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Abstract

Let W, (x) = xI,(x)/1,+1 (x) with /, be the modified Bessel functions of the first kind of
order v. In this paper, we prove the monotonicity of the function

(W, (x) = p)? = Qv +2 - p)?

X =
X2

on (0, oo) for different values of parameter p with v > —2. As applications, we deduce
some new Simpson-Spector-type inequalities for W, (x) and derive a new type of
bounds p + r/x? + g2 (r > 0) for W, (x). In particular, we show that the upper bound
U(Vz_% (x) for W, (x) is the minimum over all upper bounds {Ug)(x) p<v-1,v>=-2}
where

v+2-p
2 () —
Up (X)p+\/TX2+(2V+2—,D)2,

and is not comparable with other sharpest upper bounds. We also find such type of
upper bounds forv—1<p<min{v+1/2,2v+2} withv>-2andfor2v+2<p<
v+ 1/Qv+5) with -2 <v < -3/2.

MSC: Primary 33C10; secondary 39B62
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1 Introduction
The modified Bessel functions of the first kind of order v, denoted by I,(x), are a class of
particular solutions of the second-order differential equation [1, p. 77]

d? d
xzd_xz +xd—i - (x> +v*)y =0, (1.1)

which is represented explicitly by the infinite series

2 (x/2)> (x/2)" o (x/2)*
1(x) = X_O: MC(v+n+l) T+l X_O: nl(v+1), xeRveR\{-1,-2..} (12)
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where

I'(a+ n)
I'(a)

(@p=a@a+1)---(a+n-1)= forn e Nand (a)g =1
with a #0,-1,-2, ...

It is well known that the ratio W, (x) = x1,(x)/I,,1(x) plays an important role in the finite
elasticity [2, 3] and epidemiological models [4, 5]. It was proved in [2, Theorem 2] by
Simpson and Spector that W, is strictly increasing and convex on (0, 00) for v > 0, and the
inequality

W, (x)2 - (2v + 1) W, (x) - <x2 +V+ %) >0 (1.3)

holds for x > 0 and v > 0. For this, such an inequality similar to (1.3) was called Simpson—
Spector-type inequality for W, (x) by Yang and Zheng [6, p. 2]. In [7, Proposition 5] Neu-
man presented a reversed version of (1.3):

1 3
W, (%)% — (2v + 1) W, (x) — <x2+v+ 5) <V+ 2 (1.4)
for x >0 and v > —3/2. In 2007, Baricz and Neuman [8, Theorem 2.2] extended the range
of v from v > 0 to v > -2 such that W, is strictly increasing on (0, 00), and showed that the

inequality
W, (x)2 = 20W,(x) — x> > 4(v + 1) (1.5)

holds for x > 0 and v > —2. Very recently, Yang and Zheng in [6] got the necessary and
sufficient conditions for the Simpson—Spector-type inequality S, (x) < u or S, (x) > [ to
hold for x > 0 by establishing the monotonicity of S, (x) in x € (0, o0) with v > —3/2, where

Sp,v(x) = vyv(x)2 - 2va(x) - xz,

which actually answered an open problem recently posed by Hornik and Griin in [9]. Other
similar or equivalent inequalities involving the ratio W, (x) can be found in [10, Egs. (11)
and (16)], [11], [12, E1. (A.5)], [13], [14, Theorem 1.1], [15, Eqs. (22) and (61)], [9, 16-18]
and the references therein.

Motivated by these above-mentioned recent papers, the main aim of this present paper
is to prove the monotonicity of the function

(W, (x) - p)* - (2v + 2 - p)*

. (16)

Fp(x) =
on (0, 00) for v > —2. Our main result is stated as follows.

Theorem 1.1 Forv > -2, let the function F, be defined in (0,00) by (1.6) and c, be defined
by

2P+ + v -4

1.7
212 +11v+ 16 (1.7)
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i) Ifp>=v+1/2forv>-3/20rp >c, for -2 <v < —3/2, then the function F, is
increasing from (0,00) onto (2v + 2 —p)/(v +2),1).
(ii) Ifp <v-1,then F, is decreasing from (0,00) onto (1,(2v + 2 — p)/(v + 2)).
(iil) Ifv—1<p<v+1/2, then there exists an xy > 0 such that F, is increasing on (0,%),
and decreasing on (xy, 00). Consequently, it holds that for x > 0,

. [2v+2-p
- A 1 F A ) 1.8
mln{ ") }< (%) < Ap (1.8)

where A, = F,(x0), and xo is a unique solution of the equation Flg(x) =0o0n (0,00).
(iv) Ifv+1/2 <p<c, for =2 <v < —=3/2, then we have

2v+2-p

3 <F,(x) <6, (1.9)

for x>0, where 6, = sup,.,o F,(x). The lower and upper bounds for F,(x) are sharp.

The rest of this paper is organized as follows. In Sect. 2, some lemmas are listed. The
proof of Theorem 1.1 is presented in Sect. 3. In Sect. 4, as applications of Theorem 1.1,
some Simpson—Spector-type inequalities for W, (x) are established in Sect. 4.1; in Sect. 4.2,
anew type of bounds p +r\/x2 + g* (r > 0) for W, (x) for p < 2v+2 with v > -2 is established,
and a new Amos-type upper bound p + \/m for -2 < v < -3/2 is presented; some
computable bounds for W, (x) for v—1 < p < min{v+1/2,2v+2} with v > =2 and for 2v+2 <
p<v+1/(2v+5) with -2 < v < —3/2 are found in Sect. 4.3.

2 Lemmas
To prove Theorem 1.1, we need some lemmas. The following lemma which comes from
[19, (3.5)] (see also [20]) is useful.

Lemma2.1 Let I, be the modified Bessel function of the first kind of order v, which is showed
by (1.2). Then we have

1 O wtrv+n+l), [x\T
L)L) = Fu+1)'(v+1) MX:(; nl(u+1),v+1), (5) ’ @D

In particular, we have

Qv+n+1), vy
I(x)? 22 v+ 12 <§) ) (2.2)

Lemma 2.2 ([21]) Let A(x) = Y 5o Oakx and B(x) =Y r- obkxk be two real power series
converging on (—r,r) for some r > 0 with by > 0 for all k. If the sequence {ay/by} is increasing
(or decreasing) for all k, then the function x — A(x)/B(x) is also increasing (or decreasing)
on (0,r).

Lemma 2.2 is a powerful tool to deal with the monotonicity of the ratio between two
power series. An improvement of Lemma 2.2 has been presented in [22, Theorem 2.1].
A similar monotonicity rule for the ratio of two Laplace transforms was established in [23,
Lemma 4] (see also [24]).
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Lemma 2.3 Let A(x) =Y o) arxk and B(x) = > o bix* be two real power series converg-
ing on R with by > 0 for all k. If, for certain m € N, the non-constant sequence {ay/bi} is
increasing (or decreasing) for 0 < k < m and decreasing (or increasing) for k > m, then
there is a unique xy € (0,00) such that the function A/B is increasing (or decreasing) on
(0,x0) and decreasing (or increasing) on (xy, 00).

Lemma 2.3 first appeared in [25, Lemma 6.4] without giving the details of the proof. Two
strict proofs were given in [22] and [26]. Another useful tool associated with Lemma 2.3 is
the sign rule of a class of special series or polynomials, see, for example, [25, Lemma 6.3],
[27, Lemma 7], [28]).

Lemma 2.4 ([29, Problems 85, 94]) If two given sequences {u,},>0 and {v,} >0 satisfy the

following conditions:
> u
. n
vy >0, E v,t"  converges for all values of t, and lim — =s;
5 n—>00 Yy,
n=

then o2, u,t" must be convergent for all values of t too, and

3 Proof of Theorem 1.1
Now we are in a position to prove Theorem 1.1.

Proof Let us write F,(x) as follows:

&1, (x)* = 2pxl,(0)Ly1 (%) + 4(v + Dp —v =D (x)* _ filx)

Folx) = Pl () e’

where

fix) = 221, (%)% = 2pxl, ()1 (x) + 4(v + 1) (p — v = 1)],11 (%),

fZ(x) = x21v+1(x)2'
Using formulas (2.1) and (2.2), we have

_ 1 0 (n+2v+1), n+2v+2),
A = 1 ;[4 A+ 12 Pl Dy v+ 1),

(n+2v+3), (x>
+4(v + 1)(P—V_1)W]<§>

n+l

4(x2/4)v+1 0 x2 n
T T(v+1)? ‘— M\ )

2+ Gv-2p+4n+v+1)dv+1)-p2v+1) (n+2v+2),
Cn+2v+1)n+v+1D)(n+2v+2) nl(v+1)2
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and
1 X (m+2v+3), [ x)H2
= L, (x) = 2 nfx
fo®) = 5l () F(v+2)2x HX:(; nl(v +2)2 <2)
4(x2/4)v+1 oo x2\"
=—3 b=,
C(v+1)2 21: ”(4)
where
n (n+2v+2),

" ont 2w+l nl(v+1)2

Therefore, F,(x) can be written in the form of

4(x2/4)V*! oo x>
[(v+1)2 n=1 an(T)n _ Zzio a"+1(x2/4)n

4(x2/4)v+1 2 - o8} 2 ‘
Foar Lt aCp)" - Lo buna 214"

Fp(x) =

A direct computation yields

an n2+(5v—2p+4)n+(v+1)(4v+1)—p(2v+1)/ n
bn_n Cun+2v+1)n+v+1)(n+2v+2) 2n+2v+1

W+ (5v—2p+4n+(v+1)Av+1)—pQv+1)

= ; 3.1
m+2v+2)(n+v+1) 31
and from Lemma 2.4 we get
a 2v+2-p . Qn
FP(O) = b—1 = W and FP(OO) = nli)n(;lo b_n =1. (32)

Therefore, to show the monotonicity of the ratio f;/f;, it suffices to observe the mono-
tonicity of the sequence {a,/b,},>1. Since b, > 0 for n > 1 and v > -2, we have

A1 dp 212 +4(v + D+ v(2v + 3)

b,.1 by - n+2v+2)m+2v+3)n+v+1)(m+v+2) [p —gn(v)], (33)
where
Qv+ D2+ @2 +4v-Dn+Qv+3)(v=-2)(v+1)
gn(V) = ’

2n2 +4(v+ Dn+v(2v + 3)

22v+3)(n+v+2)(m+2v+3)
272 + 4(v+ D)n +v(2v + 3)][12n2 + 4(v + 2)n + (v + 2)(2v + 3)]

Zn+l (V) —4n (V) =

=0 ifv>-2andn>1,
= 72]/245‘3216 >0 if —2<v<—% andn=1, (3.4)
<0 if —2<v<-3andn>2.

2

This shows that the sequence {g,(v)},>1 is increasing if v > —3/2, and increasing for n = 1, 2
then decreasing for n > 2 if -2 < v < —3/2. Consequently, we deduce that for n > 1,

V=1 = g1(v) < ga(v) < golv) = v+% (3.5)
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ifv>-3/2 and

V1200 <V 3 =g <) <) =a 6)

if =2 < v < -3/2, where ¢, is given by (1.7).

Now we discuss the monotonicity of F,, by dividing it into two cases.

Case 1.v> -3/2.

Subcase 1.1. p > goo(v) = v + 1/2. From relation (3.3) it is obtained that the sequence
{a,/b,}u=>1 is increasing. By Lemma 2.2 it follows that the ratio f; /f; is increasing on (0, 00).

Subcase 1.2. p < g1(v) = v — 1. It is seen that the sequence {a,/b,},>1 is decreasing, and
from Lemma 2.2 it follows that the ratio fi/f; is decreasing on (0, 00).

Subcase 1.3. v -1 < p < v + 1/2. Noting that the sequence {/,(v)},>1 = {p — 2s(V)}n>1 is

decreasing, and

) =p-a()=p-wv-1)>0,

hoo(v)<p—goo(v):p—<v+%><0,

it is seen that there exists 7y > 1 such that /,(v) > 0 for 1 < #n < ng, and 4,(v) < 0 for n >
no. This implies that {a,/b,} is increasing for 1 < n < ny and decreasing for n > ny. By
Lemma 2.3 it is derived that there is x > 0 such that the ratio f;/f; is increasing on (0, xo)

and decreasing on (xp, 00). Consequently, we have

min{w,l}:min{ L) fl(x)}<ﬁ<f1(xo) (3.7)

lim——, 1 —
) 0 fox) o0 fo) | = ) — folwo)

for x > 0, that is, inequalities (1.8) hold.
Case 2. -2 <v < =3/2.
Subcase 2.1. p > g (v) = ¢,. In the same way, we get that the ratio f;/f; is increasing on
(0, 00).
Subcase 2.2. p < g1(v) = v—1. Similarly, we find that the ratio f; /f; is decreasing on (0, 00).
Subcase 2.3.v—1=g1(v) <p < goo(v) = v + 1/2. We have

@ am_ p-(-1)
by, b 200+2)(v+3) "

and notice that g,(v) > g5 (v) = v + 1/2 for n > 2. Hence, we get that for n > 2,

n+ n 1 1
sgn(zn: - Z—n> =sgn(p - g.(v)) <v+ 5 (V+ E) =0.

This shows that the sequence {a,,/b,} is increasing for n = 1,2 and decreasing for n > 2. By
Lemma 2.3 it is derived that there is xo > 0 such that the ratio fi/f; is increasing on (0, xo)
and decreasing on (xg, 00). Therefore, inequality (3.7) holds, which implies inequalities
(1.8).
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Subcase 2.4. v+ 1/2 = goo(v) < p < g2(v) = ¢,. We easily check that a,/b; — a;/b; =0, and
forn>2,

a, a1 mW+GV-2p+dn+V+1)Av+1)—pRv+1) 2v+2-p

b, b n+2v+2)(n+v+1) v+2

m+vp—nv—1*+v+2

:(n—l)(v+2)(n+v+1)(n+2v+2)

2(n_1)(n+v)(v+1/2)_,11,_1,2+V+2
W+2m+v+Dm+2v+2)

- 1( 1 n+3v+4 .

= V- (v+2)(n+v+1)(n+2v+2)>.

This yields

E,(x) = Yo o Ans1 (62 /4)" N Yo o(@1bu1/by) (x/4)" @ _2v+2-p
’ > o b1 (x2/4)" > o o busi (x2/4)" b v+2

for x > 0. Since F,,(0) = a1/b,, we see that the inequality is sharp.
The continuity of the function F,(x) on (0, oo) together with F,,(0) = @,/b, and F,(o0) =1
means that F,(x) is bounded on (0, 00), so sup,., Fy(x) exists, which completes the proof. []

Remark 3.1 In Subcase 2.4: v + 1/2 < p < ¢, for -2 < v < =3/2, we see that the sequence

{h,(V}uz2 = {p — g.(v)} 2 is increasing, and
hh(V)=p-gV)=p-c, <0,

hoo(v)<p—goo(v):p—(v+%>>0,

which implies that there exists n; > 2 such that /,(v) < 0 for 2 < n < n; and h,(v) > 0 for
n > n;. This indicates that the sequence {a,/b,} is decreasing for 2 < n < n; and increasing
for n > n;. Since

a, d p-(v-1)

e )
b, b 2(V+2)(V+3)>

we find that the sequence {a,/b,} is increasing for n = 1,2, decreasing for 2 < n < n;, and
increasing for n > n;.

Clearly, we are not able to describe the monotone pattern of f; /f, by directly using Lem-
mas 2.2 and 2.3. We here guess that there are two x1, xp with x; > x; > 0 such that fi/f; is
increasing on (0,x1) U (x5, 00) and decreasing on (x1,x5).

4 Some new type of bounds for W, (x)

4.1 Simpson-Spector-type inequality for W, (x)
It is clear that

F,(x)<(>)c <= (Wv(x) —p)2 —(2v+2-p)? < (>)ex?,

where the latter indeed offers some new Simpson—Spector-type inequalities for W, (x). In
fact, by Theorem 1.1 we immediately get the following.
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Proposition 4.1 Let

£ - 1 - 3 E - 9 3
= V+ -, V=—=1, = — Cyy— V<—=1,
S L) 2 L
1

Es={p<v-1,v>-2}, E4={V—1<p<v+§,v>—2},

Es = L < 2 3

5= v+2_p<c,,,— <v<-o
where c, is given in (1.7). Then the double inequality

ax® < (Wy(x) —p)2 —(2v+2-p)? < Bx? (4.1)
holds for x > 0 and v > -2 if and only if

a <I1(p) =mm{w, }’

+2
1 lf(p,V)GEluEz,
2v+2— .
V:Jrzp éf(pr V) € E37
)‘P gf(p, V) € Ey,
917 l.f(p’ V) € ES)

B>ulp) =

where 6, = sup,.., F,(x) if (p,v) € E5, and

. (W, (x0) —p)* — 2v + 2 - p)?
P~ 2 ’
X0

and here xy is the unique solution of the equation
3 2 2 2 _
¥y’ —(p+2v+1)y —(x —2pv)y+px +4v+1)p-v-1)=0 (4.2)
on (0, 00) with y = W, (x).

Proof (i) By Theorem 1.1 we see that the left-hand side inequality of (4.1) holds for x > 0

if and only if
s if (p,v) € Ey UE,,
1 if (p, v) € Es,
o <

min{2222,1} if (p,v) € Es,

2v+2—, .
=E if (p,v) € Es.

B v e EUEUEUEN{p=vy>-2)),
1, if(p,v) e E3U(EsN{p=<v,v>-2}).
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It is easy to check that

E; UEZUESU(E4ﬂ{va,v>—2}) ={p=v,v>-2}

EgU(E4ﬂ{p§v,v>—2})={p§v,v>—2},

which indicate that o < I(p).
(ii) The necessary and sufficient conditions for the right-hand side inequality of (4.1) to
hold are obvious.

(iii) As shown in Simpson and Spector [2], W, satisfies the Riccati equation
2W/(x) =& + 2(v + D)W, (x) — W, (x)%
Then

3
X 4 !
S B = (Wal) = p)xW, () = (Wilx) = p)” + (v +2-p)?
= (y—p)(x2 +2(v+ l)y—yz) —(y-p)*+2v+2-p)?
=+ (p+2v+ 1)y + (6 - 2pv)y —pa® —4(v+ )(p-v—-1),
where y = W, (x). Clearly, if x¢ is the unique solution of the equation Flg(x) =0 on (0,00),

then so is equation (4.2) on (0, c0).
This completes the proof. O

Remark 4.2 Taking p = v + 1/2 in Proposition 4.1 gives

2v+3
2V + 4

3
2 < W,(x)* = Qv+ )W, (x) —2(v+ 1) <a? forx>0andv> —5

where the left-hand side inequality holds for x > 0 and v > -2, the right-hand side one is
inequality (1.4).
Setting p = v in Proposition 4.1 yields

x2 < W, (x)> = 2vW,(x) —4(v + 1) < A,x®  forx>0andv> -2,

where the left-hand side inequality is inequality (1.5).
In addition, putting p = ¢, with =2 < v < -3/2 in Proposition 4.1, where ¢, is given in

(1.7), we obtain a new Simpson—Spector-type inequality, which is stated as a corollary.

Corollary 4.3 Let -2 < v < —3/2. Then the double inequalities

2v+3)¥+3)(v+4) 2

v+2)2v2 +11v + 16)

W+ N +9v—4 Qv+5Wv+Dy+2)
Wv(x) - <X

212 +11v + 16 212 +11v+ 16

<W,(x)*-2

hold for x > 0. The lower and upper bounds are sharp.
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4.2 Sharp bounds for W, (x) in the form of p + r/x? + g2
A bound in the form of

Ap,q(x) =pt+y x% + 0]2 (4.3)

for the ratio W, (x) is known as Amos-type bound (see [6, 9, 10]). In this subsection, we
will give another type of bounds in the form of

By gr(x) =p+ryx? +q? (4.4)

for W, (x) by Proposition 4.1. Clearly, B, ;1(x) = A, 4(x).
As mentioned in Introduction, Baricz and Neuman [8, Theorem 2.2] (also see [6,
Lemma 4.2.]) have shown that W, is strictly increasing from (0, 00) onto (2v + 2, 00) for

v > —2. This implies that W, (x) — p > 0 for p < 2v + 2, and then the double inequality of (4.1)
is equivalent to

prJax?+2v+2-p)2 < W,(x) <p+/Bx2+2v+2—p)? (4.5)

for x > 0 and p < 2v + 2 with v > —2. Thus from Proposition 4.1 we derive the following
statement.

Proposition 4.4 Let Ey = {p < 2v+2,v > =2}. (i) The double inequality (4.5) holds for x > 0
and (p,v) € Ey if and only if

2W+2—
o Sl@):mln{u; }’
+2
1 ifp=v+gv=-3
B=u*(p) = 21/:32—17 ifp<v-1,v>-2,
Ap ifv—1<p<min{v+%,2v+2},v>—2,

where A, is as in Proposition 4.1.
(ii) Furthermore, let

Ly(x)=p+ \/Otma,(x2 +(2v+2-p)2?, (4.6)

Uy(x) = p + v/ Brink® + (2v + 2 — p)2. (4.7)

Then we have

max L,(x)=v++/a2+v+2)?=L,(»), (4.8)
P<2v+2,v>-2
_ 1 , 3\ o
pzwglzl,‘l/lZ_Bu U,(x)=v+ 5 + (2 + v+ 2 =U, (), (4.9)
. v+3 5 5 (2)
p<£111£1>72 Uy,(x)=v—-1+ mx +(v+3)2:=U,", (). (4.10)

Moreover, Min,sy.1/2,y>-3/2 Uy(x) and min,<,_1,>_3/2 Uy,(x) are not comparable for x €
(0, 0).
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Proof (i) By Proposition 4.1, the necessary and sufficient condition such that the left-hand
side inequality of (4.5) holds for x > 0 and (p, v) € Ej is clear.
While the right-hand side inequality of (4.5) holds for x > 0 and (p, v) € E, if and only if

1 if (p, V) € (E1 UEQ) ﬂE(),

P 2P if (p,v) € E3 N Ey,

b if(pv) €ENE,
91, 1f(p, V) €E5 ﬁEo,

where E; (i = 1-5) are given in Proposition 4.1. Simplifying yields E; NEy = E1, E;NEy = 0,
E3 ﬂEo :Eg, ES mE() = @, and

1
E,NEy= {V—1<p<min{v+ 5,2v+2},v>—2},

which imply that 8 > u*(p).
(ii) To prove the second assertion of this proposition, we first note that the function

pr>p++/x%+ (2v+2 - p)?

is increasing on R, and another function

20+ 2 -
pr—>p+\/ux2+(2v+2—p)2
v+2

is decreasing on (—00,2v + 2].

Now, since

2v42-p 9 2
+. /X2 2+ 2 - fv<p<2v+2,
L) - p \/M ( p) =p=

P+ /a2 + (2v+2 - p)? ifp<v,
the function p — L,(x) is increasing on (-0, v] and decreasing on [v, 2v + 2], which implies

maxy<oy+2,y>-2 Lp(x) =L,(x).
If p > v+1/2 with v > -3/2, then B, = 1, and then

Uy(x)=p+/x>+(2v+2-p)?:= U;,l)(x), (4.11)

which is increasing in p on [v + 1/2,2v + 2]. This gives min,s.1/2,y>-3/2 Up(x) = U]ﬁ)m(x).
If p<v-1withv> -2, then B, = (2v + 2 — p)/(v + 2), and therefore,

v+ 2 —
Uy,(x)=p+ \/sz +(2v+2-p)2:=UP(x), (4.12)
v+2 L

which is decreasing in p on (—o0, 2v + 2]. This leads to min,<,_1,y»—2 Uy (x) = LI(Z)1 (x).

y—



Yang and Zheng Journal of Inequalities and Applications (2018) 2018:57 Page 12 of 21

Finally, we show that min,z.1/2,>-3/2 U,() is not comparable with min,<,_1 ,>_3/2 U, (%)
for x € (0,00). In fact, we have that for v > -3/2,

3 3\’ 3
u§i>1,2<x>—U£%ﬁ(x>:5+m R

3 3 2\ 2 3
2 a2 vel U (a3
2 2 v+2

3\ 2 3 x?
=3 0x2+|(v+=) - (3lv+= )+ )

2 2 v+2
3./x% + V+§ ’ 2— 3 v+§ +—x2 2:_x2x2—3(V+2)(V+3)

2 2) v+2 (v+2)? '

From this it is seen that U]Ei)l,z(x) < L[ﬁ)l (x) ifx > +/3(v+2)(v +3) and L[‘(,i)l/z(x) > U](i)l (x) if
0<x<+/3(v+2)(v+3).

This completes the proof. d

Remark4.5 Amos[10,Eq. (11)] offered alower bound A,,,,>(x) < W, (x) forx > 0and v > 0.
Hornik and Griin [9, Theorem 6] showed that the Amos-type bound is the sharpest for
x>0 and v > —1. Yang and Zheng [6, Theorem 4.6] extended the range of v from v > -1
to v > —3/2. Proposition 4.4 presents another lower bound L,(x) defined in (4.6) for W, (x)
for x > 0 with v > -2 and shows that L,(x) defined by (4.8) is the maximum over all lower
bounds {L,(x) : p < 2v +2,v > —2}. It should be emphasized that our sharpest lower bound
L,(x) extends the range of A, ,,2(x) from v > —3/2 to v > -2 although L,(x) and A, ,,2(x)

have the same expression.

Remark 4.6 Amos [10, Eq. (16)] gave an upper bound W, (x) < A,,1/20+3/2(%) for x > 0
and v > 0. Hornik and Griin [9, Theorem 3] proved that this Amos-type upper bound
is the best for x > 0 and v > —1, where the range of v has been extended from v > -1
to v>-3/2 in [6, Theorem 4.4] by Yang and Zheng. Since U]ﬁ)l &) = Ayi1jae32(%), our
Proposition 4.4 demonstrates the same result in [6, Theorem 4.4] by a slightly different
approach.

Remark 4.7 Proposition 4.4 also gives another upper bounds for W, (x) by u,ﬁ” (x) defined
in (4.10) for x >0 and p < v —1 with v > -2, that s,

2v+2—
W,(x) <p + \/ szxz +(@v+2-p = UD(). (4.13)
v+

Not only the above inequalities are valid, but we explain that L[]E%)1 (x) is the minimum
over all upper bounds {U,Sz)(x) :p<v-1v>-2}, and L[E)1 (x) and Uﬁ)m(x) are not
comparable in x on (0,00) for v > —3/2. This indicates that LIE)1 (x) for v > -2 is indeed
a new sharpest upper bound for W, (x). Consequently, Proposition 4.4 in fact offers a
new type of bounds p + r/x2 + g2 (r > 0) for W, (x), which is clearly different from the

Amos-type bound A, (x) = p + /%2 + g>. Moreover, inequality (4.13) is sharp at x = 0 in
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view of
W, (x) - L[I(f)(x) ~@2v+2)-p-12v+2-p|=0
asx — 0.
As a direct consequence of Proposition 4.4, we have the following.

Corollary 4.8 Ifv+1/2 <p < 2v+ 2 withv > —3/2, then the double inequality

2v+2-
+\/L Pa s @ve2-p2 < Wy@<p+ a2+ @vr2-p)p (4-14)
14

+2

holds for all x > 0. Inequalities (4.14) are reversed if p <v—1 with v > -2.
In particular, takingp =v+1/2,v+1,(2v+2) and p =v -1, —00, we have

1 [v+3/2 3\*
V+ =+ X+ v+ =
2 v+2 2

Wi <vete e (ve2) forvz (@.15)
< X)<V+ =+, (x2+|v+= orv>——, .
Y 2 2 -2
v+l
v+1+ —2x2+(v+1)2<Wv(x)<v+1+\/x2+(1/+1)2 forvs>-1, (4.16)
v+
3
20+ 1) < W,(x) <2v+ 2 +x forvz—i, (4.17)
v+3
v—l+\/xz+(v+3)2<W,,(x)<v—1+,/—29c2+(v+3)2 forv> -2,
v+
1 «?
20+ 1) < W (x) <2(v+ 1)+ ———  forv>-2. (4.18)
2v+2

Remark 4.9 The right-hand side in inequality (4.15) for v > 0 was proved in [10, Eq. (16)]
by Amos, and for v > —3/2 it follows from Neuman’s inequality (1.4). The right-hand side
one in (4.16) for v > 0 is also due to Amos [10, Eq. (11)], which for v > —1 was proved by
Yuan and Kalbfleisch [12, Eq. (A.5)], and Laforgia and Natalini [14, Theorem 1.1]. While
the left-hand side inequality in (4.16) for v > —1 was showed by Segura [15, Eq. (61)]. In-
equalities (4.17) were proved by Yang and Zheng in [6, Remark 4.9]. Moreover, the rational
bounds given in (4.18) appeared in [4, Appendix] for v > —1, so the right-hand side inequal-
ity of (4.18) can be viewed as a new one in the sense that the range of v is extended from
v>-1ltov>-2

Now let us return to Proposition 4.1. First, if (p,v) € E; = {p > ¢, -2 < v < =3/2}, then
the right-hand side inequality of (4.1) holds for x > 0 if and only if 8 > 1, which implies
that the double inequality

p—\/ﬂx2+(2v+2—p)2< Wv(x)<p+\/ﬁx2+(2v+2—p)2 (4.19)

holds for x > 0. Second, according to the guess presented in Remark 3.1, 6, = sup,., o F,(x)
may equal F,(00) =1 for certain p € [v + 1/2,¢,) with -2 < v < —3/2. If so, then the right-
hand side inequality of (4.1) holds for x > 0 if and only if 8 > 6, = 1, which implies that the
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double inequality (4.19) also holds for x > 0 and certain p € [v+ 1/2,¢,) with -2 < v < =3/2,
where 8 =1 is the best possible constant. In fact, this claim is valid.

Proposition 4.10 Let -2 < v < —3/2. Then the double inequality (4.19) holds for x > 0 and
p = =v+1/(2v + 5) with the best constant p = 1.

Proof (i) For p > ¢, the desired result is evidently valid by Proposition 4.1.
(ii) For ¢} < p < ¢,, where ¢, is defined by (1.7), it is easy to check that

N 1 12v+3
G —\v+=-)=—2 >0,
2 22v+5

2v+3)v+2)(v+3)
(2v +5)(2v? + 11v + 16)

c—c,=2

v ’

which imply ¢} € [c + 1/2,¢,). To prove the desired assertion, it suffices to prove that

By - 1) _ Lo G @/ (4.20)

H@) T X b (2 /4)

for x >0 and ¢} < p < ¢, with -2 <v < -3/2. Indeed, we have

a, —p2n+2v+1)+n2v+1)+(v+1)2v-1)
b, - n+v+1)(n+2v+2)
—ci2n+2v+1)+n2v+ 1)+ (v+1)2v-1)
n+v+1)(n+2v+2)
B (n-2)2v+3) 0
m+2v+2)2v+5)m+v+1) ~

which yield

Zzio an+1(x2/4)n < Z:i() bn+1(x2/4)n _
Z:iobml(xz/‘l‘)n Z:C:)Obml(xz/‘L)H o

Fp(x) =

In view of F,(c0) = 1, the upper bound given in (4.20) is sharp, and by Proposition 4.1 the
desired assertion follows. Thus we complete the proof. d

Remark 4.11 1t is easy to check that the lower bound for W, (x) given in (4.19) is weaker
than 2v + 2, but the upper bound for 8 =1 is clearly a new Amos-type bound for p > ¢
with -2 < v < =3/2 since it is not comparable with the sharpest upper bound L[‘(E)1 (x) for
p > ¢} with =2 < v < -3/2, while another one Uii)llz(x) is restricted in v > -3/2.

4.3 Some computable bounds for W, (x)
From Proposition 4.4 we see that the minimum By = A, for v—1 < p < min{v+ 1/2,2v + 2}
with v > -2 such that the inequality

Wi (x) <p + \/ dpx® + (20 +2 - p)? = U ()
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holds for x > 0. Since A, = fi(x0)/f2(%0), where xy is the unique solution of equation (4.2)
on (0,00), the number A, is usually not computable, and so is Uf) (x). Therefore, it is in-
teresting and useful to find some upper bounds for A, by elementary functions.

In this subsection, we will find some upper bounds for 1, in terms of elementary func-

tions to obtain some computable upper bounds for W, (x) by using relation (3.7), that is,

) _ filxo) . {2V+2—P’1}’

= > min
" flxo) +2
and an analogous technique used in the proof of Subcase 2.4 of Theorem 1.1.

Proposition 4.12 Let v—1 < p <min{v + 1/2,2v + 2} with v > —2. Then the inequality

W, (x) <p + \/A;';xz +(2v+2-p)?
holds for x > 0, where

w+5-2p v+3
M } (4.21)

A =min] ——, ——
L { 20 +2) v+2
Proof 1t suffices to prove a,/b, < )»;. We first prove that

a,,<4v+5—2p v+1/2-p 2v+2-p 1 1
-_— = + = + —
b, — 2(v+2) v+2 v+2 2v+2

holds for all # > 1 by dividing the proof into two cases.

Case 1. min{v + 1/2,2v + 2} = v + 1/2, namely v > —3/2. For this, we write a,/b, as

a, 2n+2v+1 1 2+ @Bv+3)n+2¥ +3v+1/2

— = +-——-p|+

b, n+2v+2)(n+v+1) 2 p m+2v+2)(n+v+1)
Then we have

a, 4v+5-2p 2n+2v+1 1 v+1/2-p

- = +__p - @@ -

b, 2(v +2) n+2v+2)(m+v+1) 2 v+2

2+ Bv+3)n+2v2 +3v+1/2
m+2v+2)(m+v+1) B
m-1)(n+v)(v+1/2-p) v+3/2
:_(v+2)(n+v+1)(n+2v+2) - n+2v+2)(m+v+1) <

forn>1.

Case 2. min{v + 1/2,2v + 2} = 2v + 2, namely -2 < v < =3/2. Similarly, we write a,/b, as

a, 2n+2v+1 @v+2-p) n-1
— = V+2-p)+
b, (m+2v+2)m+v+1) p

n+2v+2°
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Then we get
a, 4v+5-2p 2n+2v+1 2v+2-p
— - = 2v+2-p)— ——
by, 2(v+2) (n+2v+2)(n+v+1) v+2
n-1 11
+ _Z
n+2v+2 2v+2
(m=1)(n+v)2v+2-p) 1 (n-2)(2v+3)
=_ il
Wv+2)m+v+1)(n+2v+2) 2W+2)(n+2v+2)
forn>1.

Second, to prove that for all n > 1,

a v+3
" <

b, ~v+2
we write a,/b,, in the form of

a, 2n+2v+1 +30v+2n+ 207 +6v+2
v-1-p)+

b_n:(n+2v+2)(n+v+1) n+2v+2)(n+v+1)

Then, for n > 1, we have

a, v+3 (v-1-p)@n+2v+1) m?+3(v+2Qn+20>+6v+2 v+3

hn_v+2_ n+2v+2)(n+v+1) n+2v+2)(m+v+1) D)
(v=-1-p)(2n+2v+1) n-1)(n-2)

S i dmeveD) i dmiveDmrwe2)

Finally, it is obtained that

i) Y@ (e o mba ey

= - 0 < o0 - ’
P fle) 0 bR /Ay T S0 by(ad A ¢

which completes the proof. d

Now by Proposition 4.12 we have the following.

Corollary 4.13 Letv—-1<p<min{v+1/2,2v+ 2} withv > -2.
(i) Forv—1<p <v-1/2, the inequality

3
W, (x) <p+ \/le +(2v+2-p)?=U"(x) (4.22)
v+2 »

holds for x > 0.
(i) Forv—1/2<p<min{v+1/2,2v + 2}, the inequality

W, (x) <p+ \/4‘/2;/5—_:2)2199@ +(2v+2-p)? = I,[;(x) (4.23)
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holds for x > 0. In particular, taking p = v and lettingp — v + 1/2 with v > -3/2 and
P — 2v+ 2 with -2 <v < =3/2, the following inequalities hold for x > 0:

2v+5
Wv(x)<v+\/2(::2)x2 v+2?2=U(x) forv>-2, (4.24)
1, 3\ . 3
Wv(x)<v+§+ ®+|\veo =U, %) forv>—§ (4.25)

W,(x) <2v+2+

3
=Uj, ,(x) for —2<v< ~3 (4.26)

X
V2V + 4

Remark 4.14 1Itis easy to check that the function p — uy (x) defined in (4.22) is increasing
on R, which yields

v+3
U;‘*(x) >UX ) =v-1+,/ me +(v+3)2= L[(Zl(x)

forv—-1<p <v-1/2 with v > —2. This shows that the upper bound U;*(x) for W, (x) is
weaker than Uf)l (x) as the sharpest one given in Proposition 4.4. Inequality (4.26) seems
to be a new one.

Remark 4.15 Clearly, U}, ,(x) = U, +1 ,Z(x) for v > —3/2. In general, the upper bound U (x)
for v—-1/2 < p < min{v + 1/2,2v + 2} with v > -2 given in (4. 23) is not comparable with
other two sharpest upper bounds U]Ei)l s for v > -3/2 and LI 1(x) for v > -2 given in
Proposition 4.4. For example, for v > -3/2, U(x) < Uv+1/2(x) if 0 <x<+2(Wv+2) and
usx)>U +1,2(96) ifx>/2(v + 2), since

[ 2
LIf(x)—UV+1/2(x)=v+\/22(:::;)962+(v+2)2—<v+%+ x2+<v+§)>
2
:\/2v+5x2+(v+2)2—<1+ x2+(v+§) ),
2(v +2) 2 2
2\ 2
21Hr5x2+(1/+2)2—<1+ x2+(v+§>)
2v+2) 2 2
v+2)2v +3) + 42 2 <
= /¥ (v
2v+2)
((v+2)(2v+3)+x2> ( ( >2> 1,062 -2(v+2)
X+ v+ =5,
2(v+2) 2 4 (v+2)2

Similarly, for v > -2, U} (x) < L[ 1(ac) ifx>/8(v+2)(v+3)and U} (x) > L[fz)l (x)if0<x <
/8(v +2)(v + 3). In fact, some elementary computations give

2v+5 3
Llj(x)—l,[f)l(x)zv+\/2(:12)x2+(v+2)2— (V—1+1/:1—2x2+(v+3)2>
2v+5 3
= i x2+(v+2)2+1—,/Lx2+(v+3)2,

2(v+2) v+2
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2v+5 ? v+3 , 9
(\/2(V+2)x2+(v+2)2+1) —(mx +(v+3))

_2\/ 2W+5 4(v + 2)? + &2

2(V+2)x2+(v+2)2— 2v+2)

2W+5 2 (4(v+2)? + a2 2_ 1 ,x*-8(v+2)(v+3)
(2\/2(V+2)x2+(v+2)2> _< 2(v+2) )__é_l-x (v+2)? '

It thus can be seen that the upper bound u, (%) forv—1/2 < p <min{v + 1/2,2v + 2} with
v > =2 belongs to the new type of bounds p + r\/x2 + g2 (r > 0) for W, (x).

Let us return to Proposition 4.1 again. We note that the number 1, is also not com-

putable in the case of
1 3
pv)eEsN{p>2v+2,v>-2} = {2v+2<p<v+ 5,—2<v<—§}.

If a better upper estimation A7* > 0 holds for 1, then by Proposition 4.1 we can obtain
some bounds W, (x) similar to the double inequality (4.19), which also implies the new
type of bounds. In fact, by the same technique as the proof of Proposition 4.12, we can
prove the following proposition, but omit all the details of the proof.

Proposition 4.16 Let2v+2 <p<v+1/2 with -2 <v < -3/2. Then the double inequality

P—JAyxr+ 2v+2-p)P < W,(x)<p+ \/A;*xZ +(2v+2-p)? (4.27)

holds for x > 0, where

o Jv+12-p WP+18v+21 1
Ay —mln{ .

v+2 +4(v+2)(v+3)’2(1/+2)

From Proposition 4.10, we know the number 6, = 1 for p > ¢} = v+ 1/(2v + 5) with -2 <
v < —3/2. It remains to estimate 6, for p € [v + 1/2,¢}) with -2 < v < -3/2. By a similar

technique as the proof of Proposition 4.12, we have

0,<0; =

4v% +18v+21 ¢ -
A min{ ) 4 } (4.28)

Av+2)v+3) v+2

for p € [v+1/2,¢}) with -2 < v < =3/2. Thus, by Proposition 4.1 we conclude the following

proposition.

Proposition 4.17 Letv+1/2 <p<c}=v+1/(2v+5) with -2 <v < =3/2. Then the double

inequality

- \/9;x2 T Qv2-pR<W,(x) <p+ \/9;x2 +Qvi2-p) (4.29)

holds for x > 0, where 0, is given in (4.28).



Yang and Zheng Journal of Inequalities and Applications (2018) 2018:57 Page 19 of 21

Remark 4.18 Similarly, the lower bounds given by (4.27) and (4.29) are trivial due to the
fact that they are weaker than 2v + 2. However, the upper bounds are new ones which

belong to the type of bounds p + r\/x2 + g% (r > 0).

5 Conclusions

This paper is mainly devoted to proving the monotonicity of

(Wy(x) =p)* = (2v+2-p)°

Fp(x) = %2

on (0,00) for v > —2. As one of applications, from this we arrived at the Simpson—Spector-
type inequalities for W,,(x) (4.1) and other new ones (Proposition 4.1 and Corollary 4.3),
which immediately led to some known Simpson—Spector-type inequalities.

As more important applications, we reproved some known results and also found a new

type of bounds p + r\/x2 + ¢* for W, (x).
(i) Proposition 4.4 showed that the lower bound

Lx)=v++/x2+(v+2)?2 withv>-2

for W, (x) is the sharpest, which for v > 0, v> —1 and v > -3/2 are known results (see [6,
9, 10]).
(ii) Proposition 4.4 also indicated that both the upper bounds

1 3\’ 3
(1) .
U, ,x)=v+ 5t x2 + (V+ E) w1thvz—5,
2) v+3 5 9 .
U x)=v-1+,/——x2+(v+3)?> withv>-2
v+2

for W, (x) are the sharpest, where the former appeared in [6] and for v > 0 and v > -1
was proved in [9, 10], while the latter is a new comer and belongs to the type of bounds
p+ryx?+q? (r>0).

(iii) We obtained in Proposition 4.10 a new Amos-type bound for W, (x), that is,

Wo(x) < p + /%2 + (2v+2 - p)?

holds forx>0and p > ¢} =v+ 1/(2v + 5) with -2 < v < -3/2.
(iv) For v —1/2 < p < min{v + 1/2,2v + 2} with v > -2, the number 1, given in Proposi-
tion 4.1 is in general not computable. But by replacing 4, with A} defined by (4.21), we

gave in Proposition 4.12 a class of elementary function upper bounds

v+5-2p

2+ (2v+2-p)2.
2012 x2+(2v+2-p)

W, (x) < U;(x) :p+\/

As mentioned in Remark 4.15, as an upper bound, U, (x) is in general not comparable with
other two sharpest upper bounds Uﬁ}r)l jp for v>-3/2 and U, (x) for v > -2, and belongs
to the new type of bounds p + ry/x% + ¢ (r > 0).
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(v) Using the same technique as Proposition 4.12, we established two new double in-
equalities for W, (x) in the casesof 2v+2 < p<v+1/2andv+1/2 <p <} for -2 <v < -3/2,
that are, (4.27) and (4.29). However, the lower bounds given in (4.27) and (4.29) for W, (x)
are trivial since they are weaker than 2v+ 2. The upper bounds belong to the type of bounds

p+ r\/orq2 (r>0).

Additionally, as a consequence of our results, we deduced some new inequalities for
W, (x), for example, (4.18), (4.26), and also reobtained some known important inequalities,
such as the inequalities proved by Amos [10], Yuan and Kalbfleisch [12, (A.5)], Laforgia
and Natalini [14, Theorem 1.1], Segura [15, (61)], [4, Appendix] and so on.
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