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Abstract

The concept of a four-dimensional generalized difference matrix and its domain on
some double sequence spaces was recently introduced and studied by Tug and Basar
(AIP Conference Proceedings, vol. 1759, 2016) and Tug (J. Inequal. Appl. 2017(1):149,
2017). In this present paper, as a natural continuation of (J. Inequal. Appl. 2017(1):149,
2017), we introduce new almost null and almost convergent double sequence spaces
B(Cr) and B(Cy,) as the four-dimensional generalized difference matrix B(r, s, t, u)
domain in the spaces Cr and Cy,, respectively. Firstly, we prove that the spaces B(C)
and B(Cy,) of double sequences are Banach spaces under some certain conditions.
Then we give an inclusion relation of these new almost convergent double sequence
spaces. Moreover, we identify the a-dual, B(bp)-dual and y-dual of the space B(Cy).
Finally, we characterize some new matrix classes (B(M,,) : Cr), (M, : B(Cr)), and we
complete this work with some significant results.
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1 Preliminaries, background and notation

We denote the set of all complex valued double sequence by €2, which is a vector space with
coordinatewise addition and scalar multiplication. Any subspace of 2 is called a double
sequence space. A double sequence x = (x,,,) of complex numbers is called bounded if
[%lloo = SUP,, pen [mn| < 00, where N = {0,1,2,...}. The space of all bounded double se-
quences is denoted by M, which is a Banach space with the norm || - ||o. Consider the
double sequence x = (x,,,) € Q2. If for every € > 0 there exist a natural number ng = ny(€)
and [/ € C such that |x,,, — | < € for all m,n > ny, then the double sequence x is said to
be convergent in Pringsheim’s sense to the limit point / says that p — lim,; ;00 Ximn = I
where C indicates the complex field. The space C, denotes the set of all convergent double
sequences in Pringsheim’s sense. Although every convergent single sequence is bounded,
this is not hold for double sequences in general. That is, there are such double sequences
which are convergent in Pringsheim’s sense but not bounded. Actually, Boos [3, p. 16]
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defined the sequence x = (x,,) by

n m=0,nel;
KXmn =

0 m>1,neN.

Then it is clearly seen that p — limy; ;00 %mn = 0 but ||l = SUpP,, 4 [¥mn] = 00, SO
x € C, — M,,. Now, we may denote the space of all both convergent in Pringsheim’s sense
and bounded double sequences by the set Cp, i.e., Cp, = C, N M,,. Hardy [4] showed
that a double sequence x = (x,,,) is said to converge regularly to [ if x € C, and the limits
Xy i= limy, x,,,,,, (m € N) and x,, := lim,,, x,,,,,, (n € N) exist, and the limits lim,, lim,, x,,,,, and
lim, lim,y, x,,, exist and are equal to the p-limit of x. Moreover, by Cp,o and C,o, we may
denote the spaces of all null double sequences contained in the sequence spaces C, and
C,, respectively. Méricz [5] proved that the double sequence spaces Cyp, Cipo, Cr and Cyo
are Banach spaces with the norm || - || . The space £, of all absolutely g-summable double
sequences corresponding to the space £, of g-summable single sequences was defined by
Basar and Sever [6], that is,

Ly:= {x: (%) € Q:Z|xk1|q <OO} (I1<g<o00),
kil

which is a Banach space with the norm || - ||;. Then the space £,, which is a special case
of the space £, with g = 1, was introduced by Zeltser [7].

Let A be a double sequence space and converging with respect to some linear conver-
gence rule is ¢ —lim: 1 — C. Then the sum of a double series }_, . x; relating to this rule
is defined by ¥ — Zl.,j X =0 = liMy, 00 Z:’;:"O ;. Throughout, the summation from 0 to
oo without limits, that is, >, x; means that 37 x;;.

Here and below, unless stated otherwise we consider that ¥ denotes any of the symbols
p.bporr.

The a-dual A%, the B(1)-dual A*®) with respect to the 1¥-convergence and the y-dual
AY of the double sequence space X are, respectively, defined by

A% = {a =(ay) € QL: Z |awxx| < oo for all x = (xy) € A},
ki

APO) = {a =(ay)€eQ:Y - Zaklxkl exists for all x = (xy) € A},
Kl
m,n

Z A1Xkl

AV = {a = (ay) € L: sup
k1=0

m,neN

< oo for all x = (xg) ek}.

It is easy to see for any two spaces A and u of double sequences that u* C A* whenever
A C wand A% C 1. Additionally, it is well known that the inclusion A% C A#(") holds, while
the inclusion A#®) c A¥ does not hold, since the v -convergence of the double sequence
of partial sum of a double series does not guarantee its boundedness.

Here, we shall be concerned with a four-dimensional matrix transformation from any
double sequence space X to any double sequence space p. Given any four-dimensional
infinite matrix A = (@), where m, n, k,l € N, any double sequence x = (x4), we write
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Ax = {(A%)n}muen for the A-transform of x, exists for every sequence x = (xy;) € A and it

isin u; here

(Ax) =0 — Zamnklxkl for each m, n € N. (1.1)
kil

The four-dimensional matrix domain has fundamental importance for this article. There-
fore, this concept is presented in this paragraph. The #-summability domain Af) of A in

a space A of double sequences is described as

exists and is in A }
m,neN

IR {x = (o) €Q:Ax = (19 - Zﬂmnklxkl>
Kl

The notation (1.1) says that A maps the space A into the space p if A C /Lff) and we de-
note the set of all four-dimensional matrices, transforming the space A into the space p,
by (A : ). Thus, A = (@) € (A : 1) if and only if the double series on the right side of
(1.1) converges in the sense of ¢ for each m,n e N, i.e., A,y € AP®) for all m, n € N and we
have Ax € p for all x € A; where A,,;, = (@uni)k1en for all m, n € N. Moreover, the follow-
ing definitions are significant in order to classify the four-dimensional matrices. A four-
dimensional matrix A is called Cy-conservative if Cy C (Cy)a, and it is called Cy -regular if

it is Cy-conservative and

P —limAx =9 — lim (Ax),,, =9 — lim wx,,, wherex= (x,,)<Cs.
m,n— 00 m,n— 00

By using the notations of Zelster [8] we may define the double sequences e = (eﬁn), el, e

and e by

w1 kD) =(m,n);

mn — .
0 otherwise,

eI:E e, ek:E & and e:E e
] Kl

k

for all k, ,m,n € N and we may write the set ® by ® = span{e¥’ : k,/ € N}.

In order to establish a new sequence space, special triangular matrices were previously
used. These new spaces derived by the domain of matrices are expansions or contractions
of the original space, in general. Adams [9] called the four-dimensional infinite matrix
A = (ayui) a triangular matrix if a,,,, = 0 for k > m or [ > n or both. We also see by [9]
that an infinite matrix A = (k) is said to be a triangular if a,,,,, # 0 for all m,n € N.
Moreover, Cooke [10] showed that every triangular matrix has a unique inverse which is
also a triangular matrix.

The four-dimensional generalized difference matrix B(r,s,t,u) = {byuu(r,s,t,u)} and

matrix domain of it on some double sequence spaces was recently defined and studied
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by Tug and Basar [1], and Tug [2]. The matrix B(r,s, t, &) = {buia(7, s, £, u)} was defined by

su (k)=(m-1,n-1),

st (k1)=(m-1,n),
bunta(ry 8, 6,u) = Yru (k1) = (m,n - 1),

rt (k1) = (m,n)

0 otherwise,

forr,s,t,u € R\{0} and for all m, n, k, [ € N. Therefore, the B(r, s, t, u)-transform of a double

sequence x = (x,,,) was defined by

Ymn = {B(V’ s, t, M)x menkl(r)S t, M)xk[
= SUXyy_ 1,1 + SEX 1 + PUXyy 1 + TEX (1.2)

for all m,n € N. Moreover, the matrix B~X(r,s, t,u) = F(r,s,t,u) = {fouu(r,s, ¢, u)}, which is

the inverse of the matrix B(r, s, £, u), was calculated to be

(=s/r)" K (—usr)rt

Fomialr5,60) = — 0<k<m0<l<n,
mmn. 19 H L
0

otherwise,

for all m,n,k,l € N. Furthermore, Tug and Basar [1] obtained the relation between x =
(xmn) andy = (ymn):

m,n

1 —s m—k —u n-1
o = — — — for all m,n e N. 1.3
X rt2<r> (t) yi forallm,nme (1.3)

k,1=0

In this paper, as natural continuation of [2] and [11], we introduce new almost null
and almost convergent double sequence spaces B(Cy) and B(Cy,) as the domain of four-
dimensional generalized difference matrix B(r, s, £, u) in the spaces Cr and Cy,, respectively.
Throughout the paper, we suppose that the terms of the double sequence x = (x,,,) and
¥y = (¥un) are connected with equation (1.3) and the four-dimensional generalized differ-

ence matrix B(r, s, £, u) = (D (7, s, t, u)) will be presented with B = (b,,,,4;)-

2 The sequence space Cr of almost convergent double sequences
Lorentz [12] introduced the concept of almost convergence for a single sequence and
Moricz and Rhoades [13] extended and studied this concept for a double sequence. A dou-
ble sequence x = (x4;) of complex numbers is said to be almost convergent to a generalized
limit L if

m+q }’H—q

p— lim )(61 +1)szkl

q~>oomn>() 61+1
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In this case, L is called the f,-limit of the double sequence x. Throughout the paper, C;

denotes the space of all almost convergent double sequences, i.e.,

Cf:: {x:(xkl)eQ:E!Le(Ca

m+q Vl+q
p— lim sup %1 —L| =0, uniformly in m,n ¢.
94" 0 m,1>0 (4+1(61+1 kzm; Y

It is well known that a convergent double sequence need not be almost convergent. But it
is well known that every bounded convergent double sequence is also almost convergent
and every almost convergent double sequence is bounded. That is, the inclusion Cp, C
Cr ¢ M, holds, and each inclusion is proper. A double sequence x = (xy;) is called almost
Cauchy, which was introduced by Cunjalo [14], if for every € > 0 there exists a positive
integer K such that

my+qy M1+ my+qa M40y

+1)ZZ = +1)X:X:xkl<‘E

(g1 + 1) @+ S o (g2 + 1)(612 Pl

for all q1,41, 92, q5 > K and (m1,m), (my,n3) € N x N. Mursaleen and Mohiuddine [15]
proved that every double sequence is almost convergent if and only if it is almost
Cauchy.

Moéricz and Rhoades [13] considered that four-dimensional matrices transforming every
almost convergent double sequence into a bp-convergent double sequence with the same
limit. Almost conservative and almost regular matrices for single sequences were charac-
terized by King [16] and almost Cy -conservative and almost Cy -regular four-dimensional
matrices for double sequences were defined and characterized by Zeltser et al. [17].
Mursaleen [18] introduced the almost strongly regularity for double sequences. A four-
dimensional matrix A = (@) is called almost strongly regular if it transforms every al-
most convergent double sequence into an almost convergent double sequence with the

same limit.

Definition 2.1 ([17]) A four-dimensional matrix A = (@) is said to be almost Cy-
conservative matrix if it transforms every ¢-convergent double sequence x = (x;) into

an almost convergent double sequence space, that is, A = (@,u.x) € (Cy : Cr).

Definition 2.2 ([17]) A four-dimensional matrix A = (a,,,x) is said to be almost Cy-

regular if it is Cy-conservative and f, — limAx = ¥ — limx for all x € Cy.

3 Spaces of almost B-summable double sequences

In this present section, we define new almost convergent double sequence spaces B(Cy)
and B(Cy,) derived by the domain of four-dimensional matrix B in the spaces of all almost
convergent and almost null double sequences Cr and Cy,, respectively. Then we show that
B(Cr) and B(Cy,) are Banach spaces with the norm ||x|| B(Cp)» and we prove an inclusion

relation.
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Now we may define the spaces B(Cr) and B(Cy,) by

B(Cf) = =x= (x/d) eQ:3LeC>

m+q Vl+q

@+D@+D 1)<q 1) 4 ZZ(E’C”’

p— lim sup

9,9~ m,n>0

=0, uniformly in m, n},

B(Cfo) = {x = (xkl) e:

1 m+q Vl+q
- lim sup|————— (Bx)x;| = 0, uniformly in m1,n
P o0 o (g+1)(q +1) kzn‘:; y

Theorem 3.1 The sequence spaces B(Cy) and B(Cy,) are Banach spaces and linearly norm
isomorphic to the spaces Cy and Cy,, respectively, with the norm defined by

m+q Vl+q

@+D@+D 1>(q P Z Z(Bx)“

(3.1)

I*llacy) =
a9’ ,m, HEN

Proof Since in other cases it can be similarly proved, we prove the theorem only for the
space B(Cr). Let us consider a Cauchy sequence a = {x,((’,) Jxien € B(Cy). Then, for a given
€ > 0, there exists a positive integer M(¢) € N such that

m+q n+q

Z Z [(B7),, = (Bx"),]

k=m l=n

<€ (3.2)

0 _ 4@
5 ~x ”B(Cf) (q+1)(q +1) 1) q+1)

’m, neN

for all i,j > M(¢). Then we can read from equation (3.2) that {(Bx(’))k;},»eN is Cauchy in Cy
for each k,! € N. Since Cy is complete with the norm llxlle, (see [19]), it is convergent. Then
we may say that there exists a double sequence x = (xx;) € Cr such that

m+q Vl+q m+q Vl+q

Bx)
@+ 1)@ +1) 1)(q +1) 4 ZZ i = G )g+1) (q 1) 4 ZZ(Bx)kl

as j — 00. Now, by taking the limit as i — oo on the equality (3.2), for every € > 0 we have
forallk,/e N

m+q Vl+q m+q Vl+q

(q+1)(q +1)ZZ kl mZZ(Bxkl <E€.

Moreover, since {(Bx")y} € Cr and every almost convergent double sequence is bounded,

there exists a positive real number K such that

m+q Vl+q

(q+1><q+1)223x

m, neN
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Therefore, we are enabled to write the following inequality:

m+q Vl+q

@+ 1)@ +1) 1) q+1)% Z Z(Bx)kl

m+q Vl+q

q+1(q +1)ZZBx

—

T g+ 1) q+1)ZZB’C
—

@+ 1) q+1 kZlen:Bx(/

<e+K.

Now we can say by taking the supremum over m, n € N and the p-limit as ¢,4" — oo from
the inequality acquired above that

m+q n+q’
(Z > Bxyul[(q+1)(q + 1)]) eC,

k=m l=n

that is, x € B(Cy). We see from this approach that the space B(Cy) is a Banach space with
the norm | - 5y defined by (3.1).

Now, we should show here that B(Cy) = Cr. To show this, we should prove the existence
of alinear bijection between the spaces B(Cy) and Cy. Let us consider the transformation T
from B(Cy) to Cy by x = Tx = y = Bx, with the notation of (1.2). The linearity and injectivity
of T is clear. Let us take any y = (y) € Cr and consider the sequence x = (x;;) with respect
to the sequence y by equation (1.3) for all k,/ € N. Then we have the following equality:

(Bx)pi = SUXg_1,1-1 + StX)_1, + TUX) -1 + FEXy

k-1,I-1 k—i-1 I-j-1
—s i~ 7 Vij
=Ssu — —
r rt
ij=0
1,z<
=0
-1 _i i
+ru — — —
o\ T t rt

k—
+ st

ij

>

=Yk
for all k,/ € N. Thus, we arrive at the consequence that
Wl+q }’l+q WH—q Vl+q

— 1im ZZBx,d/ (q+1)(q +1 — lim ZZykl/ (q+1)q+1)]

q*)ookmln /=00 k=m l=n
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This shows that x = (xx;) € B(Cr). Then we may say that T is surjective. Moreover, one can

obtain the following equality:

m+q n+q

(q+1>(q+1)223x

m+q n+q

Z Zykz

k=m l=n

I*llacy) =
.9 m, nEN

(q+1 7+ D) Iylle, < oo.

up
.9 ;mneN

That is, T is norm preserving. Hence, T is linear bijection and B(Cr) and Cy are linearly

norm isomorphic. This is what we proposed. d
Theorem 3.2 Lets = —r,t = —u. The inclusions Cy C B(Cy) and Cy, C B(Cy,) strictly hold.

Proof Firstly, we should prove that the inclusions Cy C B(Cy) and Cr, C B(Cy,) hold. Since
s = —r,t = —u, the four-dimensional matrix B = (b, satisfy the conditions of Lemma 4.8.
Then we can say that, for all x € Cr (or Cy,), Bx € Cr (or Cy,) whenever x € B(Cy) (or B(Cy,)),
which means that the inclusions C; C B(Cy) and Cy, C B(Cy,) hold.

In order to show that the inclusions are strict, we should show that the sets B(Cy) \ Cr and
B(Cy,) \ Cy, are not empty, that is, there exists a double sequence x = (x,,,,) which belongs to
B(Cy) but not in Cy. Let consider a double sequence x = (¥,,) by %, = % for all m,n € N.
Since it is not bounded, it is obvious that x ¢ Cs. But if s = —r,t = —u, then we obtain the
B-transform of x as

(Bx)mn = {B(r,—r,t,—t)x}

=rtXm—1,n-1 — "%m—1,n — VX1 + tXmn

_ rt(m_ 1)(n-1) —rt(m_ 1)n

mn

rt rt
m(n—1) mn
—rt +rt—
rt t

Therefore, we have the following equality with the above result:

m+q Vl+q

2.2 (B

=1.

(q+ 1)(q +1)

After taking the supremum over m,n € N in the above equality and applying the p-limit
as q,4' — oo we see that Bx € Cy. It can easily be shown that the sequence x;,,, = %7 for all
m,n € Nisin B(Cy) \ Cy, by the same reasoning as above. So we omit the details. O

4 The a-, f(#)- and y-duals of the sequence space B(Cy)

In this section, firstly, we calculate the o-dual of the space B(Cr). Then we give some known
definitions and lemmas which will be used in the proof of S(bp)-dual of the space B(Cy)
and in the fourth section of this paper. Moreover, we characterize a new four-dimensional
matrix class (Cr : M) in order to calculate the y -dual of the space B(Cy).
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Theorem 4.1 Let |s/r|,|u/t| < 1. The a-dual of the space B(Cy) is the space L,,.

Proof ‘We shall prove that the equality {B(C)}* = £, and that the inclusions £,, C {B(C/)}*
and {B(Cs)}* C L, hold. For the first inclusion, let us take a sequence a = (ay) € £, and
% = (%) € B(Cy). Then there exists a double sequence y = (yx) € Cr with equation (1.2)

such that
m+q n+q’
p— lim sup ZZ Yi| exists.
49— 0 m,n>0 q+1 q +1) k ~ =

Moreover, the inclusion Cy C M, holds, and there exists a positive real number K such
that supy ; lyu| < K. Since |s/r|, |u/t| < 1, we have the following inequality:

22 ()

i,j=0

Z |axixu| = Z |k

B
_|t|2|]d|z;20 4|

|k+1

K |l+1
=— lﬂkzl(
i 2 )i

(
'il( )( —|%|>;'““'( ’
S'ﬁ'< l%l><1—|%|> ol

<00,

k+1 I+1
u
1-1=
)( ‘L‘ )

which says that a = (ay) € {B(Cr)}*. Hence, the inclusion £, C {B(Cf)}* holds.

Conversely, suppose that (ax) € {B(C;)}* \ £,. Then we have ), |awxy| < oo for all
x = (xx) € B(Cr). When we define a double sequence x = (xy) in the special case of x =
(%) = (1) /(rt)} for r = as, t = o and o € R — [—1, 1], it is trivial to see that x = (x) =
{(-1)**/(rt)} € B(Cy) but

1
Z x| = el Z |ax| = oo
el Kl

This means that (ay) ¢ {B(Cr)}*, which is a contradiction. Therefore, (a;;) must belong to
the space L. So, the inclusion {B(Cy)}* C £, holds. This completes the proof. O

Now we have the following significant lemmas, which will be used in this present section
and the fifth section of this work.

Lemma 4.2 ([17]) The following statements hold:
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(a) A four-dimensional matrix A = (@) is almost Cy,-conservative, i.e., A € (Cyp : Cy),
iff the following conditions hold:

SUp Y |@mul < 00, (4.1)
m,neN kL

Ja;eCobp- lim a(i,j,q.q,m,n)=ay
4,94/ — 0
uniformly inm,n € N for each i,j € N, (4.2)

JueCobp- li L) 4, q ) = u,
ueCsbp q’q}ym%:a(uqq m,n) =u

uniformly in m,n € N, (4.3)

Ela,,e(Cabp—qilm Z|az;,q,q m,n ) aij|:0,

uniformly in m,n € N for each j € N, (4.4)

Ja;eCsbp- lim Z‘a(i,j,q,q’,m,n)—aij’ =0,
4,9’ —> 00 7
uniformly inm,n € N for each i € N, (4.5)

Vl+q

where a(i,j,q,q,m,n) =Y ;oIS agl[(q + 1)(q + 1)). In this case, a = (a;) € L, and

fo—limAx = Zai/xij + (u Zau>bp - hm xl,,
i

L

that is,

bp - lim i,j,q, mnx aix; + | u— a; |bp— lim x;,
P 2 alehad mn)s =3 oy ( > u)P Jm_ ;
uniformly in m,n € N.

(b) A four-dimensional matrix A = (@) is almost Cyp,-regular, i.e., A € (Cpp : Cp)regs iff
the conditions (4.1)-(4.5) hold with a;; =0 for all i,j e Nand u = 1

Lemma 4.3 ([17]) The following statements hold:
(@) A four-dimensional matrix A = (@yu) is almost C,-conservative, i.e., A € (C, : Cr) iff
(4.1)-(4.3) and the following conditions hold.:

JoeN>bp- lim Z ali,jo, g9, mn) Ujys
34’00

uniformly inm,n € N, (4.6)

JipeNsbp- lim Z alio,jrq,q ,m, n) = vy,
0.4’ —o0

uniformly inm,n € N, 4.7)
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where al(i,j,q,q', m, n) is defined as in Lemma 4.2. In this case, a = (a;) € L;
(), (vi) € £y and

fo—limAx = Zﬂl’jxij + Z(Vi - Z%')xi + Z(”}‘ - Z“b‘)xi
ij i j j i
+ (u + Zazj - ZVi - Z”}‘)’"‘ l.}grgoxif'
i i J
(b) A four-dimensional matrix A = (i) is almost C,-regular, i.e., A € (Cy : Cf)req, iff the

conditions (4.1)-(4.7) hold with a;; = uj =v; =0 for all i,j e N and u = 1.

Lemma 4.4 ([17]) The following statements hold:
(@) A four-dimensional matrix A = (@un) is almost C,-conservative, i.e, A € (C,: Cy), iff
(4.1)-(4.3) hold. In this case a = (a;) € Ly, (@) iens (aiyj)jen € @ where ¢ denotes the
space of all finitely non-zero sequences and

fo—limAx = E ajx; + (u - E a,;)p — lim x;.
— — ij—>00
i ij

(b) A four-dimensional matrix A = (@unir) is almost Cy-regular, i.e., A € (Cy : Cf)reg, iff
the conditions (4.1)-(4.3) hold with a;; = 0 for all i,j e N and u = 1.

Lemma 4.5 ([13]) The following statements hold:
(@) A four-dimensional matrix A = (@mnir) € (Cr : Cyp) iff the condition (4.1) and the
following conditions hold:

Jday € Cs,bp- lim ayuy=an forallk,leN, (4.8)
m,n— o0
JueCs,bp- Jim Z Akl = Uy (4.9)
k.l
ko €N3,bp— Hm Y |@mmys — axyil =0 foralll€N, (4.10)
m,n— 00 l
Ao eN3,bp— im > @i, —arsy| =0 forallk €N, (4.11)
m,n— 00 ](
bp— lim > % | Aol =0, (4.12)
’ ko1
bp- lim "> | Aidmual =0. (4.13)
’ ko1

(b) A four-dimensional matrix A = (@uni) is strongly regular, i.e., A € (Cr : Cpp)reg, iff the
conditions (4.1) and (4.8)-(4.13) hold with ax = 0 for all k,l € N and u = 1, where
A0 mnki = Ak — Aynk+1,0 and Ao1Gmnki = Amnkd — Aynk,l+15 (m,n,k,1=0,1,2,...).

Lemma 4.6 ([20]) The four-dimensional matrix A = (@unia) € (M : Cy) iff the condition
(4.1) and the following conditions hold:

IBueCofh— lim apuu=PBu forallkleN, (4.14)
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m+q n+q
foreverym,n,je N, 3K e N3 —————— @+ 1)(q A ZZ“"ZU =0,
/< m l=n
forallq,q,i>K, (4.15)
m+q Vl+q

oreverym,n,ie Ny9ALe N> ———— aj =0,
forevery (q+ 1)<q+1>ZZ ’
forallq,q,j> L. (4.16)

Lemma 4.7 ([21]) A four-dimensional matrix A = (@) is almost regular, i.e., A € (Cpp :
Cf)regs iff the condition (4.1) and the following conditions hold:

hrn a(l ja,q,m,n ) o,

qq — 00
uniformly inm,n € N for each i,j € N, (4.17)
lim Lj,q,q,mn) =1,

Jim Z Jhqrq s m,n) =
uniformly inm,n € N, (4.18)
lim a(i,j,q,q,m,n)| =0,

Jim ZI )@ g mn)| =
uniformly in m,n € N for each j € N, (4.19)
lim a(i,j,q,q,m,n)| =0,

Jim ZI )it mm)| =
uniformly inm,n € N foreachi € N, (4.20)

where a(i,},q,q', m, n) is defined as in Lemma 4.2.

Lemma 4.8 ([18]) A four-dimensional matrix A = (auni) is almost strongly regular, i.e.,
A € (Cr : C)regs iff A is almost regular and the following two conditions hold:

1 A , q, ,n)|=0 ) ly inm, N, 4.21
qqanOOZZ| wa(ijq.q,m )| uniformly in m,n € (4.21)
1 A ,q =0 ) ly inm, N, 4.22
qqlglooZZ‘ onalij,q,q, mn)’ uniformly in m,n € (4.22)
where

Avoalij, g9 smn) =a(i.j,q.q,m,n) —a(i+1,j,q,4,m,n),

Analij,q.q,m n) =a(i,j,q.q ,mn) —a(i,j +1,q,q,m,n).

Now let us define the sets di with k € {1,2,...,7}, for the compressing of the following
theorems and their proofs, as follows:

mn g Njk g Nl
dy = a:(akl)eQ:supZZ<—) (T) —1; <
ikl N "

m,neN k1
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d2={tl=(ak[)€§2:

m,n _s j_k _
puccao- tn Y (F) (F

Ji=k,l

<
N———

X

D

Il

=

z

[ —

d3={a:(akl)€Q:

mn g NJK N i aj
JueCs3,9 - lim — — ~ =uy,
Jm S5 (2) () 4

&l jizkl

d4={a=(ak,)eQ:ElloeN9,

. m,n —s j—k —u i~lp
0_;11,1;}1—13002 Z ~ v aj; — Pri,| =0forallk e N¢,
k lji=klo
ds = {ﬂ=(6lk[)€QtE|ko€N3,
. mn —s j—ko —u i~
z?—m}}qlgloo; Zkl<7> (T) aj; — Proa| =0forallleN¢,
jii=ko,

dﬁz{ﬂz(ﬂkl)GQ:

0l 2

m,n j—-k i-l
=S bt 24 ajj
A E = — ) ZY -0},
Jri=k,l
d7={a=(ak;)e§2:

0l 20

mn g Nk Nl
A =) () %t Zol
jui=kl

Theorem 4.9 The (bp)-dual of the space B(Cy) is the set ﬂlll d;

Proof Suppose that a = (a,,,) € Q and &% = (x,,,) € B(C). Then we have y = Bx € Cr. There-
fore, we have the equality (3.16), which is in [2, Theorem 3.11, p.14] with the m, nth partial
sum of Y~ apx with Y " axxis = (Dy)mn. By taking the limit as 2, n — oo from this
equality, we have the four-dimensional matrix D = (d), which was also defined by Tug
[2, p. 14] as

— i — i_]aji
Y GYRE TS 0<k<m0<l<mn;

dmnkl = (4'23)

otherwise,

for all k,/,m,n € N. Then one can obtain from the above consequences ax € CSy, when-

ever x = (%) € B(Cy) iff Dy € Cp, whenever y = (y,,,) € Cr. This says that a = (@) €
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{B(Cf)}ﬁ(ﬁ) iff D € (Cr : Cyp). Thus, we can say that the conditions of Lemma 4.5(a) hold

with d,,,,..; instead of a1, i.€.,

D2 ()

sup <00,
mneN |k
mn s j—k _u i~l
Hﬁkl € C B,bp - mly}inoo Z (—) <7> ﬂﬁ = ﬂkl;
’ Ji=k,l r
mn _s j—k —u i—la”
JueC a,bp—mlnigooz Z (7) (7) r_ltl =u,
’ ki ji=kil
mn s j—k —u i—lp
Ay eN>,bp - mlniEX)Z Z (—) (T) aji — Prjy| = 0
’ k ji=klo r
forall k e N,
m,n s j—ko —u i-l
ko eN>,bp - mlnigooz Z (—) (T) aji — Broa| = 0,
’ 1 ji=ko,l r
foralll e N,
mn _s j—k —u i-l @i
- tim XY sl X (F)(F) %Y|-0
ko1 Jri=k,l
mny g j—k —u i—la“
. i | _
ot S ol $(5) () 2o
ko1 Ji=k,l
which is the set ﬂzzl d;. This is the result we desired. O

Now we characterize a new four-dimensional matrix class (Cy : M), which will be used

in the proof of y-dual of C; and in some corollaries of the fifth section of this work.

Theorem 4.10 A four-dimensional matrix A = (Gmui) € (Cr : M,,) if and only if A, €
Cfﬂw) and condition (4.1) hold.

Proof Suppose that A = (@) € (Cr : M,,). Then Ax exists and is in M, for all x € Cy.
Then A,,,, € Cj’? @) for all m,n € N. Moreover, it is well known from [15] that the inclusion
Cr C M, holds. So, we can say that the inclusion (Cs : M,,) C (M,, : M,,) holds and it gives
us the result that the condition (4.1) is necessary.

Conversely, suppose that the condition (4.1) holds and A,,, € C}S @) Let us take any se-
quence x = (xx) € Cr C M,, so there exists an M € R* such that sup; ;. [xx| < M. Since
Ay € C]f} @ for each m, n € N, then Ax exists. Since the inequality

< i

k,l

Z AmnkiXkl
k1
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holds for each fixed m, n € N, one can obtain by taking the supremum over m,n € N

E AmnkiXkl

k.l

sup
m,neN

< sup > |dymul 2
m,neN Py

<M sup Z | @kt < 0.
mneN Py

This shows the fact that Ax € M,,, which completes the proof. d
Theorem 4.11 The y-dual of the space B(Cy) is the set dy N CSy.

Proof Let us suppose that a = (,,,) € Q and x = (x,,,,) € B(Cs). Then we have y = Bx € C;.
Therefore, by following a similar way to that used in the proof of Theorem 4.9, we may say
that ax € BS whenever x = (x,,,) € B(Cy) if and only if Dy € M,, whenever y = (y,u,) € Cy,
where the matrix D = (d,.x) was defined by (4.23). This means that a = (a.,) € {B(Cy)}”
if and only if D € (Cr : M,,). Thus, one can be seen that the conditions of Theorem 4.10
hold for the matrix D = (d,,,,x;). That is, D,,,,, € Cﬁ @) for each fixed m,n € N and

mn SN/ _uNi an

_ _ i

su E E — — —

5 = ( r ) ( t ) rt
Jri=k,l

m,neN ki

< OQ.

This means that the y-dual of the space B(Cy) is the set d; U CSy as mentioned. O

5 Matrix transformations related to the sequence space B(Cy)

In this section, we characterize some new four-dimensional matrix classes (B(M,) :
Cr), (M, : B(Cr)). Then we complete this section with some significant results of four-
dimensional matrix mapping via the dual summability methods for double sequences
which have been introduced and studied by Basar [22] and Yesilkayagil and Basar [23],
and which have recently been applied in [2].

Theorem 5.1 A four-dimensional matrix A = (amu) € (B(Cr) : M,,) if and only if A,,, €
{B(C)}P") and the following condition holds:

mn s i-k ” j—la .
- - mnij
su E E — — <0
b - ( r ) ( t ) rt
ij=k,l

m,neN Kl

(5.1)

Proof Suppose that A = (a,uux) € (B(Cr) : M,,). Then Ax exists and is in M, for all x =
() € B(Cy), which implies that A, € {B(Cy)}") for all m, n € N. Thus, we may have the
following equality derived from the partial sum of the series ) k.l BrmnkiXK:

m,n mn kil k—j I-i
- / —-Uu Yii

E AnnklXkl = E Aynnkl E - -
r t rt

k,l=0 k,1=0 J»i=0
nmn  mn i—k i—l
=\ (—u " dmi
2 2(5) (7)) S
k,1=0j,i=k,!

= (Ey)mm (5'2)

Page 15 of 19
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where the four-dimensional matrix E = (e,k) is defined by

YY) 0<k<m0<l<n
Cmnkl =

otherwise,

for all m, n € N. Then, by taking the ¥-limit on (5.2) as m, n — 00, we may say that Ax = Ey.
Hence, Ey € M, whenever y € Cy, that is, E € (C; : M,,). In this instance, the condi-
tions of Theorem 4.10 hold with E = (eyux) instead of A = (@), i-€., Emn € {Cr}P?) and
SUD,,, e D1 |€mnkil < 00. This completes the proof. O

Theorem 5.2 A four-dimensional matrix A = (@mu) € (Cr : B(M,)) if and only if A,,, €
{CrYP?) and the following condition hold:

Z bmm’j(r: s, L, u)ﬂijkl < o0 (5.3)

i,j=0

sup Z

m,neN k1

Proof The proof can be shown by the same method as is followed in Theorem 5.1 by using
equation (4.6) [24, Theorem 4.7] between the elements of the four-dimensional matrices
A = (@uun) and G = (@) So we omit the details. O

Tug [2] has recently applied the dual summability methods for double sequences which
has been introduced and studied by Basar [22], and Yesilkayagil and Basar [23]. In this
work, we use the relation between the four-dimensional matrices E = (e,,x1), e(m,n),
G = (guni) and H = (Myui) with A = (ank), which has been proved and studied in [2,
Lemma 4.2, Theorem 4.5].

Now, we may give the relation between the four-dimensional matrices E = (€uuk),
e(m, n), G = (gnuit) and H = (hyi) by

mn i-k i—1
- —U / ﬂmm‘j
ewit= 2\ ) (7) T

hj=k,l

mn oo i—k i—1
- —u / amnij
e(m,n) = Z Z 7 t rt
k1=0ij=k,l

mn

Emnkl = Z bmnijaijkl; and

i,j=0

m,n
hmnkl = Z bmnijeijkl
ij=k,l

for all m,n, k,[ € N.
Now we may give the following new significant results for the four-dimensional infinite

matrix A = (@)

Corollary 5.3 The following statements hold.
(i) A € (B(Cyp):Cr) iff (4.1)-(4.5) hold with e,y instead of G
(i) A e (B(C)):Cy) iff (4.1)-(4.3) and (4.6)-(4.7) hold with ey instead of A
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(iii) A € (B(Cp) : Cr) iff (4.1)-(4.3) hold with e instead of @k
(iv) A e (B(WM,):Cy)iff (4.1) and (4.14)-(4.16) hold with e, instead of apmui.
(v) A e (B(Cr):Cup) iff (4.1) and (4.8)-(4.13) hold with e,uu instead of apui.

Corollary 5.4 The following statements hold.
() A e(Cp:B(Cr)) iff (4.1)-(4.3) hold with g instead of @k
(ii) A € (Cpp:B(Cr)) iff (4.1)-(4.5) hold with gy instead of @mnk.
(i) A € (C,: B(Cy)) iff (4.1)-(4.3) and (4.6)-(4.7) hold with g instead of @k
(iv) A e (M, :B(Cr)) iff (4.1) and (4.14)-(4.16) hold with gy instead of apui.
(v) A € (Cr:B(Cyp)) iff (4.1) and (4.8)-(4.13) hold with gk instead of @y

Corollary 5.5 The following statements hold.
(i) A e (B(Cp):B(Cy)) iff (4.1)-(4.3) hold with hyuu instead of apui.
(ii) A € (B(Cyp) : B(Cy)) iff (4.1)-(4.5) hold with Ny instead of ayui.
(iii) A € (B(C,):B(Cy)) iff 4.1)-(4.3) and (4.6)-(4.7) hold with hy,y instead of G
(iv) A e (B(WM,):B(Cy)) iff (4.1) and (4.14)-(4.16) hold with hyuq instead of @i
(v) A e (B(Cy): B(Cyp)) iff (4.1) and (4.8)-(4.13) hold with hyx instead of @i
(vi) A e (B(Cr) : BIM,)) iff (4.1) hold with hyu instead of @y

Corollary 5.6 The following statements hold.
(i) A e(B(Cr):CSpyp) iff (4.1) and (4.8)-(4.13) hold with e(m, n) instead of @pni.
(ii) A € (B(Cr): BS) iff (4.1) hold with e(m, n) instead of @

Corollary 5.7 The following statements hold.
(i) A e (B(Cr):Cr;p) iff (4.1), (4.17)-(4.22) hold with e instead of @pui.
(ii) A € (Cr:B(Cr);p) iff (4.1), (4.17)-(4.22) hold with g instead of @k
(iii) A e (B(Cy) : B(Cy); p) iff (4.1), (4.17)-(4.22) hold with hyu instead of @

6 Conclusion

The concept of almost convergence of single sequence was introduced by Lorentz [12]. In
2010, Mursaleen [25] investigated the certain properties of the space of almost convergent
sequences denoted by f. Then many mathematicians have studied the matrix domain on
almost null and almost convergent sequences spaces (see [26—29]).

The almost convergence for double sequence was introduced by Moricz and Rhoades
[13] and studied by many researchers (see [15, 21, 30-38]). Yesilkayagil and Basar [19]
recently studied the topological properties of the spaces of almost null and almost conver-
gent double sequences.

In this work, we studied the domain of the four-dimensional generalized difference ma-
trix B = (byui) in the spaces of almost null and almost convergent double sequences and
examined some topological properties. Moreover, we determined the «-, 8(bp)- and y-
duals of the space B(Cy) and characterized some new classes of four-dimensional matrix
mappings related with the sequence space B(Cy). The characterization of the matrix classes
(Cr:Cp), (Cr:Cp), (B(Cy) : Cp) and (B(Cy) : C), and (Ly : Cy), (B(Ly) : Cr), (Ly : B(Cy)) in the
two cases 0 < s’ <1 and 1 <s' < 00, and the B(p)-dual and B(r)-dual of the space B(Cy) are

still open problems.
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