Bai and Li Journal of Inequalities and Applications (2018) 2018:117 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-018-1707-x a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Admissibility of simultaneous prediction
for actual and average values in finite
population

Chao Bai'*"® and Haiqi Li'

“Correspondence:
bbc144@163.com Abstract

'School of Finance and Statistics, . . s . i
Hunan University, Changsha, China This paper studies the admissibility of simultaneous prediction of actual and average

2College of Science, Central South values of the regressand in the generalized linear regression model under the
University of Forestry and quadratic loss function. Necessary and sufficient conditions are derived for the
Technology, Changsha, China . . . .

simultaneous prediction to be admissible in classes of homogeneous and
nonhomogeneous linear predictors, respectively.

MSC: 62C15;62M20; 62J12; 15A39

Keywords: Admissibility; Simultaneous prediction; Quadratic loss function;
Generalized linear regression model

1 Introduction

We begin this paper with some notation first. For an m x # matrix A, the symbols M (A), A’
A~ and A* denote the column space, the transpose, the generalized inverse and Moore—
Penrose inverse of A, respectively. For squared matrices B and C, B> C means that B—C is
a symmetric nonnegative definite matrix and B— C > 0. Let rk(A) be the rank of A and tr(A)
be the trace of A when A is a squared matrix. [ is an identity matrix with an appropriate
order and R” denotes the # dimensional vector set.

Consider the following generalized linear regression model:
y=Xp +e, E(e) =0, Cov(e) =X, (1)

where y is the n x 1 observable vector of regressand, X is the n x p observable matrix of
regressor, 8 is a p x 1 unknown vector of regression coefficient, ¢ is the n x 1 vector of
disturbances and X > 0. Suppose tk(X) < p.

Given the matrix of regressor X, (which is correlated with new observations), the rela-

tionship between the unobservable random vector y,, and X is
Yo =XoB + €, E(eo) =0, Cov(eg) = Xy, (2)

where y is the m x 1 vector of the regressand to be predicted, X is the m x p matrix of

prediction regressor, f is the same as that in model (1), & is the m x 1 vector of prediction
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disturbances and X > 0. Assume y and y,, are correlated and Cov(eg, ¢') = V. Suppose the
finite population is composed of y and y,,. Thus, combining models of (1) and (2), we have

yr=XrB +er, (3)

where

X &
yT:<y), XT:( ), 8T:< )7
Yo Xo &9

Yy Vv
Eer =0, Cover =Cov €)= =X
[>N) |4 Z()

For the prediction in model (3), [1] obtained the best linear unbiased predictor (BLUP)
of y,. [2] considered the optimal Stein-rule prediction. Reference [3] investigated the ad-
missibility of linear predictors with inequality constraints under the quadratic loss func-
tion. [4] reviewed the existing theory of minimum mean squared error (MSE) predictors
and made an extension based on the principle of equivariance. [5] derived the BLUP and
the admissible predictor under the matrix loss function. Under the MSE loss function, the
optimal predictor of y,, is the conditional expectation E(y,|Xo) = Xo8, which relates natu-
rally to the plug-in estimators of B. [6] proposed the simple projection predictor (SPP) of
XopB by plugging in the best linear unbiased estimator (BLUE) of 8. The plug-in approach
spawned a large literature for the derivation of combined prediction; see [7, 8], etc.

Generally, predictions are investigated either for y, or for Ey,, at a time. However, some-
times in the fields of medicine and economics, people would like to know the actual value
of y, and its average value Ey, simultaneously. For example, in the financial markets, some
investors may want to know the actual profit while others would be more interested in the
average profit. Therefore, in order to meet different requirements, the market manager
should acquire both the prediction of the actual profit and the prediction of the average
profit at the same time, and can assign different weights to each prediction to provide a
more comprehensive combined prediction of the profit. Under these circumstances, we
consider the following target function:

8 =Ay,+ (1-2)Ey,,

where A € [0,1] is a non-stochastic scalar representing the preference to the prediction of
the actual and average values of the studied variable. A prediction of § is the simultaneous
prediction of the actual and average values of y,,. Note that § =y, if A =1 and § = Ey,, if
X =0, which means the studied § is more sensitive and inclusive.

Studies on the simultaneous prediction of the actual and average values of the stud-
ied variable (namely prediction of §) have been carried out in the literature from various
perspective. The properties of the predictors by plugging in Stein-rule estimators have
been concerned by [9] and [10]. [11] investigated the Stein-rule prediction for § in linear
regression model when the error covariance matrix was positive definite yet unknown.
References [12, 13] and [14] considered predictors for § in linear regression models with
stochastic or non-stochastic linear constraints on the regression coefficients. The issues
of simultaneous prediction in measurement error models have been addressed in [15] and



Bai and Li Journal of Inequalities and Applications (2018) 2018:117 Page 3 of 15

[16]. [17] considered a matrix multiple of the classical forecast vector for the simultaneous
prediction of and discussed the performance properties.

This paper aims to study the admissibility of simultaneous prediction of actual and av-
erage values of the unobserved regressand in finite population under the quadratic loss
function. Admissibility is an interesting problem in statistical theory and received much
attention. [18, 19] and [20] discussed the admissibility of predictions of y. [21, 22] and
[23] studied the admissibility of estimations of . We discuss the admissible predictors of
3 in classes of homogeneous and nonhomogeneous linear predictors, respectively. Nec-
essary and sufficient conditions for the simultaneous prediction to be admissible are pro-
vided.

The rest of this paper is organized as follows. In Sect. 2, we give some preliminaries.
In Sect. 3, we obtain the homogeneous linear admissible simultaneous predictors for the
actual and average values of the unobserved regressand. In Sect. 4, we derive the necessary
and sufficient conditions for linear simultaneous prediction to be admissible in class of

nonhomogeneous linear predictors. Concluding remarks are placed in Sect. 5.

2 Preliminaries
Suppose d is the predictor of § and denote R(d; 8) as the risk of d under the quadratic loss

function, then for model (3)
R(d; B) = E(d - 8)(d - 8) = E[d - 190 — (1= M) XoB] [d = Ayo — (1 = 1)XoB].

Denote the classes of homogeneous and nonhomogeneous linear predictors, respectively,
by

LFH ={Cy|Cisan m x n matrix}, and

LN ={Cy+u|Cisanm x n matrixand uisanm x 1

nonstochastic vector and u # 0}.

The nonhomogeneous linear predictor is actually an adjustment of the homogeneous lin-
ear predictor. We study the admissibility of the prediction of § in L # and L.V . Before the

discussion begins, we first present some important preliminaries and basic results.
Definition 2.1 A predictor d is said to be admissible for § under the quadratic loss func-
tion, denoted d ~ §, iff there exists no other predictor d* such that R[d*; 8] < R[d; 8]
with strict inequality holding at least at one value of B. d is called better than d* iff
R[d; B] < R[d*; B] with strict inequality holding at least at one value of 8.

Definition 2.2 d is an unbiased predictor of § if Ed = E§.

Lemma 2.1 ([24]) IfCy ~y,, then for, any | x m matrix L, LCy ~ Ly,,.

Lemma 2.2 ([25]) Ifthesquare matrix Bis not symmetrical, then there exists an orthogonal
matrix P such that tr(PB) = tr(B).
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Lemma 2.3 Suppose Cy is an arbitrary predictor of § in model (3). Let
C-= CX(X'T*X) X'T* + AVT[I-X(X'T*X) X'T"],

where T = XX' + X. Then under the quadratic loss function
R(Cy; B) = R(Cy: B)

for every B € RP and the equation holds if and only if either of the following two conditions
holds:

(1) CT =CX;

(2) M(EC -21V") C M(X).

Proof By direct calculation,

R(Cy; B)
=E[Cy — Ay, — (1 = M)XoB] [Cy — yo — (1 = 1)XoB]
=tr(CEC +A*Xo - 2ACV') + B/(CX — Xo) (CX — Xo)B
=E{MCy - y,)'(Cy —y,) + (1 - 2)(Cy — XoB) (Cy - XoB)} + (** — 1) r T
=E{A(Cy - Cy +Cy - y,) (Cy - Cy + Cy - y,)
+(1-2)(Cy - Cy +Cy - XoB) (Cy — Cy + Cy—Xoﬂ)} + (A= A)tr X,
= E{(Cy - Cy)'(Cy - Cy) + 1(Cy - y,) (Cy — yo) + (1 = 1)(Cy — XoB) (Cy — XoP)
+24(Cy - Cy) (Cy —y,) +2(1 - 1)(Cy - Cy)'(Cy — XoB)} + (A2 = 1) =
= E(Cy - Cy) (Cy - Cy) + R(Cy)
+E{24(Cy - Cy)' (Cy — y,) + 2(1 - 2)(Cy - Cy)' €y - XoB)}.

Note that

Eyy =X + XBB'X =T - XX +XBBX,
Ey.y =V +XoBB'X,
(C-OX = (C-AVT)[I-X(X'T'X) X'T*]X =0,

then

E{24(Cy - Cy)'(Cy — y,) + 2(1 - 1)(Cy - Cy) (Cy - XoPB))
= E{2(Cy - Cy)'(Cy — yo) +2(1 - 1)(Cy - Cy) (v, - XoB)}
= tr{[EX(X'T*X) "X = AVT* (X'T*X) X' - CXX' + CXBB'X - XoBB'X'](C-C)'}
=t{[CX(X'T*X)” —AVT*(X'T*X)” - CX + CXBB - XoBB'][(C - C)X]'}

=0.
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Thus, we have

R(Cy; B) = E(Cy - Cy)'(Cy - Cy) + R(Cy; B) = R(Cy; B),
and the equation holds for every g € R” if and only if
E(Cy - Cy)'(Cy - Cy) = 0.
Since
E(Cy - Cy)(Cy - Cy) =0
& [(€-OxB][(c-OxB]+tr(€C-C)E(C-C)=0

& (€-0%-0
& (€-0Ox =0,
the equation holds for every g € R? if and only if
CZ=Cx.
Now we prove conditions (1) and (2) are equivalent. First, as CX = cz,
¢ =xC
= ETX(XTX) XC + A Z[I-X(X'TX) XT TV
= (T-XX)T*X(X'T*X) X'C
+ AT =XX)I-X(X'T'X) XT|T'V
= [X(X'T X)X = XX'] + AV - AX(X'T'X) XT'V =
EC -V =X[(X'T'X) X'C - X'C - A(X'T*X) XT*V'],

which shows that M(ZC — AV’) € M(X).
Second, as M(XC' — AV') € M(X), there exists a matrix H such that

YC -AV' =XH, or AW=CX+HX.
Then

CE =CX(X'TX) X'T(T-XX') + \WT*[I-X(X'T*X) X'T*](T - XX')
= (CZ-HX)T'[I-X(X'T*X) X'T*](T - XX)
+CX(X'T*X) X' - CXX'
=CX(X'T*X) X' - CXX' + CX - C(T - XX)T'X(X'T*X) X’
=Cx.

Therefore, we complete the proof.

Page 5 of 15
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Lemma 2.4 [fCX = CX, then the risk of Cy under the quadratic loss function is

R(Cy; B) = R(Cy; B) = r[CXQX'C/ + 322 — 2ACX(X'T*X) X'T*V’
~ V(T =T X(XTX) XT)WV] + B/(CX ~Xo) (CX - Xo),

where Q= (X'T*X)” 1= (X'T*X) X' T*ET*X(X'T*X)".
Proof From Lemma 2.3, when CX = 62,
R(Cy; B) = R(Cy; B) = tr(CEC + 22X — 22.CV') + B/(CX - Xo)' (CX — Xo)B.
Since € = CX(X'T*X)" X'T* + AVT*[I-X(X'T*X)"X'T*] and ¥ = T - XX/,
CxC =CXQX'C + A2V(T* —T'X(X'T'X) X'T*)V,
Q=(XT'X) —I=(XT'X) XT'ET'X(X'T'X)",

CV =CX(X'T'X) X'T'V + AVT* [I - X(X'T'X) X'T* ]V,

CX=cx.
The lemma is easily proved by substitution of these equations. O

3 Admissibility of homogeneous linear predictors

In this section, we derive the necessary and sufficient conditions for the admissibility of
simultaneous prediction in class of the homogeneous linear predictors. The best linear
unbiased predictor of § is obtained. Examples are presented to give some admissible pre-

dictors.

Theorem 3.1 Let I' = q'C, where C is a matrix and I, q are vectors with appropriate di-
mensions. If Cy ~ § under the quadratic loss function, then

IXQX'T<A(I'X-q'Xo)(X'T*X) X'T*V'q+I'XQX{q,
where Q= (X'T*X)" - 1= (X'T*X) X T' ST X(X'T*X)".

Proof Since Cy ~ § and I' = ¢'C, by Lemma 2.1, I'y ~ q'§ for any 1 x m vector q. Suppose

k be a real constant and 0 < k < 1. Let
I = [kl/X +(1- k)q/Xo] (X/T"X)_X’T+ +Aq' VT [1 - X(X/T+X)_X’T+].
The risk of Ly is

R(Iy; B) = [KI'X + (1 - K)@'Xo]Q[KI'X + (1 - k)q'Xo] + 2%q'Z0q
—2[KIX + (1 - )Xo | (X'T*X) X'T*V'q

2qVTHI-X(X'T'X) X'T|V'q+ [B (IX - qX) ]
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Since I'y ~ q'y, and by Lemma 2.3, Lemma 2.4 and I' = ¢'C, the risk of I'y is

R(I'y; B) =I'XQX'] + x°q'Zoq - 2\ X(X'T*X) X'T*V'q

— )\2q/v(-’-+ _ T+X(X/T+X)*X/T+)V/q + [‘B/(I/X _ q/xo)/]z’
and for any k € (0,1), R(I'y; B) < R(l,y; B). It means that

R(I'y; B) - R(Ly; B)
= (1-K*)IXQX'1-2(1 - k)M X(X'T*X) X'T*V'q
—2k(1-Kk)g'XoQX'] - (1 - k)*q'X0QX,q
+2(1 - k)Aq'Xo(X'T*X) X'T*V'q <0.

Divide both sides of the above inequality by 1 — k and then let kK — 1, we have
I'XQX'l <A (I'X - q'X,) (X'T*X) X'T*'V'q + IXQXq. O

Theorem 3.2 For the model (3), Cy ~ § in LH under the quadratic loss function if and
only if
(1) CX = CX (equivalently M(EC - \V') € M(X)), and
(2) CXQX'C' < A(CX - Xo)(X'T*X)"X'T*V' + CXQX,, where
Q=XTX)" —1=X'TX) XT'STXX'T*X)", and
(3) M(CX —Xy) = M(G), where
G = (CX — X0)Q(CX — Xo)' + (CX — Xo)[MX'T*X)"X'T*V' - QX'C].

Proof Necessity:
(i) The condition (1) is shown in Lemma 2.3;
(ii) Since Cy ~ &, then n’Cy ~ 3’8 for any § € R” by Lemma 2.2. Let I'=y’Cand q' = ’
in Theorem 3.1, we have

n'CXQX'C'y < An'(CX — Xo)(X'T*X) X'T*V'y + n'CXQX{. (4)

To prove condition (2), we can only prove that A(CX — Xo)(X'T*X)"X'T*V' + CXQX|, is
symmetric from (4). Using reduction to absurdity and suppose A(CX —Xo)(X'T*X)"X'T*V' +
CXQXj, is not a symmetric matrix. With this assumption and the fact that CXQX ’C’ and

(CX — X0)Q(CX — Xo)' are both symmetric positive semi-definite matrices, we have

AMCX = Xo)(X'T*X) X'T*V' + CXQX;, — CXQX'C’
= —(CX - X0)QX, — (CX — Xo)Q(CX — X,)’

+M(CX = Xo)(X'T*X) X'T*V
is not symmetric and hence

~(CX — X0)QX), + A(CX - Xo) (X'T*X) X'T*V'
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is not symmetric. By Lemma 2.2, there exists an orthogonal matrix P such that

tr{P[~(CX = Xo)QX{, + 1(CX - Xo) (X' T*X) X'T*V']}
> tr[~(CX — X0)QX{ + A(CX = Xo)(X'T*X) X'T*V']. 5)

Let

H=Xo(X'T'X) X'T" + \WWT*[1-X(X'T*X) X'T"]

—P{Xo(X'T*X) X'T* + 2VT*[I-X(X'T*X) X'T*] - C}
and
H=HX(X'T*X) X'T* + A\WT*[I-X(X'T*X) X'T*].
It is easy to prove that HX = HX. Then with Lemma 2.4 and (5), we have

R(Hy; B) = R(Hy; B)
= tr{(CX — Xo)Q(CX — X,)' + 2P(CX — X)QX, + XoQXj,
—20P(CX — Xo)(X'T*X) X'T*V — 20X (X'T*X) X'T*V + 2%,
—22VTHI-X(X'T*X) X'T*]} + B/(CX — Xo)' (CX - Xo)B
< B'(CX - Xo)' (CX — Xo)B + tr{ CXQX'C' - 20CX(X'T*X) X'T'V
= PVTI-X(X'T'X) X'T*] +2*%,}

= R(Cy; B),
which contradicts the admissibility of Cy. Thus,
—(CX = X0)QXy, + L(CX — Xo)(X'T*X) X'T*V'
is symmetric and then
MCX = Xo)(X'T*X) X'T'V' + CXQX,

is symmetric. From (4), condition (2) is proved.
(iii) With the expression of G, it is obviously seen that

M(G) € M(CX = Xo). (6)

IfCX = Xy, M(CX—Xo) C M(G).If CX # Xy, we also use reduction to absurdity and suppose
that, for any nonzero vector 5, 'Gy = 0, namely

0'(CX = X0)Q(CX — Xo)'n + 0 (CX — Xo)[A(X'T*X) X'T*V' - QX'C'|y = 0.
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Since (CX — Xo)[A(X'T*X)"X'T*V' — QX'C'] is symmetric and nonnegative definite by the
proof of condition (2), G > 0 and

n'(CX — X0)Q(CX - Xo)'n =0,

7 (CX —Xo)[A(X'T*X) X'T'V' —QX'C]y =0,
which are equivalent to

7' (CX - X0)Q =0,
(7)

7'(CX = Xo)[AX'T*X)"X'T*'V'] = 0.
Let &'y be a predictor of 3'y,, where

E =1/ [Xo(X'T'X) X'T* + VT [I-X(X'T'X) X'T*]}.

It can be verified by Lemma 2.1 that R(§'y; B) > R(y'Cy; B) since 'Cy ~ 7n'y,. From
Lemma 2.4 and (7), we obtain

R(n'Cy; B) —-R(£'y; B) = 0 {CXQX'C’ - XoQX[ — 20(CX — Xo)(X'T*X) X'T*V
+B'(CX = Xo)'(CX - Xo)B}n
=1'B'(CX - X,)'(CX — Xo)Bn > 0.

As CX # Xy, there at least exists one B, € R? such that R(y'Cy; By) — R(€'y; Bo) = 0/ By (CX —
Xo)'(CX —Xo)Byn > 0, which is contradicted to the admissibility of ' Cy. Therefore, if CX #
Xo, then #'Gn # 0. Equivalently, if n’Gn = 0, then CX = X,,. Because Gy =0 < n’'G =0,
then if G = 0, 5’(CX — Xo) = 0, namely M(CX — X,) € M(G). Together with (6), M(CX —
Xo) = M(G).

Sufficiency: Let My be an arbitrary predictor of y,, by Lemma 2.3, we only need to prove
that if MX = MY, where M = MX(X'T*X)"X'T* + AVT*[I - X(X'T*X)"X'T*], then My can-
not be better than Cy. Or, we can only prove that there exists at least one B* such that
R(My; 8*) > R(Cy; B*). We divide the issue into two circumstances:

(i) CX =Xo:
If MX # X, it is obviously that My cannot be better than Cy by computing their
risks;
If MX = Xo, R(My; B) = R(Cy; B).
(if) €X #Xo. There are two cases to be discussed:
(a) MX = X,. By condition (2),

R(My;0) - R(Cy; 0) — tr(G)
= tr[XoQX) — CXQX), + A(CX — Xo) (X' T*X) X'T*V']
> tr(XoQX}, — CXQXj, + CXQX'C' — CXQXy)
= [ (€X — X0)Q(CX - Xo)'] = 0.

Since €CX # X and by condition (3), rk(G) = rk(CX — X¢) > 1, and tr(G) > 0. Thus,
R(My;0) > R(Cy; 0) and My cannot be better than Cy.
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(b) MX # X,. If MX = CX, then R(My; B) = R(Cy; B). So we only need to discuss this
issue on the case that MX # CX. By Lemma 2.4 and for any 8, we only need to
consider the admissibility under this circumstance that

B'(MX —Xo) (MX — Xo)B < B'(CX - X,)'(CX — Xo)B,
namely

(MX — Xo) (MX — Xo) < (CX — X,)'(CX — Xo). ®)
It can be shown from (6) that M [(MX — Xo)'] C M[(CX - X,)'], then

(MX — Xo)' = (CX - Xo)'Z, ©)
where

Z = [(€X - Xo)(€X — Xo)']"(CX = Xo)(MX - Xo)'.

By (8), ZZ' < [(CX — X()(CX — X)']*(CX — X)(CX — Xo)' < 1. By (9) and
condition (2), we have
R(My; 0) - R(Cy; 0)
= tr[ (MX — Xo)QMX — Xo)' - 2).(MX — Xo)X'T*X) X'T*V'
+2XoQ(MX — X,) — (CX — X)Q(CX — X,)’
+20(CX = X)X'T*X) X'T*V' - 2X,Q(CX - Xo)']
= [ (1= Z)(1 - Z)'XoQX}, + 2Z(1 - Z)'X,QX'C’
+20(1-2) (CX = Xo) (X' T*X) X'T*V' — (1-2Z')cXQX'C']
> tr[(1 - 2)(1 - Z)'XoQX, + 2Z(1 - Z)'X,QX'C’
+20(1-Z) (CX = Xo)(X'T*X) X'T*V'
~M(I-2Z')(CX ~ Xo)(X'T*X) X'T'V' — (1-22')X,QX'C]
=tu[(I-Z)(I1 - 2)'XoQX;, — 2(1 - Z)(1- Z') X0 QX'C’
+A(1=2Z' +ZZ')(CX = Xo)(X'T*X) X'T'V' + XoQX'C]
=tr[(1 - Z)(1 - Z)'XoQX}, — 2(1 - Z)(I - Z') XoQX'C’
+A(1-Z-2Z' +ZZ')(CX - Xo)(X'T*X) X'T*V' + XoQX'C’]
=tu[(I-2)G(I-2)].

Notice that (CX — Xo)' (I - Z) = (CX — Xo)' — (MX — X,)' = CX — MX # 0 and
together with condition (3), G(I — Z) # 0. Moreover, as G > 0, then

R(My;0) — R(Cy; 0) > tr[ (I - 2)'G(I - 2)] > 0,

which means My cannot be better than Cy.
In summary, the proof is complected. d
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Corollary 3.1 For the model (3), if X > 0, then Cy ~ § under the quadratic loss function if
and only if

(1) C=CXX'ZT X)) XZ L+ AVEI-XX'ZX)"X'2Y], and

(2) €XQX'C’ < A(CX - Xo)X'Z7'X)" X'Z7'V' + €CXQX),.

Proof 1If ¥ >0, then T >0 and

T =T =3 X1+ X ZX) X'z,

XEZX(I+XZX)XE = 1- (1+XZ7X) X2 1o
Therefore,
XT = (1+X'27X)7'x's! (11)
and
XXTX) XT = X[(1+ X' =7 X) X' Z7X] (1 + X'57'X) "' X'
=X(X'Z7'X) X'z (12)

By (10), (11) and (12), conditions (1), (2) in Corollary 3.1 hold and condition (3) in Theo-
rem 3.2 holds naturally since rk(CX — Xy) = rk(G). O

Remark 3.1 As § =y, when A =1 and 8§ = Ey, when A =0, it is convenient to obtain the
sufficient and necessary conditions for the predictors of y, and Ey, to be admissible from
Theorem 3.2 and Corollary 3.1.

Corollary 3.2 For model (3) and under the quadratic loss function, the best linear unbi-
ased predictors of 8, y, and Ey,, are

SsLup = Cy = Xo(X'T*X) X'T'y + AVT* [y - X(X'T'X) X'T*y],
Fope = Xo(X'T'X) XT'y + VT* [y~ X(X'T'X) X'T*y],

Eyos o = Xo(X'T'X) X'Ty.

Proof Let Cy+ube thelinear unbiased predictor of §. E(Cy +u) = Eé gives that CX = X, and
u=0.Let C=XoX'T*X)"X'T* + A\VT*[I - X(X'T*X)"X'T*], the corollary is easily proved
by verifying the conditions in Theorem 3.2. O

We give some admissible predictors in the following examples.

Example 3.1 Suppose X > 0, the best linear unbiased predictor of y, in [1] is ¥, , =
XoX'ZX)X'Ely + VEII - XX'Z'X)" X' = y. Let Bpye = X' TX)X'Zly.
90591) = XOBBLUE is the simple projective predictor of y, in [6]. Note that E]?OBLUP =Ed§ =
Eyg,,» Which means ﬁoBLUP and 9031’1’ are also unbiased predictors of §. If A = 1, then by
Corollary 3.1, yOBLUP ~¥,, and therefore )A/OBLUP o § if A #1.If & = 0, then by Corollary 3.1,
Yogp ~ E¥o, which means if 1 #0, y,,, = 8.
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Remark 3.2 Example 3.1 indicates that the unbiased predictors of § are also the unbiased
predictors of y, and Ey,;, and the unbiased predictors of y, and Ey, are also the unbiased
predictors of § since E§ = Ey, = E(Ey,) = Xo8. However, admissibility of those predictors
for each studied variables are different.

Example 3.2 Suppose V =0, X > 0 and rk(X) < p in model (3). Suppose tmax be the maxi-
mum eigenvalue of X'X, non-stochastic scalars k >0 and 6 = % Let

D =B —B[l, —0X(X'X +kl,) "' X'] [l —0X(X'X + k1,) " X'],

where B is an m x n arbitrary matrix. If Xo = 0DX, then by Corollary 3.1 without tedious
calculations, Xo(X'X + kI,)' X'y ~ §.

Remark 3.3 Denote Bridge as the ridge estimator of § in model (1) when X > 0 and
rk(X) < p. Example 3.2 indicates that in particular linear regression model, if X, and X

have some relations, we can use the ridge predictor XoB as the admissible predictor

ridge
for 8, especially for y, and Ey,,.

4 Admissibility of nonhomogeneous linear predictors

In this section, we investigate the admissibility of simultaneous prediction in class of non-
homogeneous linear predictors, and we obtain the necessary and sufficient conditions.
Studies show the admissibility of simultaneous prediction in the class of nonhomogeneous
linear predictors is based on the admissibility of simultaneous prediction in the class of
homogeneous linear predictors.

Theorem 4.1 For the model (3), Cy + u ~ § in LN under the quadratic loss function if
and only if

(1) Cy~din LH, and

(2) ue M(CX - Xy).

Proof Necessity: Suppose by contradiction that u ¢ M(CX — X,) and P = (CX — X)[(CX —
Xo)' (CX — X))~ (CX — Xo), then (I — P)u # 0 and

R(Cy +u; B) = E[(Cy + u— Ay, — (1= 1)XoB) (Cy +u - Ay, — (1 - 2)XoB)]
= u[€CTC) + 12To - 24 (CV')] + B/(CX - Xo)'(CX - Xo)B
+u'u+2u'(CX-Xy)B
= r[CEC) + A*Zo — 24(CV')] + B'(CX — Xo)' (CX - Xo)B
+UPu+u(l-P)u+2u(CX-X,)B
> [ CEC) + 42X — 24(CV')] + B'(CX - Xo) (CX - Xo)B
+U'Pu+ 2u'P(CX — X,)B

=R(Cy + Pu; B). (13)

This contradicts the fact that Cy + u ~ §, and therefore u € M(CX — Xj).
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Now suppose u € M(CX — Xy) while Cy is not admissible, then there exists a predictor
Hy € L # ofy, such that R(Hy; ) < R(Cy; B) for any 8 and the inequality holds at least at
some . As u € M(CX — X,), there exists some vector p such that u = (CX — Xo)p. Then,
similar to the derivation of (13),

R[Hy + (HX - Xo)p; B]
=t[HEH) + A*Zo - 24 (HV')] + B'(HX - X,) (HX — Xo)B
+ P (HX = Xo)' (HX = Xo)p + 2p' (HX — Xo)'(HX — Xo)B
= tu[HEH) + A>E - 2A(HV')] + (B + p)'(HX — Xo) (HX — Xo)(B + p)
=R(Hy; B +p)
<R(Cy;B +p)
=tr[CEC) + A>T - 24(CV')] + (B + p) (CX - X,) (CX — Xo)(B + p)

=R(Cy +p; B)
at any f and the inequality holds at 8 = 8, — p, which contradicts Cy + u ~ §. Therefore,
Cy is admissible.
Sufficiency: Suppose Ny + v is a predictor of y, and for any 8 € RP, R(Ny +v; 8) < R(Cy +
u; B). Let P, and P, be the orthogonal projection matrices onto M(NX — X) and M(CX —
Xo) respectively. Since u € M(CX — Xp), there exist §, and §,, in R? such that

P,v = (NX —Xo)B,,

u=P,u=(CX-Xo)B,.
According to the derivation of (13), we have
R(Ny + P,v; B) < R(Ny +v; B) < R(Cy + u; B) = R(Cy + P,u; B). (14)
Equation (14) holds for any f so that

(NX —Xo)' (NX - Xo) < (CX — Xo)'(CX — Xo), (15)

R(Ny + P,v; B) = R(Ny; B + B,) <R(Cy; B + B,) = R(Cy + P,u; B). (16)
Let B = —B,, in (16), we have

R(Ny;0) < R(Hy; B, - B,) = R(Cy;0), (17)
and by (15) and (17),

R(Ny; B) = R(Ny;0) + B'(NX — Xo)'(NX — Xo)B 18)
<R(Cy;0) + B'(CX — X,) (CX — Xo)B = R(Cy; B).
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Since Cy ~ § and B is arbitrary, (18), (17) and (15) successively gives

R(Ny; B) = R(Cy; B),
R(Ny;0) = R(Hy; B, - B.) = R(Cy;0), (19)
(NX - Xo)' (NX — Xo) = (CX — X)) (CX — Xo). (20)

By (19), we have

(ﬁv - ﬂu)/(NX_XO)/(NX _XO)(ﬂv - ﬂu) = O;

namely (NX — Xo)(B8, — B,,) = 0. In addition, by (20),

R(Ny; B + B,) = R(Ny; 0) + (B + B,) (NX — Xo)'(NX — Xo)(B + B,)
=R(Ny;0) + (B + B,) (NX — Xo)' (NX — Xo)(B + B,)
=R(Cy;0) + (B + B,)(CX —Xo) (CX ~ Xo)(B + B.)
=R(Cy; B+ B.),

and hence (16) < R(Ny; 8 + B,) = R(Cy; B + B,,) < R(Ny + P,v; B) = R(Cy + P,u; B). Con-
sequently, (14) means that, for any B € R” and any predictor Ny + v € LN of y,, if
R(Ny +v; B) < R(Cy + u; B), then R(Ny + v; B) = R(Cy + u; ), namely Cy + u ~ 4. (]

Remark 4.1 Theorem 4.1 shows the relation between the admissible homogeneous and
nonhomogeneous linear predictors, and indicates that the admissibility of the homoge-
neous linear predictor is more significant. To derive an admissible predictor Cy + u in
LN, we can derive the admissible predictor Cy in £ J# beforehand.

5 Concluding remarks

In this paper, we investigate the admissibility of linear prediction in the generalized linear
regression model under the quadratic loss function. Predictions are based on a compos-
ite target function that allows one to predict actual and average values of the unobserved
regressand simultaneously, according to some practical needs. Necessary and sufficient
conditions for the simultaneous prediction to be admissible are obtained in classes of ho-
mogeneous and nonhomogeneous linear predictors, respectively. Although the unbiased
predictors of the composite target function are the unbiased predictors of the actual and
average values of the unobserved regressand and vise versa, yet the admissibility of these
predictors for each studied variables are different. Under some circumstances, the ridge
predictor is admissible although it is biased. However, whether the admissible linear pre-
diction is minimax under quadratic loss function is unclear. Further research on the min-

imaxity of admissible simultaneous prediction is in progress.
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