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1 Introduction
Let I C R beaninterval, and let /° denote the interior of I. We say that a functiong:/ — R

is quasiconvex if

g(tx+ (1 - 1)) < max{g(x),g(»)}

forallx,y e I and t € [0, 1].
For functions that are quasiconvex on [a, b], Dragomir and Pearce [5] established the

following inequality of the Hermite—Hadamard type.

Theorem 1 Let g: [a,b] — R be a quasiconvex positive function. If g € L1([a, b]), then we

have the following succeeding inequality:

1 b
m/ g(t)dt < max{g(a),g(b)}. (1)

Ion [8] obtained the following two results in the same direction.
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Theorem 2 Let g : [a,b] — R be a differentiable function on (a,b). If, in addition, the
absolute value function |g'| is quasiconvex on [a, b), then we have the following succeeding
inequality:

gla) +g(b)
2

g ®)]}- (2)

1 b b-a ,
_ b—a/a g(t)dt’ < Tmax{|g (a)

Theorem 3 Let g : [a,b] — R be a differentiable function on (a,b). If, in addition, the
P

absolute value function |g'| P71 is quasiconvex on [a, b] with p > 1, then we have the following

succeeding inequality:

p__p-l
p

g®)7}]

lg(a) +g(b) .

1 b b-a a
(t)dt‘ < ——[max{|g’(a)| 7T,
2 b—ﬂ/a ¢ 2(10+1)’l’[ {‘g |

Subsequently, Alomari et al. [2] obtained the following generalization of Theorem 2.

Theorem 4 Let g: I — R be a differentiable function on I° with a,b € I° and a < b. If, in
addition, the absolute value function |g'|? is quasiconvex on [a,b], q > 1, then we have the
following succeeding inequality:

gla) +g(b)
2

q

’

ORI @)

b b—
_ bia f g(t)dt’ < Ta[max{|g/(a)

Recently, Gordji et al. [6] introduced a new class of functions, called the n-quasiconvex
functions. We present the definition for completeness.

Definition 5 A function g:/ C R — R is said to be an n-quasiconvex function with re-
spectton: R x R — Rif

g(tx + (1 - 1)y) < max{g(»),g) + n(g).g»)}
forallx,y e I and t € [0, 1].

For some results concerning the n-convex functions and related results, we refer the in-
terested reader to the papers [4,7,9, 10, 12, 13, 15-17] and the references therein. Recently,
Awan et al. [3] proposed the following definition, which gives a further generalization of
Definition 5.

Definition 6 A function g:/ C R — R is said to be a strongly n-quasiconvex function
with respect to : R x R — R and modulus u > 0 if

g(tx+ (1 -1)y) < max{g(y),g(y) + n(gx),g())} — ut(1 - H)(y — x)*
forallx,y € I and t € [0, 1].

Example7 The function g(x) = x? is strongly n-quasiconvex with respect to the bifunction
n(x,y) = 2x + y and modulus p = 1. To see this, let £ € [0, 1]. Then

max{g(»),g() + n(gx),g)} - ut(1 - )(y - )
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>g() +n(gx),g() -t - 1) (y — x)*

>y + (267 +y%) —t(1 - ) (y - x)°

=207 + 2oyt(1 - £) + (L — )%y + £(x* + 29°)
> £2x% + 2xyt(1 — £) + (1 — £)%y?

=g(tx+ (1-0)y).

Remark 8 1f g is strongly n-quasiconvex with respect to n(x,y) = x — y and modulus p = 0,
then Definition 6 reduces to the classical definition of the quasiconvexity.

Our purpose in this paper is to prove analogues of inequalities (1)—(4) for the strongly
n-quasiconvex functions via the k-Riemann-Liouville fractional integral operators. We
recapture these inequalities as particular cases of our results (see Remark 20).

We close this section by presenting the definition of the k-Riemann—Liouville fractional
integral operators.

Definition 9 (See [11]) The left- and right-sided k-Riemann-Liouville fractional integral
operators J%, and (Jj- of order o > 0, for a real-valued continuous function g(x), are de-

fined as

Jig) = s [ G0t le0ds, xoa )
and

KJp-g(x) = @ /x b(t -x) g dt, x<b, (6)

where k > 0, and T is the k-gamma function given by
[e¢] tk
r(x) :=/ t* e Fdt, Re(x)>0,
0

with the properties Ty (x + k) = xT'x(x) and T'x(k) = 1.

This paper is made up of two sections. In Sect. 2, our main results are framed and jus-
tified. Some new inequalities are also obtained as corollaries of the main results.

2 Main results
In what follows, we will use the following notation (where convenient): for g : [a,b] — R
and 7:R x R — R, we define

M(g; n) := max{g(b), g(b) + n(g(a),g(b))}

and

N(g;n) := max{g(a), g(a) + n(g(b),g(a))}.

We now state and prove our first result of this paper.
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Theorem 10 Let o,k >0, and let g : [a, b] — R be a positive strongly n-quasiconvex func-
tion with modulus . > 0. If g € Ly([a, b)), then we have the following inequality:

Ti(a +k)
20b-a)k

[Jag(b) +cJ5-g(a)] < Migin) + Nigin) —Olu(b—a)2( 1 1 >

2 a+k a+2k

Proof The function g is strongly n-quasiconvex on [a, b] with © > 0. This implies that

g(m +(1- t)b) < max{g(b),g(b) + n(g(a),g(b))} -t -8)b-a)?
= M(g;n) — ut(1 - )(b - a)® 7)

and

g((l —ta + tb) < max{g(u),g(a) + n(g(b),g(a))} —ut(1 -8 (b -a)?
=N(gn) - ut(1-0)(b - a)* (8)
forall £ € [0,1].
By adding (7) and (8) we obtain
g(m +(1- t)b) +g((1 —ba+ tb)
< M(g;n) + N(gsn) - 2ut(1 - 1)(b - a)’*. ©)

Now, multiplying both sides of (9) by t%7 and thereafter integrating the outcome with
respect to ¢ over the interval [0, 1] give

1 1
ft%‘lg(m+(1—t)b)dt+/ t8 7 g((1 - O + th) dt
0 0

1 1 1
EM(g;n)/ t%-ldn/\/(g;n)/ t%‘ldt—2u(b—a)2/ tE (1 - £ dt
0 0

0

E[HED D - (- )] (10

o 2 a+k a+2k

Using the substitutions x = ta + (1 — t)b and y = (1 — £)a + tb in the definition of the k-
Riemann-Liouville fractional integrals, we obtain

e 1-1)b)d ! bb FLg(x) d
/0 ti'g(ta+ (1 -1)b) t_(b—a)'i/a( — %)k glx) dx
kT (o)
- @ (b 11
TRpY: X Jo-g(D) (11)
and
ltg‘l 1-ta+th)d 1 ’ t-lg(y) d
/0 2((1-t)a + tb) t—(b_a)%/a‘()/—ﬂ) gW)dy
kT (a)

- af 12 g(a). (12)
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Employing (11) and (12) in (10), we get
kT (ax)
(b-a)t

S%[M(g;n)ﬂv(g;n)_au(b_ﬂ)z( 1 1 )}

o 2 a+k a+2k

[Ja:g(b) +xJ3-g(a)]

Hence the intended inequality is reached. g
Setting 1 = 0 in Theorem 10, we get the following corollary.

Corollary 11 Let o,k >0, and let g : [a,b] — R be a positive strongly n-quasiconvex func-
tion with modulus 0. If g € L1([a, b]), then we have the following inequality:

Tl + k)

M(g;n) + N(g;n)
2b—a)¥ '

[Ja:g(b) +J5-g(a)] < 5

(13)

The following lemmas will be useful in the proof of the remaining results of this paper.

Lemma 12 Let o,k > 0, and let g : [a,b] — R be a differentiable function on the interval
(a,0). If g € L1([a, b]), then we have the following equality for the k-fractional integral:

ga) +g(b) Tyl +k)

2 2b-a)t

B b-a
2

[Jog(®) +1J5-2(@)]

/01[(1 — 0% —t%]g (ta + (1 - t)b) dt.
Proof The identity is achieved by setting s = 0 in [1, Lemma 2.1]. d
Lemma 13 (See [14, 18]) Ifo € (0,1] and 0 < x <y, then

|27 =7 | < (v —%)°.

Theorem 14 Let o,k >0, and let g : [a,b] — R be a differentiable function on (a,b). If |¢'|
is strongly n-quasiconvex on [a, b] with modulus > 0 and g' € L,([a, b)), then we have the
following inequality:

ga)+g(b) Tyl +k)
2 20b-a)k

b-a 1
1__ /
E%+1< 2%)M(|g

— b —a) [ %+2)<1_2i+1>_ (%+3)<1_2%+2>]'

Proof We start by making the following observations: for ¢ € [0, 1], we obtain

[Ji-g(®) +cJ5-g(@)] ’

in)

>0,

<0,

<t

IA

1
27
1,

(1-£)% —¢% (14)

o= O

<t

IA
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and
1 o o
/|(1_t)/<_tk|dt_/ [1- t)k—tk]dt+/ [tk — (1-20)F]dt
2
2 1
:a— 1__u . (15)
(;+1)< Zk)
Using a similar line of arguments (as previously), we obtain
flt(l O - —¢k|dt = 2 (1 1) 2 (1 1) (16)
0 S (4+2) 2841 ) ($+3) 2%+ )

Now, using the fact that |g’| is strongly n-quasiconvex with p > 0 and then applying
Lemma 12, the properties of the modulus, and identities (15) and (16), we obtain:

’g(a) +g(b) Tyl +k)

g
2([9— ) [ ug( )+k] g(&l)]’

=

/ |1 -F —t%||¢ (ta + (1 - t)b)| dt

(1-¢)k — ¢tk ||max
2 [0 -0% - man|

—ut(1-t)(b-a)*]dt

2
b-
2
b a

g}

g +n(lg(

b_ 1 o o
:Tdmaxﬂg/(b) g +n(lg )}/ |(1-t)k —tk|dt
0
b_ 3 1 o [*3
—M( 2“) /0 H1-0)|(1-0)% -tk |dt
b- 2 1
= 2L max{|g®)], [¢ )| + n(|¢ @), ¢’ )}(&+1)(1_2_‘z>
k
) )
T Eey U5 ) T @y U i)
Hence the result follows. g

Putting u = 0 in Theorem 14, we obtain the following result.

Corollary 15 Let o,k > 0, and let g : [a,b] — R be a differentiable function on (a,b). If
|g'| is strongly n-quasiconvex on [a, b] with modulus 0 and g’ € Ly([a, b)), then we have the
following inequality:

‘ ga) +g(b) Tile +")[ ). g(b) +4 Ji-g(@)]
klat

2 2b-a)f
L boa (1 - ig) max{|g )], |¢®)] + n(lg' @], |¢ ®)])]. 17)
x +1 2k

Theorem 16 Let o,k >0,q > 1, and let g : [a,b] — R be a differentiable function on (a, b).
If 1g'|1 is strongly n-quasiconvex on |a, b] with modulus u > 0 and g’ € Li([a, b)), then we
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have the following inequality:

gla)+gb) Tila+k) o
’ 5 _z(b_a)‘i[k]”g(b)”]bg(a)]‘

1
b-a 1 P ,
=72 (%p+1) (”“k

wherel+lzland‘,i € (0,1].
rq k

b-a)?\
”;n)—u( a)) ,

6

Proof As a consequence of Lemma 13, we have that

¥ -y k| < -y

for all x,y € [0,1] with £ € (0,1]. Using the above information, we make the following
computations:

1 1
/|(1—t)‘7‘<—t%|"dt§/ |1 -2t %2 dt
0 0

1 1
2 o o
=/ |1—2t|det+/l |1 - 2¢| %7 dt
0 b

1 1
2 o a
:/ (1—2t)F1’dt+/ 2t-1)xP dt
0 7
1
p+1

(18)
Since the function |g’|? is strongly n-quasiconvex on [a, b] with modulus o > 0, we have

‘g’(m +(1- t)b) ’q < max{ |g’(b)

q
)

g B)|" +n(|g' @],
—utl -8B -a)>

0"}

(19)
Now, applying Lemma 12, the Holder inequality, the properties of absolute values, and
inequalities (18) and (19), we obtain

F@+am_nw+m
2

“.gb P
200 [Ja-g() + T} g(a)]‘

h 1 o o 1
_T“/O (1= 0% - £%||¢ (ta + (1 - 0)b)| dt

b—a( (' e e N[ [ i

< 2“(/0 |(1—t)k—tk|”dt> (/0 \g’(m+(1—t)b)|th)
b—a/ 1 \r[[! ,

- 2a<%p+1) (/0 [max{|g(b)

Lg®|" +n(ld@|" g ®]")}
- ut(1-1)(b - a)’] dt) !
b-a 1 [l’ ’ q / q /
== (gp+1> (max{’g(b) ,g(b)‘ +n(‘g(a)
k

This completes the proof.

—a)?\4
Leer)-n L)
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Taking u = 0 in Theorem 16, we get the following:

Corollary 17 Let o,k >0,q > 1,and let g : [a,b] — R be a differentiable function on (a, b).
If 1|1 is strongly n-quasiconvex on [a, b) with modulus 0 and g’ € L,([a, b]), then we have
the following inequality:

‘ 8@ rgb) THe Ry iy 3o o(a)]
Kat -

2 2b-a)k
b- 1 P% / / ’ / 1
= 2a<%p+1) (max{|g' @), | ®)" + n(|g'@]", | @) )7, (20)

wherel+l:1and% € (0,1].
rq

Finally, we present the following result.
Theorem 18 Leta,k>0,q > 1,and let g : [a,b] — R be a differentiable function on (a, b).

If \g'|? is strongly n-quasiconvex on |a, b] with modulus u > 0 and g’ € L([a, b)), then we
have the following inequality:

| @) +gb) _Ter Ry o o) 4yt o]
Kat i

2 2b—a)¥

Q=

b- -1
<75 (Plask) T (M(lg

“) Pl k) - (b - a)* Qs k)7,

where

2 1

and
2 1 2 L
Qo k) = (% +2) (1_ 2%+1) B (7—( +3) (1 - 2%+2>'

Proof We follow similar arguments as in the proof of the previous theorem. For this, we

>~

use again Lemma 12, the Holder inequality, and the properties of the absolute values to

obtain
ga) +gb) Tila+k) o
’ 2 2 af Wes i (”)]‘
b - 1 o o
< T“/O |(1-)k —tk||g'(ta + (1 - t)b)| dt

1

b_ 1 o o 17% 1 o o / q
T“(/O |(1—t)F—tF|dt) (/0 |(1—t)r—ﬁ||g(m+(1—t)b)|"dt)

IA

q
’

Z®)|" +n(|g (@)

0"}

— ut(1-£)(b—a)?] dt) "
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The desired inequality follows by appealing to identities (15) and (16). a
Taking i = 0 in Theorem 18, we get the succeeding corollary.

Corollary 19 Leto,k>0,q > 1,andletg: [a,b] — R be a differentiable function on (a, b).
If |g'14 is strongly n-quasiconvex on [a, b] with modulus 0 and g’ € L1([a, b)), then we have
the following inequality:

’g(m +g(b)  Tile + k)

R et 5 Ii—g(a)]’

q

’

‘ SN

< 222 pas i) (max{[¢ B)]% [g &) + n(lg @)% | B)|1)}) 7, (21)

N

where

2 1
P(Ol;k) = W(l — 2—%>,

Remark 20 Substituting n(x,y) = x — y and « = k = 1 into (13), (17), (20), and (21), we
recover (1), (2), (3), and (4), respectively.

3 Conclusion

Four main results of the Hermite—Hadamard kind for functions that are strongly 7-
quasiconvex with modulus p > 0 are hereby established. We recover known results in
the literature by setting n(x,y) =x—y, « = k =1, and p = 0 in Theorems 10, 14, 16, and 18.
More results can be obtained by choosing different bifunction 7 and then u.
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