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Abstract

Let H be a k-uniform hypergraph on n vertices with degree sequence

A=dy >--->d,=4.Inthis paper, in terms of degree d;, we give a new upper
bound for the Z-spectral radius of the adjacency tensor of H. Some examples are
given to show the efficiency of the bound.
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1 Introduction
Let A = (a4,4,...4,,) be an mth order n-dimensional real square tensor, x be a real n-vector.
Then we define the following real n-vector:

n
-1 _ m-1] _ -1
Axm = ( Z Ajiy iy Xin * 'xim> ) x" - (xi’ﬂ )lgign'
250l = 1<i<n
If there exist a real vector x and a real number A such that
Ax" 1 = jxtm-1)

then A is called an H-eigenvalue of A and x is called an eigenvector of A associated with
A [1, 2]. If there exist a real vector x and a real number A such that

A=k, xTx=1,

then A is called a Z-eigenvalue of A and x is called an eigenvector of A associated with A.
You can see more about the eigenvalues of tensors in [3-7].

Let ‘H be a hypergraph with a vertex set V(#) and an edge set E(H) = {ej,e3,...,e:}. If
every edge of H contains exactly k distinct vertices, then H is called a k-uniform hyper-
graph. The degree of a vertex i in H is the number of edges incident with i, denoted by d;.
If d; = d for any i € V(H), then the hypergraph # is called a regular hypergraph. Recently,
the spectral radii of hypergraphs have been studied in [8, 9].

Let {i1,...,ix} € E(H) mean that there is an edge containing k distinct vertices iy, ..., i.
Then the adjacency tensor A(H) = (a;,...;,) of a hypergraph H is a kth order n-dimensional
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tensor with entries:
@ il il € EGRD,
@iy ip, = ‘
0, otherwise.

Let D(H) = diag(d;,d>,...,d,) be the degree diagonal tensor of the graph #. Then the
tensor Q(H) = D(H) + A(H) is called the signless Laplacian tensor of the hypergraph #.
The largest modulus of the Z-eigenvalues of the adjacency tensor A(#) is denoted by
pz(H), which is called the Z-spectral radius of the adjacency tensor A(H).

For a k-uniform hypergraph #H, let A =d; > --- > d,, = § be the degree sequence of the
hypergraph H. In 2013, Xie and Chang [8] presented the following upper bound for the
largest Z-eigenvalues pz(H) of adjacency tensors:

pz(H) < A. 1)

In this paper, we give a new upper bounds in terms of degree d; for the Z-spectral radius
of hypergraphs, which improves the bound as shown in (1). Then we give some examples
to compare these bounds for Z-spectral radius of hypergraphs.

2 Preliminaries
Some basic definitions and useful results are listed as follows.

Definition 2.1 ([10]) The tensor A is called reducible if there exists a nonempty proper
index subset J C {1,2,...,n} such that 4;, ;, =0,Vi; €], Viy,...,i,, ¢ J. If Ais not re-
ducible, then we call A to be irreducible.

..... im

Definition 2.2 Let A be an m-order and n-dimensional tensor. We define o (A) the Z-
spectrum of A by the set of all Z-eigenvalues of A. Assume o (A) # @, then the Z-spectral
radius of A is denoted by

pz(A) = max{|k| NS J(A)}.

The concept of weakly symmetric was first introduced and used by Chang, Pearson, and
Zhang [11] in order to study the following Perron—Frobenius theorem for the Z-eigenvalue
of nonnegative tensors.

Lemma 2.1 ([11]) Let A = (a;;y...,,) be a weakly symmetric nonnegative tensor, then the
spectral radius pz(A) is a positive Z-eigenvalue with a nonnegative Z-eigenvector x. Fur-
thermore, if A is irreducible, x is positive.

| A| means that (|A|);;...i,, = |i;...i,,|. Two useful lemmas are given as follows.

Lemma 2.2 Let A and B be two weakly symmetric and irreducible tensors of order m and
dimension n. If B and B — | A| are nonnegative, then pz(B) > pz(|Al).

Proof Let y be the eigenvector associated with 8, where 8 is a Z-eigenvalue of A. Then
we can get

1811yl = [ Ay 1| < LAy Y] < BlyY|.
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By Theorem 4.7 of [11], we have

[m-11y. [m-11y,
(Blyl ),> . (Blyl"H)

B) = max min L > 18]
pz(B) =0 |yi|>0 il >0 [yil = 1P|
Then
pz(B) = pz(lAl). O

Lemma 2.3 Let { Ay} be a sequence of nonnegative, weakly symmetric tensors of order m
and dimension n, and Ay — Ax,1 be nonnegative for each positive integer k. Then

i 40 4,

Proof Let A = limg_, o Ag. Since Ai — Aj,1 is nonnegative, by Lemma 2.2, we know that
{pz(As)} is a monotone decreasing sequence with a lower bound pz(A). So limg_, » A
exists and

A= kli)n;o pz(Ax) = pz(A).

Since {A} is nonnegative, weakly symmetric, then there exists a nonnegative vector x*
such that Az (x®)"1 = p,(A)x® and (xX)Tx®) = 1. Then {x*} is a bounded sequence,
it has a convergent subsequence {y;}. Suppose that y = limi_, o y;. By Ay = pz(Ax)y1,
we get Ay"! = Ay. So A is an eigenvalue of A. Since A < pz(A), we have pz(A) = A. O

3 The Z-spectral radius of tensors and hypergraphs
In this section, let r;(A) = ZZ’””M:I |@iiy...i, | — |@tii...i], we give some bounds on the Z-
spectral radius of tensors and hypergraphs.

Theorem 3.1 Let A be weakly symmetric nonnegative tensors of order m and dimension n.
Then

pz(A) < max 0[1—[ ri% (.A)].

al-l...,'m j:l

Proof Case 1. If A is irreducible, by Lemma 2.1, let u = (i;) be the positive eigenvector
associated with the largest Z-eigenvalues pz(.A) of A. Then

Au™ = pz(A)u.

Let u, = max{u;, - - 4y, : @iy.ip, 70,1 <i1,..., 0, < n}, then

2
PZ(A)%: Z Ajig- iy Uilkiy * * * Uy,

12 =1

Aiiy iy Uilkiy =~ Uy

m

Aoy ---ige #0

<ri(Auy. 2)
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Suppose that u, = ), - - - u;,,. Then, from (2), we can get

rOZ(-A)”‘2 =T (At

J1 —

PZ(A)M;zm <15, (Atq.

m 2
Then, by 4} < uZ,, we have

[1ozud <ur TTri(A) < w2 [ ru(A).
I=1

=1 =1

Therefore,

pz(A) < max 0{1_—[ ri]% (.A)}.

iy iy i1

Case 2. If A is reducible. Let T = (¢;,iy---i,,)» Liyig-ipy, = 1 forall 1 <iy,iy,..., i, < n. Then
A + €T is an irreducible nonnegative tensor for any chosen positive real number €. Now
we substitute A + €7 for A, respectively, in the previous case. When € — 0, the result
follows by the continuity of pz(A + €T). O

By Theorem 3.1, a bound on the Z-spectral radius of a uniform hypergraph is obtained,
we also compare the bound with the result in (1).

Theorem 3.2 Let H be a k-uniform hypergraph on n vertices with the degree sequence
A=dy>--->d,=6.Then

{i1,ix}€E(H

k 1
pz(H) <  max ){Hdif (A)}. (3)
j-1

Proof Case 1. A(H) is irreducible. In this case, by Lemma 2.1, there exists a positive eigen-
vector corresponding to the spectral radius pz(7). Then, by Theorem 3.1, we have

{i1,.ikle

k 1
pz(H) < maXE(H){Hdif (A)}.

Case 2.If A(H) is reducible. Let T = (;4,...4, )» tiyip-iy = L forall 1 <iy, iy, ...,ix < n. Then
A(H) + €T is an irreducible nonnegative tensor for any chosen positive real number e.
Now we substitute A(H) + €T for A(H), respectively, in the previous case. When € — 0,
the result follows by the continuity of pz(A(H) + €T). O

Remark Obviously, we can get

k 1
max At <A,
{i1em ik}EE(H)[H ’/( )} -

That is to say, our bound in Theorem 3.2 is always better than the bound in (1).
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Table 1 Upper bounds for the hypergraphs H and H>

We now show the efficiency of the new upper bound in Theorem 3.2 by the following
examples.

Example 1 Consider 3-uniform hypergraph #; with a vertex set V(#;) = {1,2,3,4,5,6,7}
and an edge set E(H1) = {e1, 3, €3}, where e; = {1,2,3}, e = {1,4,5}, e3 = {1,6,7}.

Example 2 Consider 3-uniform hypergraph #, with a vertex set V(#,) = {1,2,3,4,5,6,7}
and an edge set E(H,) = {e1, ez, €3}, where e; ={1,6,7}, e2 = {2,6,7}, e3 = {3,6,7}.

From Table 1, we can find that bound (3) is always better than (1).

4 Conclusion

In this paper, we get a new bound for the Z-spectral radius of tensors. As applications,
in terms of the degree sequence d;, we obtain a new bound for the Z-spectral radius of
hypergraphs, which is always better than the bound in [8]. We list two examples to show
the efficiency of our new bound.
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