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1 Introduction
Letf:1 C R — R be a convex mapping and a, b € I along with a < b. The inequality

arb\_ 1 [P @)
H(457) = s [ rwas <TI0, (L)

named Hermite-Hadamard’s inequality, is one of the most famous results for convex map-
pings. This inequality (1.1) is also known as trapezium inequality.

The trapezium-type inequality has remained an area of great interest due to its wide
applications in the field of mathematical analysis. Many researchers generalized and ex-
tended it via mappings of different classes. For recent results, for example, see [1-7] and
the references mentioned in these papers.

In 2013, Sarikaya et al. [8] established the following theorem by utilizing Riemann-

Liouville fractional integrals.

Theorem 1.1 Let f : [a,b] — R be a positive function along with 0 < a < b, and let f €
L'[a, b). Suppose that f is a convex function on [a,b), then the following inequalities for
fractional integrals hold:

a+b Fpw+1), " fla)+f(b)
1(57) = s s O+ 1 stan) <702, (1.2
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where the symbols ]\.f and J,-f denote respectively the left-sided and right-sided Riemann-
Liouville fractional integrals of order u > 0 defined by

T ) = FL) f “x- 0 0de a<a

(1

and

1 b
]gﬂf(x):m/ (t—x)""f(t)dt, «x<b.

Here, T' (1) is the gamma function and its definition is T' (i) = fooo e~'tt=1 d¢. It is to be noted

that J%.f (x) = JO.f () = f ().

In the case of = 1, the fractional integral recaptures the classical integral.

Because of the extensive application of Riemann-Liouville fractional integrals, some
authors extended their studies to fractional trapezium-type inequalities via mappings of
different classes. For example, refer to [9—12] for convex mappings, to [13] for s-convex
mappings, to [14] for (s, m)-convex mappings, to [15] for r-convex mappings, to [16] for
harmonically convex mappings, to [17] for s-Godunova-Levin mappings, to [18, 19] for
preinvex mappings, to [20] for MT,,-preinvex mappings, to [21] for s-convex mappings
and to references cited therein.

In [22], Mubeen and Habibullah introduced the following class of fractional derivatives.

Definition 1.1 ([22]) Let f € L![a, b], then k-Riemann-Liouville fractional derivatives
WJif (x) and iJ;-f (x) of order p > 0 are given as

Wi f (x) = kal(u) /ax(x ~0% (6 dt (0<a<x<b)
and
1 b i
i) = s / (t-0)tf@0de (0<a<x<b),

respectively, where k > 0 and 'y () is the k-gamma function defined by 'y (i) = fooo 1 x
k
e T dt. Furthermore, I'y (1 + k) = uTx (i) and /0. f (x) = /Jg,f(x) = f(x).

The concept of k-Riemann-Liouville fractional integral is an important extension of
Riemann-Liouville fractional integrals. We want to stress here that for k # 1 the proper-
ties of k-Riemann-Liouville fractional integrals are quite dissimilar from those of general
Riemann-Liouville fractional integrals. For this, the k-Riemann-Liouville fractional inte-
grals have aroused the interest of many researchers. Properties concerning this operator
can be sought out [23-26], and for the bounds for integral inequality related to this oper-
ator, the reader can refer to [27-29] and the references mentioned in these papers.

Motivated and inspired by the recent research in this field, we obtain some k-Riemann-
Liouville fractional integral of trapezium-type inequalities for (%, m)-convex mappings and
(o, m)-convex mappings. The results presented in this paper provide extensions of those
given in earlier works.

To end this section, we restate some special functions and definitions.
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(1) The beta function:

INEINC))

. Vx, 0.
C(x+y) Hy>

1
Bl = [ oo e
0
(2) The incomplete beta function:
a
Bla,x,y) = f £ 1 -tPtdt, 0<a<l,xy>0.
0

Definition 1.2 ([30]) The functionf : [0,5] — R is named («, m)-convexif, for every x,y €
[0,b] and ¢ € [0, 1], the following inequality holds:

f(tx +m(1 - t)y) <tf(x) + m(l - t"‘)f(y),
where (a, m) € (0,1] x (0,1].

Definition 1.3 ([31]) The function f : [0,b0] — R is called m-MT-convex if f is non-
negative and, for all x,y € [0,b] and ¢ € (0,1), with m € (0,1], it satisfies the following

inequality:
NG ma/1—t
fltr+m1-1t)y) < 2\/mf(x) Y7 ).

Definition 1.4 ([32]) Let%:(0,1) €] — R be a non-negative function. A functionf : I —

R is said to be &-convex if f is non-negative and

fltx+ (1= 1)y) <h(O)f () + h(1 - O)f (y)
holds for all v,y € I and ¢ € [0, 1].

Definition 1.5 ([33]) Letf:I € R — R be a non-negative function. A function f : I — R
is said to be tgs-convex if the inequality

f(tx +(1- t)y) <t(1- t)[f(x) +f(y)]
holds for all x,y €  and t € (0, 1).

Definition 1.6 ([34]) Let /: (0,1) € J — R be a non-negative function. A function f :

[0,b] — R is named (4, m)-convex if f is non-negative and
f(tx +m(1- t)y) < h(t)f (x) + mh(1 - £)f (y)
holds for all x,y € [0, 5], t € (0,1) and some fixed m € (0, 1].

Clearly, when putting /(¢) = t(1 —¢) in Definition 1.6, f becomes an (1, tgs)-convex func-
tion on [0, b] as follows.
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Definition 1.7 The function f : [0,50] — R is named (1, £gs)-convex if f is non-negative
and

f(tx +m(1— t)y) <t(l1- t)[f(x) + mf(y)]
holds for all x,y € [0, 5], t € (0,1) and some fixed m € (0, 1].

Note that, if we choose m = 1 in Definition 1.7, f reduces to a fgs-convex function in
Definition 1.5.

2 Alemma
To prove our main results, we consider the following new lemma.

Lemma 2.1 Let f : 1 € R — R be a differentiable mapping on 1° (the interior of I) with
0 <a<mr, a,r €I, for some fixed m € (0,1]. If f' € L'[a, mr], then the following equality
for k-fractional integral along with A € (0, 1]\%, k>0and p >0 exists:

Tiu(m, 2, 7)

=/1((1—t)‘k‘_t‘k‘)f/(t(xmm(l—x)r)+m(1—t)(xr+(1—x)%))dt, (2.1)
0

where
Tieu(m, 2, 1)
_ flmdr + (1= 2)a) +f(ha +m(1 - 1)r) . i + k)
= (1 -21)(mr —a) (1—2)»)%”(7;17—51)%*1
X [ sreyayf (@ + mQ=2)r) + 1 4 pmongnf (mrr + (1= 1)a)]. (2.2)

Proof 1t suffices to note that
1 n 2 a
I = / (A-0)F - ﬁ)ﬂ(t(m +m(1=N)r) +m(1 - t)(kr +(1- x)—)) dt
0 m
=|: — kS t(ra+m(1-)r) + m(1 - )(Ar+(1—k)%))dt:|
[— tif (t (ha + m(1-0)r) + m(1 —t)(kr+(1—k)%)>dt:|
=0 + 1. (2.3)
Integrating by parts, we get

1 © a
I = [/ 1 —t)kf’<t(m +m(1—2)r) + m(1 —t)(kr+ (1 —A)—)) dt:|
0 m

fta+m1-1)r) +m(1-t)(Ar+ (1 -21)7))(1 - t)%
(1 =2A)(mr — a) ‘o

n

1
k “oy B
*m[/o 1-9 f(t(m+m(1 r)
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+m(l - t)(,\r+ a 4)%)) dt]

_ flmar+(1-2)a) e
T A2 mr—a) | (I—20)mr—a)

X [/1(1 - t)’k‘-lf(t(m +m(1=A)r) +m(1 1) (kr +(1- /\)1)) dt]. (2.4)
0 m

Letx = t(Aa + m(1 = A)r) + m(1 = t)(Ar + (1 = 1)), t € [0, 1], equality (2.4) can be written
as

flmar + (1 - A)a)

YT A o0 mr-a)

% ra+m(1-A)r &g
+ = ﬁ+1/ (Aa+m(1-N)r—x) 5 f(x)dx
(1 =20k (mr —a) k" Jmir+(1-1)a

~ flmar + (1 -A)a)
(1 -20)(mr-a)
Cr(p + k)

1- ZA)%”(mr— ol)%+1

k](}:nkr+(l—k)a)+f()“a +m(1=M)r), (2.5)

and similarly we get

1, ) a
12:/0 trf (t(ka+m(1—k)r)+m(1—t)()»r+(1—)\)Z))dt

thf(ta+ m(1 =) + m(1 - )+ (1- 1) L)) ‘1

(1 =2A)(mr — a) 0

%
T A= 2)mr—a)

L a
x / tk_1f<t()wz +m(1-1)r) + m(1-t) (kr +(1- A)—>> de
A m

_ fGa+m(1-2)r)

1 =2)1)(mr —a)

i + k)
(1-21) %k Tomr—ayF 1 Gasmii-nnS (mAr + (1= 1)a). (2.6)

Hence, using (2.5) and (2.6) in (2.3), we can obtain the desired result. O

Corollary 2.1 In Lemma 2.1, for k = 1, we can get the result for Riemann-Liouville frac-
tional integral.

Corollary 2.2 In Lemma 2.1, if we put A = 0, we get

S@+fmr) - Tl k)

mr—a (mr—a)%+

- [(Jhsf (mr) + ]2 f (@)]

1
=/ (L=F —t%)f (tmr + (1 - D)a) de. (2.7)
0
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Similarly, taking ). = 1 in Lemma 2.1, we obtain

fla) +f(mr) . i + k)

mr—a (—1)%“(}’}’1}"—61)%“

[/, f (@) + (2 f (mr)]
= /:((1 - t)% - t%)f/(ta +(1- t)mr) de. (2.8)

Note that (J.,.f(a) + iJi-f (mr) = (-1)% Jhof (mr) + if oS (@)], it is easy to see that identity
(2.8) is equal to identity (2.7).

Remark 2.1
(i) In Corollary 2.1, if we put r = b, then one can obtain Lemma 3.1 which is proved in
[35]. Further, if we take m = 1, then we obtain Lemma 2.1 in [12].
(i) In Corollary 2.2,
(a) if we put k = 1 = m, then we obtain Lemma 3 in [11],
(b) if we put k =1 =m and r = b, then we obtain Lemma 2 in [8],
(c) ifwe putk =m=p=1andr=b, then we obtain Lemma 2.1 in [36].

3 k-fractional integral inequalities for (h, m)-convex functions
In what follows, we establish some k-fractional integral inequalities for (%, m)-convex

functions by using Lemma 2.1.

Theorem 3.1 Leth:] C R — R ([0,1] CJ) be a non-negative function, and letf : I CR —
R be a differentiable mapping on I° along with a,r € 1,0 < a < mr, for some fixed m € (0, 1].
Iff' € L'[a, mr] and |f'|1 for g > 1 is (h, m)-convex on [a, mr], then the following inequality
exists:

1 1

1-1 1 , , L
|77(,M(m,k,r)|§|: 2 <1 1)] qU ((l—t)}k—t}k)(h(t)+h(1—t))dti|
0

w+k _2_%
73
}, (3.1)

X [V/(Aa +m(1l —k)r)‘q + m'/’()»r+ (1 —A)ﬁ)

m

where A € (0, 1]\%, k>0and p>0.

Proof Case 1: g = 1. Applying Lemma 2.1 and the (%, m)-convexity of |f’|, we have
| Ty (1, 2,7)|
1
/ (1-0F - t‘é)f’(t(m +m(1=2)r) + m(1 —t) (Ar +(1- k)%)) dt‘
0
1
< / |1-1)% - t%W(t(M +m(L—-A)r) +m(l - t)(kr+ (1 4)%)) ‘ de
0

1
5/ [(1-p)k — ¢k
0

* [h(t)vl(ka +m(1=1)r)| + mh(1 - t)P,<Ar+ 1 —M%) H &
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* [h(t) [ (e + m(1=2)r)| + mh(1 ) P ()\r +(1- A)%) H dt

1
+/1 (tF - (1-0)%)

x [h(t) If (ha + m(1 = 1)r)| + mh(1 - 1) V <M (1= ”%) H a

where we use the fact that

1 1

f1 t%h(t)dt:f2(1-t)’zh(1_t)dt,
3 0

1

Ly 2 ©
/ tfh(l—t)dtz/ (1 —-1)x h(t)ds,
i 0

1

1 3 2
/(l—t)?h(t)dt:/ tEh(1—t)dt
1 0
and
1 ) B
/(l—t)%h(l—t)dt:/ tEh(E) de.
3 0

By calculation,

1
/ (1-0)F —¢*
0

1

< [/2((1—t)% —t%)(h(t) +h(1—t))dt:|
0

x [[f/(m +m(1-A)r)| + mp/()uw a —A)%) H

[h(t) V’(Aa +m(l - A)r)| + mh(t) L/’ (Ar +(1- k)%) H dt

Case 2: ¢ > 1. Employing Lemma 2.1, the power mean inequality and the (%, m)-convexity
of |f’] leads to

1
/|(1—t)%—t%|"//(t(/\a+m(l—k)r)+m(1—t)(kr+(1—k)%))‘dt
0
1 I i 1_%
1-0)f —¢%|d
5[/0 |1-0)k —t| t:|
! T a
x|:j; ‘(l—t)k—tkw(t(ka+m(1—k)r)+m(1—t)<xr+(1_x)a>>
3 u u 1 B 1-%
— T — 1tk d T _ _ =4 d
<[ -t ety [ -0 a]

1
x {/ |(1-1)% —tﬂ[h(t)[f’(m +m(1-0)r)|?
0

1

1 q
dt}
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of

[/2((1—t)% —t%)(h(t)+h(1—t))dt]
0

qi|;

This completes the proof. O

+mh(1—t)}j/<)hr+(1—)h)£)
m
Clu+k 2%

X |:[f/(ka +m(1-)r)| "+ m"[/(kr+ (1 —A)%)

q

Q-

Now, we point out some special cases of Theorem 3.1.

Corollary 3.1 In Theorem 3.1, if we choose h(t) = t and r = b, then we derive the following
inequality for m-convex functions:

| Tk (m, 2, )|
Y [1_iﬂ}[[f’(xmmu_x)b)|q+m1f/(xb+(1_1)%”61]% 62
w+k 2% 2

Especially if we put k = 1, we obtain Theorem 3.2 in [35].

Corollary 3.2 In Theorem 3.1, if we choose h(t) =t, m =1 and » =0 or A = 1, then we
derive the following inequality for convex functions:

’jMHﬂM+HW+k
—a

[
r (r—a)*

1 [ () + Wl (@)] ’

<
T u+k

ﬁﬂp_ilVWW+qué
2% 2 ’

Remark 3.1 In Corollary 3.2,
(a) if we put k = 1, we can obtain Theorem 2.3 in [12],
(b) if we put k =1 and r = b, we can obtain Corollary 2.4 in [12],
(c) ifwe put k=1 = p and r = b, we can obtain Theorem 1 in [37],
(d) if we put u =g =k =1and r = b, we can obtain Theorem 2.2 in [36].

Corollary 3.3 In Theorem 3.1, if we choose h(t) = t*, s € (0, 1], then we have the following
inequality for (s, m)-Breckner convex functions:

2% 1\1"7
ransot<[ 24 3)
1 7 1 un
><|:ﬂ<§,s+1,z+1>—/3(5,%+1,s+1)
sk+p _ 1

k k 1\ * 4
+k(s+l)+u_k(s+l)+,u(§> ]

X |:[f’(Aa +m(1 —A)r)‘q + m'f’()uw (1 —A)%)

'}
} . (3.3)

Especially if we choose m =1 =k and » =0 or > = 1, we can get Theorem 7 in [38].
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Corollary 3.4 In Theorem 3.1, if we put h(t) = 1, then we obtain the following inequality

for (m, P)-convex functions:

’77(,“(1’1’1,)»,7’”
< szk |:1 - 21%:||:[f/()»a+m(l —k)r)’q +m}j’<kr+ (1 —A)%) ‘Ii|q.

Especially if we choose m =1 and ). = 1 or A =0, we have

e T

2(r—a)%

< k(r—a) |:1 _ iﬂ}[v/(r”q + lf/(a)ri]%

p+k 2%

Corollary 3.5 In Theorem 3.1, if we take h(t) = t=*, s € (0,1), then we get the following

inequality for (m, s)-Godunova-Liven-Dragomir convex functions:

| T e (1, 2,7)|

_[ 2% (1 1) -
“lu+k 2%
1 1 k 0
H Ik skpy |4
“-sE i) -p( i n1-s)———(1-27F
X[ﬂ(z Sk+> ’3<2 K S>+M+(1—S)k( )}

X |:[f/(ka +m(1 —A)r)’q + mP’(Mw (1 —A)%) ‘I:|q.

Especially if weput m=1 and » =1 or . =0, we get

S@+f()  Tilp+ k)

r—a (r—a)%“

2k 1\1"7
< 1-—
_[u+k< 2‘%”
1
1 “w 1 un k sk-pe\ |4
X[ﬁ(i,l—s,z+l)—/3(5,%+1,1—S>+m(1—2 k )]

<[ @|*+ ' o)|]7.

[(Jhf (r) + 4T f (a)]‘

Corollary 3.6 In Theorem 3.1, if we choose h(t) = t(1 — t), then we obtain the following

inequality for (m, tgs)-convex functions:

2% < 1 )]1—%[4k2-2-i(kﬂ+4k2)]%

| Thyu(m, 2, 7)| < [ ToF 2(u + 2k)(u + 3k)

uw+k

1
Q:|q

X [[f’(m +m(1-A)r)|" + m'[’(kr+ 1 —A)%)



Wang et al. Journal of Inequalities and Applications (2017) 2017:311 Page 10 of 20

Especially if we put m=1and . =1 or A = 0, we get

’_f(u) S0 DR ) 4 gt f @) ]‘

( ) L1
<[ 2k (I_Lﬂl‘q[w 2 k(ku+4k2] [l}"(a)l“lf’(r)lq}

w+k ok (1 +2K) (1 + 3k)

Corollary 3.7 In Theorem 3.1, if we choose h(t) = Qf then we obtain the following in-
equality for m-MT -convex functions:

2% INT [/ /11 1 1 11\\]2
ool = 5 (1 50) ] 03k v 2) #(3T33))

X [[f’(ka +m(1-2)r)|"+ mt/’()uw (1 —k)%) qj|§.

Especially if weput m =1 and A =1 or 1. =0, we get

f@+f0) Fk(M+k [ () + T f (@)]
r—a (r a)k+!

A S S AN S A
“lu+k\" 9k 2’2°k 2) "\2°k 22

x [lf’(a)l"; tf/(r)ﬂ]‘l’.

Q-

Now, we prepare to introduce the second theorem as follows.
Theorem 3.2 Under the assumptions of Theorem 3.1, the resulting expression exists:
1 1
2 L q
| Thoyum, 27| < [/ (1 =) %9 = £%9) () + h(1 - 1)) dt}
0

1

3
} , (3.4)

X [V/(Aa +m(1l —A)r)|q + m'//(kr+ (1 —A)%)

whereke[0,1]\%,k>0andp¢>0.

Proof Using Lemma 2.1, Holder’s inequality and the (%, m)-convexity of |f’|7, we have

| Tayu(m, 2, 7)|

! T a
S/O ‘(l—t)k—tkw/(t(ka+m(1—k)r)+m(1—t)<kr+(1—k);>>‘dt
1 iropl
rq Y L L
E(/Ol t) |:/0 |(1-8)% — ¢ |
X V(t(ka +m(1 —k)r) +m(1 - t)(kr+ (1 —A)%))

1

q q
dt:|
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q
dt

x Pl (t(ka +m(l - A)r) +m(l—t) (Ar +(1- A)%))

1
+/1 (t% - (1-5)%)"

X ‘f’ <t(ka +m(1 - A)r) +m(l-1t) (Ar +(1- A)%))

1

q q
dt:|

x |:h(t) If' (ra + m(1 - 2)r)|" + mh(1 - t)P’ (Ar +(1- x)%)

fooe

x | h@)|f (ra +m(1-0)r)|! +mh(1—t)|/<)»r+ 1-1— )

q
|

+

1

Tol

=[/ (- £k t//tq)(h(t)+h(1—t))dti|q
0
q:|;

Here, we use (A —B)? <A7-BiforanyA>B>0and g > 1.

Let us point out some special cases of Theorem 3.2.

X |:[f’(ka +m(1 —A)r)’q + m}/’()\;w (1 —A)%)

Page 11 of 20

Corollary 3.8 In Theorem 3.2, if we put h(t) = £*, s € (0, 1], then we get the following in-

equality for (s, m)-Breckner convex functions:

| Ty (1, 2, 7))

1

1 2 llu k _ Kgtsk q
<|p(Zs+L,5g+1)-B(==q+Ls+1)+—— —(1-2"%

—[’3<2“ k‘”) ﬂ(z KT )+uq+(S+1)k( )}

q]},

X |:[f/(ka +(1 —)»)r)|q + mp’<kr+ (1 —A)%)

Especially ifweput m =1 and A =0 or A = 1, we have

S@+10) Tish)

r—a (r a)k*

! 1 k Jg+s
= |:/3<5,S+ ]" %q-'— 1) _ﬁ<§1 %q"' 1,S+ ].) + m(l —2_/<k)i|
<[+ @,

e f (1) + ) f(@)]

Q=
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Corollary 3.9 In Theorem 3.2, if we take h(t) = t°, s € (0,1], then we get the following

inequality for (m, s)-Godunova-Levin-Dragomir convex functions:

|77<,p.(m,)‘-1r)|

1 " 1 u k sk |4
S[ﬂ(i;l—sy?+1)-ﬁ(§;%+1;1—s)+m(1—2 k )]

X |:[f/(ka +m(1-)r)|" + mP’(Mw (1 —A)%) q:|q.

Especially if we take m =1 and A =0 or A = 1, we have

‘_f(a) +/0) | Tulu+ k)

r—a (r—a)%“

1
1 % 1 un k sk | |4
SI:ﬁ(i,l—s,z+1)—/8(§,E+1,1—S)+m(1—2k )]

< [0+ [ @],

[oef () + T f (a)]‘

Corollary 3.10 In Theorem 3.2, if we put h(t) = t(1—t), then we get the following inequality

for (m, tgs)-convex functions:

| Taoyu(m, 2, 7)|

g

3 [2k2—(%)7*k(4k2 +kuq)]é
(g + 2k)(ug + 3k)

q:|$

X |:[f’(ka +m(1 —A)r)’q + m}/’(k;w (1 —k)%)

Especially if we put m =1 and . =0 or A = 1, we have

S@+f0) | Tilp +4)

r—a (r—a)%”

[f () + 1T f (@)]

q

K2 — (1) @k + kug) i, /
[ (i + 2K)aq + 3 ] @ + @[]

Q=

Corollary 3.11 In Theorem 3.2, if we put h(t) = ‘éjﬁ, then we get the following inequality

for m-MT -convex functions:

| Ty (1, 2,7)|

1
11 p 1 1w 11\]¢
S[ﬁ(i,i,zq+§)—ﬁ<?zq+E,E)]

|:[f’(ka +m(1 =)+ m|f (Ar+ (1 - A)%)|qi|é
X .

2
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Especially if we put m =1 and . =0 or A = 1, we have

S@+f0)  Tilp + k)
r—a (y_a)%“

11 1 1 1IN0+ | @]
f[ﬁ(a’nq*i)‘ﬁ(i’z‘“i'iﬂ [f] '

Now, we are ready to state the third theorem in this section.

[WLf () + 1T S (@)]

Theorem 3.3 Leth:] C R — R ([0,1] € J) be a non-negative function, and letf : I CR —
R be a differentiable mapping on I° along with a,r € 1,0 < a < mr, for some fixed m € (0, 1].
Iff' € Lla,mr] and |f'|? for q > 1 is (h, m)-convex on [a, mr], then the following inequality
holds:

|77<,p.(m,)‘-1r)|

[ (1 1 )é
T Llup+k\C 2ke

1
x {/ [h(t)V’(Aa+m(1—k)r)|q
0

+ mh(1 —t)p/<)\r+ a —A)%) q] dt}q, (3.5)

where}%+%:1,,u>0,k>0and)ne[0,1]\%.

Proof Applying Lemma 2.1, Holder’s inequality and the (%, m)-convexity of |[f'|7, we have

| T (m, 2, 7)|

1
5/0 |1-1)% _t%W(t(xa +m(1 - )r) + m(1 —t)(kr+ (1 —A)%))‘dt

1 :
<[[lla-o-sir]

X H[/(t()\a +m(l —A)r) +m(1 —t)(kr+ (1 —A)%))

! 1

- [/_((1—t)’f—t’f)”dt+/ (% —(1—t)¢)pdt]p
0 1

2

1

1 a
dt}

[N

—

1
X {/ [h(t)V’(Aa+m(1—k)r)|q
0

a\|? i
+mh(1 —t)‘j/<)nr+ (1 —A)Z) ]dt}

! 1

< [Az((l—t)%p—t%p)dt+/l (t%p—(l—t)%l’)dtr

2

1

Tol

X {/1 [h(t)V’(ka +m(1=2)r)|" + mh(1 - t)‘j/ (Ar +(1- A)ﬁ)
0 m
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(2% (1 ,
Cluptk 2%r

X {/1 [h(t)V’(ka +m(1=2)r)|" + mh(1 - t)‘j/ (Ar +(1- A)ﬁ)
0 m

ARy
F4.

Here, we use the fact that (A — B)? < A7 - B? for any A > B> 0 and ¢ > 1, which completes

the proof. O

Now, we point out some special cases of Theorem 3.3.

Corollary 3.12 In Theorem 3.3, if we choose h(t) = t and r = b, then we obtain the following

inequality for m-convex functions:

’ﬁ,ﬂ(m!)"b”
[k (1 PTIF (a+ (L= R)B)T + mlf/ b+ (1-2) )74
_[Mp+k< _2%1’)} [ 2 ] ’

Especially if we put k = 1, we obtain Theorem 3.3 in [35]. Further, if we put m = 1, we obtain
Theorem 2.6 in [12].

Corollary 3.13 In Theorem 3.3, if we choose h(t) =t,m=1and » =0 or A = 1, then we

obtain the following inequality for convex functions:

’jMHﬂM+WW+k
_a &1'

(r—a)x

<[M»O_AOFPNMMVMWF'
T lup+k okr 2

Remark 3.2 In Corollary 3.13,
(a) if we take k =1 and r = b, we can get Corollary 2.7 in [12],

1 (W f (r) + WJf (a)]’

r

(b) if we take k =1 = p and r = b, we can get Corollary 2.8 in [12].

Corollary 3.14 In Theorem 3.3, ifwe choose h(t) = t*, s € (0, 1], then we obtain the following
inequality for (s, m)-Breckner convex functions:

| Ty (m, 2, 7)|
[z (o0 PTIF G+ (L= 2001+ mlf G+ (1= 2) £)[1 7
_[Mp+k( _z‘k‘P)] [ s+1 } '

Especially if we put m =1 and X = 0 or A = 1, then we have

jwwﬂﬂ+rm“fﬁwVM+wﬂwﬂ
r—a (r—a)x*

% O L\ [ @i+ F 017
[Mp‘rk _2‘7?'1")] [ s+1 } '

IA
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Corollary 3.15 In Theorem 3.3, if we put h(t) = 1, then we obtain the following inequality

for (m, P)-convex functions:

| T (m, 2, 7)|

2k 1 \17[,., ,
S[upik<1_2‘$>] [[f()\a+(1—)\)r)|q+m‘f<Ar+(1_k)%>

Especially if we put m =1 and . =1 or A = 0, we have

q]%

|_f(a) +f() | Teln +f [k15+f<r)+k/,“-f(a>]‘
r—a (r a)k”*

<[M;/jrk< 21’)} ol + @ H%

Corollary 3.16 In Theorem 3.3, if we take h(t) = t°, s € (0, 1), then we obtain the following

inequality for (s, m)-Godunova-Levin-Dragomir convex functions:

’ﬁ,u(m,k,r)|
[ (1 PTIF Ga+ (L= )N+ mlf (r+ (1= 1) )9 77
_[Mp+k< _2%2’)} [ 1-s } '

Especially if we take m =1 and A =1 or A =0, we have

S@+f0) | T+ h [

r—a (r a)k*

- 2k (1 1) |’f+lf/a)|q
[ (o [

Corollary 3.17 In Theorem 3.3, if we put h(t) = «;j\;, then we obtain the following inequal-

ity for m-MT -convex functions:

Whf (r) + k]ﬁ‘f(ﬂ)]‘

[Ty (11,2, 7)|

<= 1- —
—\4 up +k o kP

X |:[f/(ka +(1 —A)r)|q + m‘f’(kr+ (1 —A)%)

1

T

Especially if we put m =1 and A =0 or A = 1, we have

S@+f(r)  Tilu *fﬁ [T f () + Jf wﬂ‘
r—a (r—a)x*

-6) [ ) o
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Corollary 3.18 [n Theorem 3.3, if we choose h(t) = t(1 — t), then we obtain the following
inequality for (m, tgs)-convex functions:

| T (m, 2, 7)|

- 1% 2k _L » ) ) ; , e
_(6) [Merk(l 2',§p>:| [V(M“r(l )| +m|/<)»r+(1 A)m)

Especially if we choose m =1 and ). =0 or A = 1, we have

1

T

R )|
r—a (r-—a)x*

1\i[ 2k 1\17,,, gl
NGNS

4 k-fractional inequalities for (oc, m)-convex functions
Using Lemma 2.1 again, we state the following theorems.

Theorem 4.1 Let f: 1 C R — R be a differentiable mapping on I° along with a,r € I and
0<a<mr. If|f'|1 for g > 1is (a, m)-convex on [a,mr] and f' € L'[a, mr]. Then the follow-
ing inequality for k-fractional integrals holds:

| Ty (1, 2,7)|

122 (4 i) e ﬂ(l L) g E et
“lu+k 2% 24Tk yE Y

pn+ak

Lk k (%)k]y(xmm(l—x)r)\q

,u+(a+1)k_u+(a+1)k

1 u 1 u k
~|B(ser D w1) g5 D a1 )
['3<2°‘+ k+) 5(2 Kk Ther >+u+(oe+1)k
k 1\ “%
_M+(a+1)k(§)

2k (1\F 2%k s (1)
+ -] - m r+(1-A)—
w+k\2 u+k m

where A € (0, 1]\%, k>O0and > 0.

)
} , (4.1)

Proof Using Lemma 2.1, the power mean inequality and the («, m1)-convexity of |f’|7, we
have

|724L(n1,krr)|

! i Bl Ly a
5/0 \(l—t)k—tkw'/<t(ku+m(1—k)r)+m(1—t)<kr+(1—)\)z>>‘dt

1 1-4
< [/o |1-£)k —tﬂdt]
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><|:/ |(1—t)k—tkwj< (Aa+m(1- A)r)+m(1—t)<kr+(1 A)—)) th:|_
1 1-

_N)F _ R d F_(1-pk d

5[/0 (1-p)% t)t+/2(t 1 t))t]

x{ |(1-)F —¢F|

0

-

x|:t°‘ /Aa+m1 A) )| +m(1—t°‘)}/<kr+(1—)~)%> q]dt}q

[ ! Lp
|:M+k<1 %):| {[ﬂ(2a+1k+l) 5(2,k+l,a+l)
prak
k k 1\ *1,, q
+,u+(oz+1)k u+(a+1)k<§) ]V(Aa+m(l—)»)r)|

1 u 1 u k
- = 1,—+1)-B(=—+1, 1 _—
|:,B<2a+ k+) ﬁ<2 kToer >+M+(a+1)k

k N 2 1\E 2% TR g
-—\ = + -] - m r+(1-x)— ,
w+(a+1)k\2 w+k\2 u+k m
which completes the proof. O

Theorem 4.2 Under the assumptions of Theorem 4.1, the following inequality for k-
fractional integrals holds:

| Ty (11,2, 7)|

S{[ﬂ(%,a+l,%q+l)—ﬂ<; /q+1 a+1>

ng+ok

(%) ' :|[f/(ka +m(L-0)r)|!

Los1, Mg L La+1 k L) *
|pGerren) (g ren) - i 3)

k 2% 2% (1\F] |, a
+ - + — m|f [ Ar + m(1 - A)—
uqg+a+1)k pug+k pg+k\2 m

where A € (0, 1]\%, k>O0and p>0.

. k k
uqg+a+1)k  pg+(a+1)k

a7
} . (4.2)

Proof By making use of Lemma 2.1, Holder’s inequality and the (o, 71)-convexity of |f’|4,

we get

|72/L(n1,krr)|

/\(l—t)k—t% }/((Aa+m(1—k)r)+m(1—t)<kr+(1—l)%>>‘dt
1 I_Q 1 122 © q
» 1) —t%
5(/01dt> [/Oi(l )k —tk|
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.
o]

X ‘f’ <t(ka +m(1 - A)r) +m(l-t¢) (Ar +(1- A)%))

) [/7’(1_”% _t’k‘]qP’<t(M+M(l—)~)”) +m(1—t)<kr+(1—k)%>> "dt
0
. . a\\|*, 17
+/; [tk —(1-p)F|? ’(t(ka+m(1—)»)r)+m(1—t)()»r+(1—)h)g)> dt]
SYNCEREY
x [t“V’(Aa+m(1-x)r)|"+m(1—t°‘)v<kr+ (l—k)%) th]
1
+ [ (he-a-nko
x |:t°‘[f/(ka+m(l—)»)r)|q+m(l—t“)}f,<)‘r+ (1—}»)%> q] d’f}q
= {[ﬁ(%,a+l,%q+1)—5(%»%61‘*1»0”1)
nq+ok
k k 1) * , q
L M+(a+1)k(§) :|[f(ka+m(1—k)r)|

(Lot 1) gt gitas1)o— 5 (1) F
ety 2RI ) T g @+ Dk \2

nq 1
q } q

s k 2k s 2k (1\ % (4 m@ A)a)
- Z r )=
ug+(+1k pg+k pg+k\2 " " m

Here, we use (A — B)? < A7 — B for any A > B > 0 and ¢ > 1. This ends the proof. O

Theorem 4.3 Let f : 1 C R — R be a differentiable mapping on I° along with a,r € I and
0 <a<mr. If|f'|1 for g > 1 is (a, m)-convex on [a, mr] and f' € L*[a, mr], then the following
inequality for k-Riemann-Liouville fractional integral holds:

| T (m, 2, 7)|

[ (-55)]
= 1-—
up +k 277

X |: 1 1[f/(ka+m(1—k)r)’q+ %L/’(kr+(l—k)%)

o+

ot
:| , (4.3)

wherek6(0,1]\%,k>0,/¢>0¢md}7+%=1.

Proof Employing Lemma 2.1, Holder’s inequality and the («, 71)-convexity of |f'|7, we have

| Ty (1, 2,7)|

1 1
ot gty




Wang et al. Journal of Inequalities and Applications (2017) 2017:311 Page 19 of 20

1

x[/ P( (ra+m(1- A)r)+m(1—t)<kr+(1 A)—))

1

Loy L »
[/ (- t)k—tk) dt+/ (t?—(l—t)?)pdt]
0 1

2

x{ [ If' (ra + m(1 - 2)r)|" + (1—,:“)L/’<xr+(1—x)%)

n 1 m n Ilﬂ
[/ (l—t)kp tﬂ’)dt+/ (t?p—(l—t)?”)dt]
0 1

2

x{ [ I (ha + m(1 = 2)r)|" + (1—t°‘)t/’<)\r+(1—k)%)
L))

x [ﬁ I (ra + m(1 = 2)r)| " + :‘—ﬁp(xw a —A)%)

o

Jof

IA

Jaf

q:| i
where we use the fact that (A — B)? < A7 — B? for any A > B > 0 and ¢ > 1. This completes
the proof. g

Remark 4.1 If we take L = 0 or A = 1, we can deduce some new k-fractional integral
trapezium-like inequalities from the results of Theorems 4.1, 4.2 and 4.3 and their related
inequalities.
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