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1 Introduction
Forn>1,R} ={x=(x1,...,%,) :%;>0,i=1,...,n},a;,b; >0 (i=1,...,n), w(x) >0 (x € RY),

and p > 0, we set

D=

u(x) = (i aixf) , v(y) = (2”: bi}’f) ' )
i1 i1

1/p
L2 (RY) = {f(x) >0:[fllpw = (/ w()f? (x) dx) < +oo}.

Ry

Ifp>1, }7 + % =1, K(&,v) > 0 (4, v > 0), then the Hilbert-type multiple integral inequality

is of the form

[ [, Ko 00 wlg) ey < M1y o
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Define a singular integral operator T

1)) [ K v @dv, <R, @
then (1) may be rewritten as follows:

[ 161001 dy < M1yl
RY
It is easy to prove that (1) is equivalent to the following inequality:

[T, < MIf Ny gl g @)

where y = (1 — p). When the operator T satisfies (3), T is called bounded operator from
L2 (R?) to LL (RY).

At present, there are lots of research results on Hilbert-type single integral inequality (cf.
[1-14]). But there are relatively few studies on Hilbert-type multiple integral inequality.
In particular, there are fewer studies on the necessary and sufficient conditions for the
existence of the multiple integral inequality.

In this article, by using the methods and techniques of real analysis, we give the sufficient
and necessary conditions for the existence of the Hilbert-type multiple integral inequality

with the non-homogeneous kernel
K (u(x), v(y)) = G(u" (2 (9)),

and calculate the best possible constant factor. Furthermore, its application in the operator

theory is considered.

2 Some lemmas
Lemma 1 Suppose that p > 1, }7 + é =1,nu>1,p>0,AAy>0,a;,b;>0 (i =1,...,n),
1 1
u(x) = (31, ax)?, v(y) = (2L, biy?) 7
If K(u(x), v(y)) = G (x)v*2(9)) is a non-negative measurable function, setting

Wy = / ()7 K (1 v(0)) db,
R}

W, = / (u(®)” 7 K(u(t),1) dt,
R

we have the following:

B+n +n

CM@:LﬁwYTKanmw=wmﬁ“f%m

asn _
» "

wm%aéqu%?WwwwVM=Mm%( Wa

"
+
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A s
Proof Since y(ay) = av(y) (a > 0), in view of K(tu,v) = K(u, ti v), setting ¢ = ui (x)y, we
find dy = uT] (%) dt and

o) = [ (0) T KL 00 dy

—niy

=/ (u_%(x)v(t))f%l((l,v(t))uT(x)dt
R}

)

= (u(x))E 7 W

In the same way, we have

gt —n)

(1)2(36 (V(y)) Wz.
The lemma is proved. O
Lemma 2 (cf. [15]) Ifp;>0,a,>0,0;>0 (i =1,...,n) and Y (t) is a measurable function,

then we have the following:

/ / wZ@) A dy - d,
(x>0, a—l“z<1} i1 a;

apl...apﬂr(&).. s g
= e e g,
%F(Zm /wu

where I'(t) is the gamma function. In particular, for a; = p, p; = 1, b; = aip (i=1,...,n), we
have l

/ / (Z bixf) dx, ---dx,
(x>0, bx <1} —

i=1

:lllprn -1
A = [ vt ta

3 Main results
We set

Q(d<b)={x:(xl,...,x,,);a<u(x)<b},
Q’(a<b)={x:(xl,...,x,,);a<v(y)<b}.
Theorem 1 Supposethatnzl,p>1,1%+$=1 p>0,a,B€R Ary>0,a,>0,b;>0

(i=1,...,n), ulx) = (O ax)V, vy) = Q5 by )P, K(u(x), v(y)) = Gut (x)v*2(y)) is a

non-negative measurable function,
0<Wr= / (V(t)) (1 V(t)) dt < oo,

0< W, = / (u(®))” 7" K ((£),1) dt < o0,
!
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andfora=0,b=1(ora=1,b=+00),
/ ()7 K (1L, v(0)) dt >0,
(a<b)

/ (u(®))” 7 K(u(t), 1) dt >0,
Q' (a<b)

then we have the following: There is a constant M such that, for f(x) € L", *)

Ik, () (R, the following inequality

[ [ K00 eg0) dsdy < M1f10 1l

holds true if and only if the equality ”’\1;%’\2 = % is valid.

nig+fr1  nAjtarn
—q —.

Proof We assume that (4) is valid and set ¢ =
(i) For A1, 22 > 0, if ¢ > 0, putting & > 0 small enough and

(u(x)) o219, y(x) > 1,
flx) =
0, O<ux) <1,
v(y))Fmhadla 0 < y(y) < 1,
gy =
0, v(y) > 1,
by Lemma 2, we have
I 1l p, e g1l e
N 1/p . 1/q
_ ( / (ulw) " dx) ( / (v(y) " dy)
Q(1<+00) Q/(0<1)
r(;) 1\
) (a}“’ @ prIT(2) E)

() 1\
,b}l/ppnflpn—lr(ﬂ) Ao&
)

n 1/p 1/q
= ~1lp b—l/p
ki/ﬂ)é/qpn—lr(%)g (!_[ ) (H ) )
/Rn /R K (u(x), v())f ()g(y) dac dy

x( :
biﬂ..

Page 4 of 12

(R?) and g(y) €

(4)

= u(x)) " K (u),v) (v(y)) "2 gy ) dx
/ (u(x)) ( )
Q(1<+00) Q/(0<1)

/SZ 1<+oo)
/&:2 1<+oo)

(1,v(®)

( —a—n—A1€)/p </ " K
Q' (0<u’2 (x))

y) oo ( [ kvl ) ) 0 dy) dx
Q/(0<1)
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% (177 (ow() PR () dt) dx

- / (m@)‘”*%“”( ] " 1<(1,v(t))(v(t))(‘ﬁ‘””z”’qdt)dx
Q(1<+00) Q' (0<u*2 (x))

> / () "2 / K(1,v(0) (v(e) TP gy (6)
Q(1<+00)

Q/(0<1)

Hence, by (4), (5) and (6), we have the following:

/ (u(x))—mﬁ—hs dx/ 1((1’V(t))(v(t))(—ﬂ—mxzs)/q dt
Q(1<+00)

Q/(0<1)
') (i )( b ) o
<M a, A . 7
= p, 1/
Alp)‘qunflr(%)g i=1 l i=1 l
For 2 > 0, ¢ > 0, ¢ > 0 small enough, -n + i — A& > —-n, it follows that
fQ(IGOO)(u(x))*mi*Mgdx = 400, which contradicts inequality (7) in view of

Joroay KL, v(t))(v(2))B-m+226)4 gt 5 0. Hence it is not valid for ¢ > 0.
If ¢ < 0, putting & > 0 small enough and

(u(x) o8l 0 < y(x) < 1,
16 0, ux) > 1,
20) = () P00, y(y) > 1,

0, 0<v(y) <1,

in the same way, we have the following:

R r—
Q' (1<+00)

Q(0<1)

n(l n 1 117 n 1 é
_M#(]—[a?) (]‘[b}’) . (8)
i=1

WA prIT(R)e \ist

£ _

g A& > —n, it follows that

For 13 > 0, ¢ < 0, ¢ > 0 small enough, hence —n —

fQ,(lGoo)(V(y))_"_*cl _xzsdy = +00, which contradicts inequality (8) in view of

fQ(0<1) K(u(2), 1)(u(2))-e-+*18)p gt 5 0. Hence, it is not valid for ¢ < 0.

nijt+adry _ nia+BAg

Therefore, we prove that ¢ = 0, namely is valid.

is valid as follows.

(ii) For A1, A3 < 0, we prove that % = Mot

If ¢ > 0, putting & > 0 small enough and

(u(x))conm=8lr 0 < y(x) < 1,
"0, u(x) > 1,
B (V(y))(—ﬂ—mkzs)/q’ v(y) >1,
€ 0, 0<v(y) <1,
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we have

1 lpur 1€ Nl g

1/p 1/q
- </ (u(ac))_"_h‘E dx) (/ (V(y))_nﬂz‘E dy)
Q(0<1) Q' (1<+00)

=) n Up s n 1/q
P -1/ —1/
= (_}\1)1/p(_)hz)1/qpn—1r(%)8 (Hﬂi p) <£[ b, '0) , 9)

i=1

[, [ kvt dsay
rr SR

- / (u(x))("‘“””p< f K(u(x),v(y))(v(y))(ﬂn“\m/qdy) dx
Q(0<1) Q/(1<+00)

:/ (u(x))(—a—n—hs)/P(/ A K(l,v(t))
Q(0<1) Q' (u”™2 (x)<+00)

x (177 (ow() PR () dt) dx

- f (u(x))”*i“f( / " 1<(1,V(t))(v(t))(ﬁ”*””’%)dx
Q(0<1) Q(

u2 (x)<+00)

= [ ) [ ko)) w0

Q' (1<+00)

Hence, by (4), (9) and (10), we have the following:

/ (M@)fmiim dx/ K(Lv(0) (v(t))("g’””zg)/q dt
Q(0<1)

Q' (1<+00)

F”(l) n / Up s n / l/q
14 -1/p -1/p
EM(_AI)I/p(_AZ)l/qpn—lr( )e (H“i ) (Hbi ) . (11)

B
P i=1 i=1

It is obvious that fQ(Od)(u(x))_mE_Mg dx = +00, which contradicts inequality (11) in

view of fQ’(1<+oo) K(1,v(t))(v(2))-F~+%28M4 gt 5 0. Hence it is not valid for ¢ > 0.
If ¢ < 0, putting ¢ > 0 small enough and

)= (u(x)) om0l y(x) > 1,
0, O<ulx) <1,
)= (v(y)hn29, 0 <y(y) <1,
§0= 0, v(y) > 1,

in the same way, we have

)" g K (ue), 1) (u(®)) T gy
(v») y
Q'(0<1) Q(1<+00)

rn(l) n / Up sy ) l/q
P -1/p ~1/p
5M(_)Ll)1/p(_A2)1/qpn_1r(%)g (H“z‘ ) (!__1[ b; ) . (12)

i=1
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In virtue of fQ,(O<1)(V(.)/))_"_H_M‘g dy = +o00, (12) is a contradiction in view of
f9(1<+oo) K(u(t), 1) (u(2))-e+MeMp dt 5 0. Hence, ¢ < 0 is not valid.
Therefore, we prove that ¢ = 0 is valid.
nA]+aiy _ nio+fA
p

On the other hand, we assume that is valid.

Settinga = - + p—q b= Ifq += by Holder’s inequality with weight and Lemma 1, we find

f f K (1), v(3))f (x)g () dx dy
R" R”

JJo b ) e Kt )

= ([, [ros Ey)) (o) )

(fR /R uaq (u(x),V@)) Jx dy>“q
:(/Rﬁ(u(x>)°7fp(x>wl(x)dx)1/”( / ) et dy)uq

)\

1 1/,

+

MJrLZ(M_,I) lg
X (/ (V(y)) ? "l gq(y)dy)
R}

St weyrwas) ([ oo)son)

T+

1/q

= WL N gl g
Taking M > W,”” W', we prove that (4) is valid. O

Theorem 2 With regards to the assumption of Theorem 1, the best possible constant factor
of (4) isinfM = Wl/p W”q when (4) holds true.

1/p Wl/q

Proof We assume that (4) is valid. If there exists a positive number M, < W such

that (4) is still valid when replacing M by M, then, Vf(x) € Lp (R” )and g(y) € Lp (Rﬁ),

we have
[, [ K00 0g0) dndy = Mol gl (13)

Taking ¢ > 0 and é > 0 small enough and setting

)= (u() oI,y (x) > 5,
0, 0<ulx) <4,
B (Vo,))(—ﬂ—mlkzls)/q, 0< v(y) <1,
gy = N ) 1,
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we have
Nl g 1€ Ml 5,0
. 1/p N 1/q

_ ( f () "1 dx) < / (v) ™ ”dy)
Q(8<+00) Q'(0<1)
Fn(l)(;)llp n Up / n l/q

_ rxavisign ,_l/p b,_llp 14

|A1|MP 2y |V pm 1T (5 )e l_llﬂ 1_1[ ' "

And we have the following by using % = %:

f / K (@), v))f @) dxdy
rr Jrn

= /;2/(0 1)(1/(‘),))(—/.‘3—n+)»25)/q</9((s )(u(x))(—rx—n—lh|s)/PI((u(x), V(y)) dx> dy

_ / (viy)) 21O
Q/(0<1)

X (/ (u(x)) —Ot—n;\)»llé' I((u(v% (), 1)) dx) dy
Q(5<+00)

—a—n—|rle

_ / (V(y))(—ﬂ—m\kz\s)/q </ A2 (V_%(y)u(t)) >
Q'(0<1) Qv

1 (3)<+00)

x K (u(t), l)V_% ) dt> dy

[ o ([ () K, de)
Q'(0<1) Q

(Bvﬁ (y)<+00)

—a—n-|r1le

—n+|Aale i le
= /Q,M (v») " dy /Q ) K (u(t), 1) dt
() T, b, .

__ prE menihyle
2l 1T (%)e /9(8%0) (u(®)) K (u(2),1) dt. (15)

Combining (13), (14) and (15), we have

—a—n—|ryle

/ K1) (@)~ 7 dt
Q(§<+00)

1 n N 1/p 1 n N 1/p 1 1p
- —1/p - —1/p
<M, Ml'l__[ﬂi |A2|Hbi (6)‘15/0) . (16)

i=1

If we set
(u(x))coenmlelr 0 < y(x) < 1,
16 0, ux) > 1,
0) = ((y))B-mr2leda y(y) > 8,
0, 0<v(y) <§,
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then, in the same way, we have

f K(1,(8)) () P21 gy
Q' (§<+00)

1 &y R 1/ My
~1/p -1/p
SMo(lMH“i ) (lkzlnbi ) (57 )

i=1 i=1

Hence, by (16) and (17), we have

1/
( / K(1,v(0) (vp) dt) ’
Q/(§<+00)

—a—n—|ryle l/q
x ( / K (u(®)1) (u(0) ™7 dt)
Q(§<+00)

1 1/(pq) 1 1/(pq)
5M°<5|Az|s/p) ((wls/p) ’

For ¢ — 0%, using Fatou’s lemma, we obtain

( / K(1L,v0) ()7 dt) ’ ( / K(ul®), 1) (ult))” 7" dt) "< Mo,
Q/(5<+00) Q(8<+00)

and then it follows that, for § — 07,

1 1
1 1 2 q

WP Wy - ( /R ” ()T K (1, v(0) dt)p ( /R () K (0,1) dt> " <M,

This is a contradiction, which leads to the fact that Wll p WZ1 '@ is the best possible con-
stant factor of (4). a

4 Application in the operator theory

For y = B(1-p), thereis — % = % —n, and it follows that "“;%’\2 = % is equivalent to
AM(n+y)+r2(m+a) = onp. Inview of the fact that (1) is equivalent to (3), by Theorems 1-2,
we have the following.

Theorem 3 Suppose that n>1,p>1, p >0, a,y € R, MAy >0, a; >0, b; >0, u(x) =

O a )P, v(y) = (0%, by! )P, K(u(x), v(y)) = G(ut (x)v*2(y)) is a non-negative mea-
surable function, the operator T is defined by (2),

0< W, = f (V(t))%7n1<(1,v(t)) dt < 0o,
RY
0< W= / (u®))” 7" K (u(2), 1) dt < 00,
R
andfora=0,b=1(ora=1,b=+00),

/ W(©) 7 "K(1,v()) dt >0, / (u(®)” 7 K (u(t), 1) dt >0,
Q' (a<b) Q' (a<b)
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then we have the following:

(i) T is a bounded operator from L2 (R") to LV, (R") if and only if the equality Ay (n+y) +
Ao(n+ ) = Mynp is valid.

(ii) If the operator T is a bounded operator from Lﬁa (R?) to Lfy (R"), then we obtain the

norm of the operator T as follows:

” T(f) ”p,vV

o1 1

_ PWq

- 1 2
pogmy W llpue

feLua(R+) p

171 ==

Taking o = y = 0 in Theorem 3, we have the result as follows.
Corollary 1 Suppose thatn>1,p>1,p>0, AAy>0,a;>0,b;>0(i=1,...,n), ulx) =

2 ax)VP, v(y) = (3, by)VP, K(u(x), v(y)) = G (x)v*2(y)) is a non-negative mea-
surable function, the operator T is defined by (2),

0< W= / (V(t))g_"l((l,v(t)) dt < oo,
R}

0<W,= / (u(t))fng(u(t), 1) dt < oo,
R}

andfora=0,b=1(ora=1,b=+00),

f (v(®)? "K(1,v(e)) dt > 0, / (u(®) P K (u(),1) dt > 0,
Q' (a<b) Q' (a<b)

then we have the following:
(i) T is a bounded operator in L (R”?) if and only if A1 = (p — 1)X,.
(ii) If the operator T is a bounded operator in LP(R"), then the norm of the operator T is

11
T =ww,)i.

Theorem 4 Suppose thatn>1,p > 1, l+l=1 p>0, )»1,)\2>0 a;>0,b;>0(i=1,...,n),
b>5,a>b- ,u(x)—(zl1 ax!) ﬂ s v(y) = (5 byt ﬂ , the operator T is defined by

B (W1 ()2 (y))? .
T()y) = . mf(x) dx, yeR],

then we have the following:
(i) T is a bounded operator in L (R") if and only if%‘ = ’\72
(ii) If the operator T is a bounded operator in LP (R"), then the norm of the operator T is

as follows:

(1) LN
1T = ———F—*~ (]‘[ai”)
ML prID(#)M(a) Nist
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Proof (ii) In view of % = %2, we have the following by using Lemma 2:

W, - f () T K (1, v(0)) dit
RY

A2b_

n p " ap 1
= b;t! - dt
/R’l ; [1 + (Zi=1 bit;))Azlp]a

Ab

"1 n ) TS 1
i / %i 7 dt
Ell RY lzzl 1+ (Zizle))nz/p]a

nooa rkzb—n/q
:Hb.plim/m/ :
i-1 'orse xi>0;x[1’+~~+xﬁ§r1’ [1 + r}\.Z(Z:I:l(%)p))LZ/,D]a

rb g

n x\"\ ?
L — —
X E (—) w7t x  dy - dx,
r
i=1

1 227 n_q
T N N e
_Hbl lim 7 ! n n A2 1 h2/pYa
il r—00 P F(;) (1+r 21 2)0)
" rily e
= b,” lim G) 1 7 gy
i 1
bt inomrm ), Tt
F”( ) moo_1
’ dt

" aph lr( )H o (L+t)
F”( ) L n
S 10 e (o 5)
() n n
Y - b \r(a-b+ 1)
T T )H ( A2p> (“ +Azp>
In the same way, we still have the following:
W, = / [u(®] 77 K (u(z), 1) dt
RY
() z n n
“ @ 1 o= )r(e-ee i)
() . n n
" Jap" T (2 () g“i F(”_ @)F(“_’” @)

It follows that

£
P
—1=
&~
Sl
~———
ST
—
N
S
|
S" s
N
N——"
—
N
Q
|
S
+
< |
N
N——

11 F”(%) noo1\4
Wlp qu — T Hﬂi P
Afké’p”*lr‘(%)f‘(a) i

Hence, we prove that (ii) is valid by Corollary 1. g
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5 Conclusions

In this paper, by using the methods and techniques of real analysis, the sufficient and nec-
essary conditions for the existence of the Hilbert-type multiple integral inequality with the
kernel K (u(x), v(y)) = G(u* (x)v*2(y)) and the best possible constant factor are discussed in
Theorems 1-2. Furthermore, its application in the operator theory is considered in Theo-
rems 3-4. The method of real analysis is very important as itis the key to prove the equiva-
lent inequalities with the best possible constant factor. The lemmas and theorems provide
an extensive account of this type of inequalities.
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