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1 Introduction

Let M,,(C) be the space of n x n complex matrices. Let || - || denote any unitarily invariant
norm on M, (C). For A € M,,(C), the Frobenius norm of A is defined by ||A||r = +/tr(A*A),
where tr(X) is the trace of X. It is known that the Frobenius norm is unitarily invari-
ant.

Let A, B € M,,(C) be positive semidefinite. Bhatia and Kittaneh proved in [1] that

A+B
2

g < 4221, w“

which is known as the arithmetic—geometric mean inequality for unitarily invariant
norms.

Let A, X, B € M,,(C) and suppose that A and B are positive semidefinite. Bhatia and Davis
proved in [2] that

AX + XB

> , (1.2)

||A1/2XBI/2 ” < H

which is a generalization of inequality (1.1).
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Recently, Kittaneh and Manasrah [3] showed a refinement of inequality (1.2) for the
Frobenius norm, which can be stated as follows:

AX +XB

1
|AV2XBY2|, + 5(\/||AX||F ~VIXBllf)’ )

IA

(1.3)

R
The authors of [4] and [5] gave some generalizations of inequality (1.3).

Let A, X, B € M,(C) such that A and B are self-adjoint. Joci¢ and Kittaneh proved in [6]
thatforne Nandj=1,...,n,

||An+jXBVI—j+1 _An—j+lXBn+j|| < ||An+j+lXBn—j _An—jXBn+j+l || (1'4)

Bhatia gave a simple proof of inequality (1.4) in [7]. For more information on inequalities

of unitarily invariant norms, the reader is referred to [8—12] and the references therein.
In this short note, we first present a new generalization of inequality (1.3). After that, as

an application of inequality (1.3), we show a refinement of inequality (1.4) for the Frobenius

norm.
2 Main results

In this section, we show the main results of this paper. To do this, we need the following

lemmas.

Lemma 2.1 ([11]) Let A,X,B € M,(C). Ifa € [0,1], then
|A*XB|* < |wAA*X + (1 — @) XBB*||||(1 - @) AA*X + «XBB*|. (2.1)

Lemma 2.2 Let A,X,B e M, (C). Then

. 1 AA*X + XBB*
Jaxel, + 5 (laax], - e ], )7 <[ 252

F
Proof By the polar decomposition of matrices and the properties of unitary invariant

norms, we know that inequality (1.3) is equivalent to Lemma 2.2. This completes the
proof. O

Theorem 2.1 Let A, X,B € M,(C), o € [0,1] such that A, B are positive semidefinite. Then

) (2.2)
F

|A2xB2|, + %(\/C(a) -JC(l-a)’ < H AX+XB

2

where

C(a) = |0AX + (1 - ) XB

o Cl-a)=|(1-a)AX +aXB|,.

Proof By definition of the Frobenius norm, we have

C*(@) = || eAX + (1 - )XB|}

2
= ?[|AX |1} + (1 - a)?|XBI|} + 2(1 - ) || AV2XBY2 |,
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C(1-a) = ||(1 - @)AX + aXB|

= (1- @ AX|1% + &2 XB|1% + 2a(1 - )| AV XB2|2,
and so
IAX|7 + |1 XB|7 - C*(a) - C*(1 — @) = 2a(1 — ) || AX — XB[}.. (2.3)

It follows from (2.1) and (2.3) that
IAX + XB|)% - ((v/Cle) - /C(1 - ))* + 2| AYXB?| ,)*
—2a(1 -a)|AX - XB||%
= AX|2 + IXBI2 + 2| AV2XBY?| . - 4| AV2XBY? |
= 2a(1 - @) AX - XB|} - (VC(@) - VC(1 - )’
- 4A4"2XB'] (VCla) - /CO - )’
— | AX|I2 + |IXBII2 - 2| AV>XB"2|)?
—20(1 - )| AX - XB|} - (v/Cle) - VC(1 -~ )’
— 4] A2 X8 | (/Cla) - VET - a0)°
> X + IXBI: - 2C(@)C(1 - @) - (vCle) - V1 - )"
—4|AYV2XBY?| (/C(e) - VC(L - @))” - 2a(1 - &) | AX - XB|2
= C*(a) + C*(1 — &) = 2C(@)C(1 - @) - (v/C(ar) = y/C(1 - ))*
44X (/@) - T -2
= (Cl@) - C(1-))* - (VClo) - VC1 -))*
44X (/@) - ET )
= (VC@) - V1 -a))*(VC(@) +/C - )’
- (V) - - )" - 2 42X (/) - /)
= 4(\/Cla) - VCU - )’ (VC@)C1 - a) - | AV2XB™2| )
> 0.

That is,

(2|AV2XB |, + (VC(@) - VC(L - @))*)* + 2a(1 - @) | AX - XB|2

< |AX + XB|?,
which implies inequality (2.2). This completes the proof. O

Remark 2.1 Putting o = 0 or & = 1 in inequality (2.2), we can obtain inequality (1.3). So,
inequality (2.2) is a generalization of inequality (1.3).

Next, we will show a refinement of inequality (1.4).
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Theorem 2.2 Let A,X,B € M,(C) such that A and B are self-adjoint. If n € N and j =
1,...,n, then we have

||An+jXBn—j+1 _An—j+1XBn+j||F +](2(l’l,j) < ||An+j+1XBn—j _An—jXBn+j+1 o

where

K(nj) =/ | A2(Ari-LXBrT - An-iXBroi1) |

_ \/” (An+j—1XBn—j _An—jXBn+j—1)Bz ”F

Proof We prove it by induction. For j = 1 and any positive integer n, by Lemma 2.2 and
the triangle inequality for unitary invariant norms, we have

|A™'XB" - A"XB"™! | . + %1(2(;1, 1)

= |A(A"XB"! - A" 'XB")B| . + %Kz(n, 1)

< %”AZ(A”XB”‘I ~A"XB") + (A"XB"" - A" XB")B?||,.
— %”An+2XBn—1 _An—lXBrHZ +AnXBn+1 _An+1XBn “F
< %HA}’I+2XB}’I—1 _An—IXBrHZHF + %”A}’I+IXB}’I _AnXBn+l }F’

which is equivalent to
||An+1XBn _AnXBn+1||F +1(2(n, 1) < ||An+2XBn—1 _An—IXBn+2 Hp

Now, suppose that Theorem 2.2 has been proved for j — 1. By Lemma 2.2, the triangle
inequality for unitary invariant norms, and induction hypothesis, we have

| AmIXBI — ATTXB | 4 S K)

— ||A(An+j—1XBVl—j _An—/XBn+j—1)B||F + 31(2(}1,])

IA
i SR

||A2 (An+j—1XBn—j _ AH*]’XBH+]'71) + (Anw&]?lXanj _ AH*]’XBVI+]?1)BZ ||F

- HAn+j+1XBn—/ _An—jXBn+j+l +An+j—1XBn—U—l)+l _An—(j—1)+1XBn+/'—l ||p

IA

||An+j+lXBn—j _An—jXBn+j+l || + l “An+j—lXBn—(}'—l)+l _An—(j—l)+1XBn+j—l ||
F 9 F

IA
N = N = N

||Ar1+/'+1XBn—j _An—jXBn+j+l ||1: + %”A;HjXBn—jJrl _An—j+1XBn+j HF’
which is equivalent to

| A IXBIT* — Am I XB |+ K2(n, ) < |AMXBYT - AMIXBM|

This completes the proof. d
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