnegative random variable X with EX? < co. Assume that {A,,n > 1}
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is a random sequence, and it is independent of {X,,,n > 1}. Denote Gy = {#}, 2} and G, =
oXy,....Xy),n>1.Leta>1/2,1<p<2,and1 <a<2.1If

Y EA} = 0(n), (1.8)

i=1

then

00 n *
> n??E| max | Y AX;|—en” | <oo foranye>0. (1.9)
=) 1<k<n 1

Ifa >1/2, p > 2, and for some q > %, we assume that

E[supE(Xizlgi_l)]q/2 < 00.

i>1
Let
Y E|Ai|1 = O(n), (1.10)
i=1

then (1.9) holds.
If « >0 and p = 1, the martingale difference sequence is stochastically dominated by a
nonnegative random variable X with E[Xlog(1 + X)] < 0o, and (1.8) holds, then

00 n +
-2 Y.l _ o
; n E(l?/f?n ;A,Xl €n ) <00 foranye >0. (1.11)

We shall study the complete convergence and complete moment convergence for ran-
domly weighted sums of martingale difference sequence. The paper is organized as fol-
lows. The next section is devoted to the descriptions of our main results, and their proofs
will be given in Sect. 3. Throughout the paper, we use the constant C to denote a universal

real number that is not necessarily the same in each appearance.

2 Main results

Theorem 2.1 Let {X,,, F,,, n > 1} be a sequence of martingale difference, which is stochas-
tically dominated by a random variable X. Let I(x) > 0 be a slowly varying function as
x — 00. Suppose that {b,,n > 1} and {c,,n > 1} are sequences of positive constants such
that, for p > 1, o« >0, ap > 1, and some g > max{2, p},

" nb,l(n) - . > nb,l(n) . }
; o =0 (en)), ; a = 0(c57(cy)), 2.1)
and
Z %ql(n) <00, EI:SHPE(Xi2|gi—1)] <00, (2.2)
Cn i>1

n=1
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where ¢, — 00 as n — 00. Assume that {A,,n > 1} is a random sequence independent of
{X,,, n > 1} such that

> EIAl1 = O(n). (2.3)
i=1

If
EIXPI(1XM) < oo, (2.4)

then for any € > 0,

j
ZA,.X,.
i=1

> bul(m)P ( max
n=1 1=j=n

> ecn) < 00. (2.5)

Corollary 2.1 Under the conditions of Theorem 2.1, we take b, = n®?~%, ¢, = n® for a > 1/2,
p>lLandap>1.1If

q > max{p, %}, p=2

q=2, l<p<2;

then for any € > 0,

o0
Z n*?2](n)P ( max
n=1 1sj=n

Remark 2.1 Obviously, (2.6) can be checked by Theorem 2.1 and Lemma 3.4. Under the
conditions of Corollary 2.1, if we take A; =1, i > 1, then we have (1.7), i.e., the conclusion
of Wang and Hu [9] holds for p > 1. On the other hand, if we take /(x) = 1, then we can get
Remark 2.1 in Yang et al. [10]. So our results can imply these known results.

; zaf‘) < 00, (2.6)

Example 2.1 Under the conditions of Theorem 2.1, we take b, = n~2, l(n) = logn, and
cp=n"?forp>1andr>p.If

q > max{p, 2’;(_1_;) L P2

q=2, l<p<2;

then for any € > 0,

J

ZAiXi

i=1

oo
Z n2lognP ( max
1<j<n

n=1

> en’/p) < 00.

k’f”, I(n) = logn, and

Example 2.2 Under the conditions of Theorem 2.1, we take b, =

Cp = (nlogn)!l’ forl<p<2.1If

q>6, p=2
q=2, l<p<2
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then for any € > 0,

>, (log n)? / 1
Z P| max ZAiXi >e(nlogn)?r | < oco.
1 e ey

Theorem 2.2 Let {X,, F,,,n > 1} be a sequence of martingale difference, which is stochas-
tically dominated by a random variable X. Let I(x) > 0 be a slowly varying function as
x — 00. Suppose that {b,,n > 1} and {c,,n > 1} are sequences of positive constants such
that, for p > 1, o« >0, ap > 1, and some g > max{2, p},

> bl = 0( (e ), 3 < o), @)
n=1 n=m ©n

and
00 q q
Z %_ll(n) < 00, E[supE(Xflgi_l)] < o0, (2.8)
n=1 CZ iz1

where ¢, — 00 as n — 00. Assume that {A,,n > 1} is a random sequence independent of
{X,.,n > 1} such that

> E|Ai|? = O(n). (2.9)

i=1
i
EIXIPL(1X]"*) < o0, (2.10)

then for any € > 0,

j
ZAl«Xi
i=1

> " bl(n)E ( max
n=1 lsj=n

- ecn> < 00. (2.11)

Theorem 2.3 Let {X,,, F,,, n > 1} be a sequence of martingale difference, which is stochas-
tically dominated by a random variable X. Let l(x) > 0 be a slowly varying function as
x — 00. Suppose that {b,,n > 1} and {c,,n > 1} are sequences of positive constants such
that, forp=1,a >0, ap > 1, and some q > 2,

3 bl = O((ozeni(ey)), 32 " - o(elan(el)) .12
n=1

C
n=m n

where ¢, — 00 as n — 00. Assume that {A,,n > 1} is a random sequence independent of
{X,, n > 1} and satisfying (2.9). If

E[1X](log 1X1)I(1X1"*)] < o0, (2.13)

then we have formula (2.11).
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Corollary 2.2 Under the conditions of Theorem 2.2 for p > 1, we take b, = n®’=>%, ¢, = n®
fora>1/2and ap > 1.If

q > max{p, 2(2?__11)}, p>2;

q=2, l<p<2;

then for any € > 0,

J

D AKX

i=1

o0
Z nor2 l(n)E(max
n=1 lsj=n

N
- eno‘) < 00. (2.14)

Under the conditions of Theorem 2.3 for p = 1, if we take b, = n™2, ¢, = n® for o > 0. Then,
for any € >0, we have

j

ZA,X,»

i=1

o0
Z n 2 (n)E ( max
n=1 Lsj=n

—en"‘) < 00. (2.15)

Remark 2.2 Obviously, (2.14) and (2.15) can be checked by Theorem 2.2, Theorem 2.3,
and Lemma 3.4. Under the conditions of Corollary 2.2, if we take /(x) = 1, then we have
(1.9) and (1.11), i.e., the results of Yang et al. [10] can be generalized by our conclusions.
On the other hand, if we take A; = 1, i > 1, then we can get Theorem 3.3 and Theorem 3.4

in Wang and Hu [9]. Hence, our conclusions can extend these known results.

Example 2.3 Under the conditions of Theorem 2.2, we take b, = n"=2~"7, [(n) = log 1, and
c,=n"?forp>1andr>p.If

q>max{p, 250}, p>2;

q=2, l<p<2;

then for any € > 0,

j
ZA,.X,.
i=1

oo
Z w27 log nE| max
1<j<n

n=1

N
- en’/l") < 00.

(logn)1-1/p
nl+llp

Example 2.4 Under the conditions of Theorem 2.2, we take b, = , I(n) =

(log )~ and ¢, = (nlog n)!l’ forl<p<2.1If

q>5 p=2
q=2, l<p<2

then for any € > 0,

J

ZA,-Xi

i=1

> (log n)>~2»
E —= - F| max
nl+llp 1<j<n

n=1

N
1
- e(nlogn)i) < 00.
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Remark 2.3 If the conditions of Theorem 2.2 or Theorem 2.3 hold, then for any € > 0, we

> ecn> < 00.

In fact, it can be checked that for any € > 0,

+
- ec,,)

J

D AKX

i=1

can get

j
ZA,-X,«
i=1

oo
> buc,l(m)P ( max
n=1 lsj=n

j
ZAiXi
i=1

E h,,l(rz)E(max
1<j<n
n=1

=Zb,,l(n)/ P max
n=1 0 L=j=n

—€c, > t) dt
—€c, > t) dt
> 260,,).

Remark 2.4 1f A, = a,, n > 1 is non-random (the case of constant weighted), then we

J

o €cy
sznl(n)A P(lnslfgq

n=1

AiX;
1

i=

j
ZA,»X,»
i=1

[e¢]
>
>€ Z_l: b,,cnl(n)P<1rr<1]jc1<);

can get the results of Theorems 2.1-2.3 for the non-random weighted sums of martingale
difference sequence.

3 Proofs for the main results
Throughout this section, we use the constant C to denote a generic real number that is

not necessarily the same in each appearance.

3.1 Several lemmas

To prove the main results of the paper, we need to recall the following lemmas.

Lemma 3.1 ([12]) If {X;, Fi,1 < i < n} is a sequence of martingale difference and q > 0,
then there exists a constant C depending only on p such that

q n a2
>§C{E< E(X?IJ-}_l)) +E(1max IXin)}-
i=1 ==

Lemma 3.2 ([13-15]) Let {X,,, n > 1} be a sequence of random variables, which is stochas-

k

>

i=1

E| max
1<k<n

tically dominated by a random variable X. Then, for any a > 0 and b > 0, the following two
statements hold:
E[1X,1°I(1X,| < b)] < CE[IX|*I(1X| < b)] + b*P(1X| > D)

and

E[1X,1*I(1X,4| > b) | < CE[IX|“I(1X]| > b)].
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Lemma 3.3 [16] Let {Y,,n > 1} and {Z,,n > 1} be sequences of random variables. Then,
foranyq>1,e>0,anda>0,

1 1 1
max —€ea|] <|— ——FE| max
1<k<n 6’7 q- 1 ad-1 1<k<n
Z;
(llllkafn Z >

Lemma 3.4 ([17]) Ifl(x) > 0 is a slowly varying function as x — oo, then

(1) lim,_, o0 ll((”‘ =1 for each £>0;limy o0 =5 l(’”" =1 foreach u>0;

(2) limg_, 0o SUPyk < ksl 1(2/< =1

(3) limy_ 00 #*1(x) = 00, lim,_, oo % I(x) = O for each § > 0;

(4) C12k1(e2F) < Z Vri(e) < C22k’l(e2k)for every r >0, € > 0, positive integer k,
and some C1 >0, Cy > 0;

(5) C12F1(e2F) < ik Vrl(e2) < Cr2K (€2F) for every r < 0, € > 0, positive integer k,
and some C; >0, Cy > 0.

Z(Y+Z)

3.2 Proof of Theorem 2.1
For fixed n > 1, denote

Y = AXd(1Xi] < ¢u) —E[AXI(1Xi < ca)Gia], i=1,2,....
Since

AiX; = AXd (1] > ) + Vi + E[AXI(1Xi] < ¢4)1Gia s

we have
o0
;bnl(n)P(lrgjixn ZA X > ec,,)

ZAXI 1Xi| > c)

< E b,,l(n)P(lmax
<1<n
n=1

> ECn/3>

j
> E[AXI(1X| < ¢)IGi1]
i=1

> ec,,/B)
+ Zb l(n)P(Eﬁ); > ecn/3>

=H+1I+]. (3.1)

+ Z b l(n)P(ma<x

n=1

>,

To prove (2.5), it is enough to show H < 00,] < 00, and ] < co. Obviously, it follows from
Holder’s inequality, Lyapunov’s inequality, and (2.3) that

_1
q

(Z 1) = O(n). (3.2)
i=1

-

iE|A,-| < (imm)
i=1 i=1
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By the fact that {A4,,n > 1} is independent of {X,,,n > 1}, it is easy to check by Markov’s
inequality, Lemma 3.2, (3.2), (2.1), and (2.4) that

j
Y AXI(1X] > c)

i=1

C 1<j=<n

H<CY b"l(n)E<max

n=1

. bln) &
= CZ # ZE|Ai|E[|Xi|I(|Xi| >¢)]

n=1 =1

<cy” nbzl(n)E[|X|I(|X| > )]
n=1 n

nb,l(n)

n

=C

g

Y E[IX1(cm < IX] < e

S
Il
—_

nb,l(n)

Cn

E[IX(cm < 1X| < cms1) ] i

n=1

=C

<C

M 10

E[IXU (¢ < 1XI < €pen) |2 (c2?)
1

< CEIXPPI(1X|") < oo. (3.3)

3
I

For I, since {X,,F,,n > 1} is a sequence of martingale difference, we can see that
{Xu, Gu,n > 1} is also a sequence of martingale difference. Combining with the fact that
{A,,n > 1} is independent of {X,,,n > 1}, we have
E(Anxn|gn—1) = E[E(Anxn|gn)|gn—l]
= E[XnE(An |gn)|gn—l]
= EAnE(Xn |gn—1)

=0 as.,n>1.

Consequently, by Markov’s inequality and the proof of (3.3), we have

)

= bl ]
1<cy’ c(n)E<1rr<1]a<>; Y E[AXA(1X:] < €4)|Gir]
n=1 n =" i=1

> j
=< C; bnclf’n)E<1n§1]a§); ;E[AiXJGXA > Cn)|gj_1] )
> b,l(n) &
= CZ G ZE|Ai|E[|Xi|I(|Xi| > cn)]
n=1 O]
< CEIXPPI(IXM) < cc. (3.4)

Next, we shall show that J < co. Let X,;; = X;I(|X;| < ¢,) and Vi=aiX, - E(a;:X,;|Gi-1). It
can be found that for fixed real numbers ay,...,a,, {f/ni,gi, 1 <i < mn} is also a sequence
of martingale difference. Note that {A;,...,A,} is independent of {X,;,...,X,,}. So, by
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Markov’s inequality and Lemma 3.1, we have

j
Z [(ll'Xm‘ - E(diXm' |gi—1)]

2. b,l(n)
:CZ 7 E[E(g/a;

q
)‘Al :ﬂlw--,An:an}

Alzﬂl,,..,AHZLZn}

00 b,l( ) n ql2 n
=CY =4 E{E<§ :E(Y,ilgu)) DA
" i=1

i=1

C C

=\ bul(n) & © bln) [ a2
nt\"n ntn
Ly O S gy e oy E(zfs(mgi_l))
n=1 S| n=1 n i=1
=1+ /o (3.5)

For /1, we have by C,-inequality, Lemma 3.2 with b = ¢,, and (2.3) that

00 bnl n
< PSS p ] (1) < e0)]

n=1 T=1

< oS 2 S b T () < C$ 2l = ey

= CY_ = D EIANE[IXII(X] < e)]+ C Yo =5= D clP(1X] > cx)
n=1 nog=1 n=1 nog=1

¢y nbné(n)E[|X|qI(|X| < )]+ C Y nbl(m)P(IX| > c,)

n=1 n n=1

=Y P e < )] + € 30 P X1 > )]

n=1 n n=1 n

= CJu + Cha. (3.6)

For /11, we have by (2.1) and (2.4) that

S nbn(i(ﬂ) D E[IXIU (et < 1X] < )]

n

n=1 m=1
it 2. nby,l
= N E[XU (emor < 1XT < €)] D 2 Zq(”)
m=1 n=m n
o0
< CZE[|X|‘II(C,,,_1 <1X| < cm) e U (c))
m=1
< CEIXIPI(]X|") < oc. (3.7)

By the proof of (3.3), it follows

Jz=Y ”bzl(”)E[|X|1(|X| > )]

n=1 n

< CEIXPI(1X|"*) < o0. (3.8)
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Furthermore, by Holder’s inequality and (2.3), for any 1 < p < 2, we have

n n % n 1‘%
D ElA < (ZEIAin> (Z 1) = O(n). (39)
i=1 i=1 i=1
Obviously, for 1 <i < n, it has

E(Y3lGi1) = E[AIXTI(1Xi] < ¢)1Gi1]
~ (B (1Xi] < 1)1Gir) |
< E[AIXI(1Xi] < ¢4)1Gii]
<EAE(X}|Gi-1), as. (3.10)

Combining (3.9) and (2.2), we obtain that

~

fzfzbnln

n q/2
E(ZEA?E(X?@H))

i=1

00 n ql2
< bullm) (ZEA?) E(supE(Xl.2|gi_1)>q/2
i=1

q
Cn i>1

2 n?2p,l(n)

< CZT < 00. (3.11)
n=1 n

By (3.1) and (3.3)—(3.11), we can get (2.5). This completes the proof of Theorem 2.1.

3.3 Proof of Theorem 2.2
As the proof of Theorem 2.1,

AiX; = AiXI(1XG] > ¢u) + Yo + E[AXI(1Xi] < €4)1Gi1 ],

where Y,; = A X I(1X;| < c¢n) — E[AXI(|1Xi] <cu)lGia], i=1,2,.... By Lemma 3.3 with a =

¢,, we have
00 j B
Xlzbnl(n)E<1m§}a§>; ;AiXi - ecn>
n= i=

j
D Y
i=1

X/:[AiXiIﬂXH > cn) + E(AXI(1Xi] < ¢4)1Gic) ] D

i=1
J

> E[AXI(1X] < ¢)1Gi1]

>\ byl
<3 e

-
n=1 Cn

) bnl(n)E<lnslla§>;

n=1
J
D AXI(1X] > c)

i=1

< Z b,,l(n)E(lrrSll;afxn

n=1

)

+ Z b”l(”)E<1n<1f‘<);
n=1 -
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)

=IH1 +H2 +H3. (312)

J

Z Ym’

i=1

=\ bul(n)
+CZ i E({Ejixn

n=1 n

To prove (2.11), it is enough to show H; < 0o, H; < 00, and H3 < 00.
Since {A,,n > 1} is independent of {X,, n > 1}, we have by Lemma 3.2, (3.2), (2.7), and
(2.10) that

Hy <) bul(n) Y EIAIE[IXII(1X] > c)]

n=1 i=1

< CY_ nb,lmE[IX|I(1X] > c,)]

n=1
oo o0

= CY nbyl(m) Y E[IXU (e < |X| < Cpan)]
n=1 m=n

= CY E[IXU(cm < |X] < cmir)] D nbul(n)

m=1 n=1
oo
<CY E[IXU(cm < 1XI < cmer) ] (cp®)
m=1
< CEIXIPI(|X|) < co. (3.13)

For H,, by a similar proof of (3.4), we have E(A,X,|G,-1) = 0 a.s., n > 1. Combining with

(3.13), we get
<Y b)Y EIAE[IXI(1X] > ¢)]

n=1 i=1

< EIXIPI(1X]"*) < co. (3.14)

> E[AXA(1X:] < ¢4)|Gir]

[o¢]
H, = Z b,,l(n)E(lrE]ag;

n=1

j
ZE[A,»XiI(lXiI > ¢n)|Gi1]
=1

o0
= Z b,,l(n)E(max
n:I 1<]<

Next, from a similar proof of Theorem 2.1 (see (3.5)), we turn to prove Hs < 0o.

Hj

CZ b l(n) (1‘11;1"

Vl Vl

q/2
eyt “’“sz ey ey
i=1

=ZH31 +H32. (315)
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For H3;, by C,-inequality, Lemma 3.2, and (2.9), we have

< 1)
Hs < CZ )
n=1

n

o0 bnl n
<cy q(’f) > EIAE[IX1I(1X] < )]
n=1

n i=1

S EIAME[IXAUI(1X] < cu)]
i=1

o0
+ Cannl(n)c,,P(|X| > c,,)
n=1

CZ nb l(Vl) |X|q[(|X| < Cn)]

+C2nb ImE[IXII(1X] > ¢,)]
=: CH31 + CH32. (316)

From the condition g > max{2, p}, (2.7), and (2.10), we get

_ byl(
Hy = Zn v ZE (X1 (e < 1X] <€)

” m=1

oo

n=1
0 b,l

- ZE[leql(Cm—l <|X| <cm)] Z < q—(ln)
m=1 o

n=m

< CY E[IXIU (e < IX| < cm) by U(ch)

m=1

< CEIXPPI()X|") < oo. (3.17)

By the proof of (3.13), it follows
oo
Hs, = annl(n)E[|X|1(|X| > cn)| < CEIXPPL(1X]M*) < o0. (3.18)
n=1

For Hsy, from a similar proof of Theorem 2.1 (see (3.9)—(3.11)), combining (3.10), (3.9),
and (2.8), we get

ql2
b l(”) (ZEAZE (X21G: ))

i=1

i - (iEA?)q E(supE(X,?’|g,-_1))q/2

Cn i-1 izl
o a2 1(n
LN (3.19)
q-1
n=1 Cn

Therefore, we can get (2.11) by (3.12)—(3.19). This completes the proof of Theorem 2.2.
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3.4 Proof of Theorem 2.3
By a similar proof of Theorem 2.2, we take g = 2. It is enough to prove H; < 0o, H; < oo,
and Hj < co. Combining (3.13) with conditions (2.12), (2.13), we have

)

ZAXI 1X;| > ¢)

H, = Zb l(n)E<n<1]a<x

n=1

< Zb l(n)ZEIA E[1X11(1X1 > )]

n=1 i=1

E[IXU(cm < 1X] < Cus1) an I(n

n=1

IA
@)

0 iM%

E[IXI (e < IX] < €a1) ](Hog el (c3%)
1

< CE[1X|(log 1X1){(1X1"*)] < oo. (3.20)

3
i

By the proof of (3.14) and (3.20), we get

Y E[AXid (1Xi] < 4)|Gi1]

H, = Zb,,l(n) <1rr<1]a<>;
n=1

<> bullm) Y EIAE[IX(1Xi] > c,)]

n=1 i=1

< E[1X|(log [X1)I(1X]"*)] < co. (3.21)

For H3, from a similar proof of Theorem 2.1 (see (3.5) for g = 2), we have

2
Ym’ )

= b, /
-cy” " el B[ max
w1l n lsj=n i=1

J

2

i=1

b,l
Hj = CZ (n) ({E]a();

n=1

Z[aiXm - E(a:X4i|Gi-1)]

2
)’Al =day,...,Ay, :a,,}

[e¢] n
b,l(n A
., )E: (ZEW) 4= a,....4, :an}

i=1

= ci: %f’”) Zn;fwmﬁ

Then, according to (2.12) and (3.20), we can get

oo n
Hy<C» b ”Cl(") D EIAPE[IXPI(1X < ca)]

n=1 noi=

<C)_ 1bul(n) D E[IXPI(IX] < cn)]+ C Y nbul(m)eaP(1X| > cy)

n=1 n i=1 n=1
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<y P S X1 e < X0 < )]
n=1 " m=1

+C Y nb, lmE[IXI1(1X] > c,)]

n=1
00 o0 bnl
= S E[IXIU (et < IXT < cn)] Y ”c—(”)
m=1 n=m n
+ CE[|X|(log IX1)(1X]""*)]
< CZE[|X|q1(cm_1 <IX] < cm)]el 1) + C < 0. (3.22)
m=1

Hence, the desired result follows from (3.20)—(3.22). This completes the proof of Theo-
rem 2.3.
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