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Abstract

In the paper, we first improve the radial Blaschke and harmonic Blaschke additions
and introduce the p-radial Blaschke and p-harmonic Blaschke additions. Following
this, Dresher type inequalities for the radial Blaschke-Minkowski homomorphisms
with respect to p-radial Blaschke and p-harmonic Blaschke additions are established.
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1 Notation and preliminaries

The setting for this paper is an n-dimensional Euclidean space R”. We reserve the letter
u for unit vectors, and the letter B is reserved for the unit ball centered at the origin. The
surface of B is S"!. The volume of the unit #-ball is denoted by w,. We use V(K) for the
n-dimensional volume of a body K. Associated with a compact subset K of R”, which is
star-shaped with respect to the origin, is its radial function p(K,-) : S"~! — R defined for
ueS"tby

o(K,u) =max{\ >0:Au € K}.

If p(K,-) is positive and continuous, K will be called a star body. Let S” denote the set
of star bodies in R”. Let § denote the radial Hausdorff metric, i.e., if K,L € S”, then
S(K,L) = |p(K, u)— p(L, )| o, where | - | o denotes the sup-norm on the space of continuous
functions C(S*1).

1.1 Dual mixed volumes
The radial Minkowski linear combination, A1 K; ¥ - - - ¥A,.K, is defined by

)\.11(1": cee I)\-rKy = {)lel’-i\: s I)»,xr X € I(i, i=1,..., r} (11)
for Kj,...,K, € §" and A4,..., A, € R. It has the following important property (see [1]):
P(AKFuL,-) = rp(K,-) + up(L, ) (1.2)
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for K,L € S" and A, u > 0. For K1,...,K, € 8" and Aq,...,A, > 0, the volume of the radial
Minkowski linear combination A Ki¥ - - - ¥A,K, is a homogeneous polynomial of degree n
in the A;,

.
VOLKTF - FK) = Y V(K Koy by (1.3)

i1 yeenin=1

If we require the coefficients of the polynomial in (1.3) to be symmetric in their arguments,
then they are uniquely determined. The coefficient \7(1(,-1 ,...,K;,) is nonnegative and de-
pends only on the bodies K;,,...,K;,. It is called the dual mixed volume of K ,...,K;,.

If K3,...,K, € §", then the dual mixed volume \N/(Kl, ...,K,,) can be represented in the
form (see [2])

~ 1
V(Ky,...,K,) = —/ oKy, u) - p(Ky, u) dS(u). (1.4)
n Jgn-1
IfKi=---=K,;=K, K,_;;1 =--+- = K, = L, then the dual mixed volume is written as

Vi(K,L). If L = B, then the dual mixed volume Vi(K, L) = V,(K, B) is written as W;(K). For
K,L € 8", the ith dual mixed volume of K and L, \Z(K,L) can be extended to all i € R by

~ 1
Vi(K,L) = —/
n

p(K, )" p(L, u)" dS(u), (1.5)
gn-1
where i € R. Thus, if K € §”, then

\’)‘V,(K):l / (K, 1) dS(u). (1.6)
n Jsn-1

1.2 Mixed intersection bodies

For K € 8", there is a unique star body IK whose radial function satisfies, for u € "1,
o(IK,u) =v(K NE,),

where v is (n — 1)-dimensional dual volume. It is called the intersection body of K. The

volume of the intersection body of K is given by (see [1])

V(IK) = % / WK NE,)" dS(u).
sn-1

The mixed intersection body of K, ...,K,,_; € §”, denoted by I(Kj, ..., K,,_1), is defined by
p(I(Ky, ..., Kyr),u) = V(Ky NEy,..., K, NE,),

where v is the (n — 1)-dimensional dual mixed volume. If K; =---=K,,_; 1 =K,K,,_;=--- =
K,_.1 =L, then I(K3,...,K,_1) is written as I;(K,L). If L = B, then I;(K, L) is written as I,K
and called the ith intersection body of K. For I)K, we simply write IK.
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2 Improvement of the radial Blaschke addition

Let us recall the concept of radial Blaschke addition defined by Lutwak [1]. Suppose that
K and L are star bodies in R”, the radial Blaschke addition denoted by K+L is a star body
whose radial function is

P(KFL, )"t = p(K, )" + p(L, )" (2.1)

The dual Knesser-Siiss inequality for the radial Blaschke addition was established by Lut-
wak [1]. If K, L € §", then

V(KFL)" D < v(K)DIm gy (z) e, (2.2)

with equality if and only if K and L are dilates.
In the section, we give a generalized concept of the radial Blaschke addition.

Definition 2.1 IfK,L € §”,0 < p <n-1and A, u > 0 (not both zero), the p-radial Blaschke
linear combination of K and L denoted by A © K#, 1 ¢ L is a star body whose radial function
is defined by

pO o KFyppo L)' = ap(K, )" P + up(L, )"+, (2.3)
From (2.3), it is easy to see that
Ao K = Mmr D

When X = p = 1, the p-radial Blaschke combination becomes the p-radial Blaschke addi-
tion K¥,L and

P(KF,L, )" P71 = p(K, )" P + p(L,-)" 7" (2.4)
Obviously, when p = 0, (2.4) becomes (2.1).

In the following, we define the dual mixed quermassintegral with respect to the p-radial
Blaschke addition. First, we show two propositions. The following proposition follows im-
mediately from (2.3) with L'Hépital’s rule.

Proposition 2.2 Let0<p<n-1,0<i<nande>0.IfK,L € S", then

KFpe o Lu)" — p(K,u)"" —i :
lim pKpe “) P, u) -t oK, w1 p(L, u)" P71, (2.5)
e—0* € n-p-1

The following proposition follows immediately from Proposition 2.2 and (1.6).
Proposition 2.3 Let0<p<n-1,0<i<nande>0.IfK,L €S", then

n-p-1

_ WiKF,e o Lu) - Wi(K)
— lim
n—i e—>0*% &

= l/ p(K, w)P~ " p(L, u)" P71 dS(u). (2.6)
n Jgn-1
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Definition 2.4 For0<p<n-1,0<i<nand K,L € §”, the p-dual mixed quermassin-
tegral of star bodies K and L, denoted by VNVp,,-(K ,L), is defined by

~ 1 .
Wyuli2) = [ oy (2,7 S, )
S§n-

Obviously, when K = L, VNVp,i(K ,L) becomes the dual quermassintegral of star body K|, i.e.,

W,,i(K,K) = Wi(K). Taking i = 0 in (2.7), Wp,i(K ,L) becomes the p-dual mixed volume
V,(K,L) and

V,(K,L) = % /S . p(K, ) p(L, )" P71 dS(u). (2.8)

From (2.7), combining Holder’s integral inequality (see [3]) gives the following.

Proposition 2.5 (Minkowski type inequality) If K,L € §",0<i<nand 0 <p<n-1,
then

W), (K, 1" < WKy WLy, (2.9)
with equality if and only if K and L are dilates.
Taking i = 0 in (2.9), we have: If K,L € " and 0 < p < n — 1, then
V,(K,L)" < V(KPP V(L) (2.10)

with equality if and only if K and L are dilates. In the following, we establish the Brunn-
Minkowski inequality for the p-radial Blaschke addition.

Proposition 2.6 IfK,L € S",0<i<nand0<p<n-1,then
‘%(1(:1711)(”_[7_1)/("4) < ")"Vi(l<)(n—p—l)/(n—i) + %(L)(n—p—l)/(n—i)’ (21 1)
with equality if and only if K and L are dilates.

Proof From (2.3) and (2.7), it is easily seen that the p-dual mixed quermassintegral
\/)\Vp,i(l( ,L) is linear with respect to the p-radial Blaschke addition and together with in-
equality (2.9) shows that

Wyi(Q KFpL) = W,,(Q K) + W,,(Q, L)
< %(Q)(p—iﬂ)/(n—i) (‘“)’Vi(l()(n—p—l)/(n—i) + ‘%(L)(n—p—l)/(n—i)), (2.12)
with equality if and only if K and L are dilates of Q. Take K+,L for Q in (2.12), recall that
\’JVVPJ(Q, Q)= \%(Q), inequality (2.11) follows easy.
Taking i = 0 in (2.11), we obtain that if K,L € §” and 0 < p <n -1, then

V([(’_Fp[[)(ﬂ*}?*l)/n S V([()(n—p—l)/n + V(L)(Vlfpfl)/rl’



Zhao Journal of Inequalities and Applications (2017) 2017:308 Page 5 of 12

with equality if and only if K and L are dilates. Taking p = 0 and i = 0 in (2.11), (2.11)
becomes the well-known dual Knesser-Siiss inequality (2.2). a

3 Improvement of the harmonic Blaschke addition
Let us recall the concept of harmonic Blaschke addition defined by Lutwak [4]. Suppose
that K and L are star bodies in R”, the harmonic Blaschke addition denoted by K¥L is

defined by
p(KEL, )™ p(K, )" . p(L,-)"+! (3.1)
V(KYL) V(K) V(L) - '

Lutwak’s Brunn-Minkowski inequality for the harmonic Blaschke addition was established
(see [4]). If K,L € 8", then

VLY = VEOY + VL), (3.2)

with equality if and only if K and L are dilates.
In the section, we give an improved concept of the harmonic Blaschke addition.

Definition 3.1 For0 <i<n,p<i—1and K,L € §", we define the p-harmonic Blaschke
addition of star bodies K and L denoted by K¥,L and defined by

p(KFpL, )" P71 p(K, )" P71 p(L,) !
~ = + .

WiKi,L)  WiK) Wi(L)

(3.3)

The Brunn-Minkowski inequality for the p-harmonic Blaschke addition follows imme-
diately from (1.6), (3.3) and Minkowski’s integral inequality (see [3]).

Proposition 3.2 IfK,L € S",0<i<nandp<i-1,then
ﬁ%([(;pll)—(pﬂ—i)/(n—i) < ")"Vi([()—(pﬂ—i)/(n—i) + ")‘Z(L)—(pﬂ—i)/(n—i)’ (3‘4)

with equality if and only if K and L are dilates.
4 Radial Blaschke-Minkowski homomorphisms
Definition 4.1 ([5]) A map ¥ : §" — §” is called a radial Blaschke-Minkowski homo-
morphism if it satisfies the following conditions:

(a) W is continuous.

(b) Forall K,L € §",

W(KEL) = W(K)TW(L).
(c) Forall K,L € 8" and every ¥ € SO(n),

Y(9K) = 9W(K),

where SO(n) is the group of rotations in # dimensions.
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Radial Blaschke-Minkowski homomorphisms are important examples of star body val-
ued valuations. Their natural duals, Blaschke-Minkowski homomorphisms, are an im-
portant notion in the theory of convex body valued valuations (see, e.g., [6—12] and [13—
20]). In 2006, Schuster [5] established the following Brunn-Minkowski inequality for ra-
dial Blaschke-Minkowski homomorphisms of star bodies. If K and L are star bodies in R”,
then

V(W(EKFD) Y < VwK) D 4 v (wL) e, (4.1)

with equality if and only if K and L are dilates.
If K and L are star bodies in R”, p #0 and A, > 0, then A ~K1pu - L is the star body

whose radial function is given by (see, e.g., [21])
PO - K¥pu- L,y = 1p(K, ) + pup(L, ). (4.2)

The addition ¥, is called L,-radial addition. The L, dual Brunn-Minkowski inequality
states: If K,L € §” and 0 < p < n, then

V(KF,LY" < VKP"™ + V(L™

with equality when p # n if and only if K and L are dilates. The inequality is reversed when
p>norp<0 (see[21]).

In 2013, an L, Brunn-Minkowski inequality for radial Blaschke-Minkowski homomor-
phisms was established in [22]: If K and L are star bodies in R” and 0 < p < n — 1, then

V(W(EKF,L)" Y < VKP4 v Ly, (4.3)
with equality if and only if K and L are dilates. Taking p = 1, (4.3) reduces to (4.1).
Theorem 4.2 (see [5]) Let V : S" — S” be a radial Blaschke-Minkowski homomorphism.

There is a continuous operator W : 8" x --- x 8" — 8" symmetric in its arguments such
—f_"

n-1
that, for Ky,...,K,;, € 8" and Ay,...,hy >0,

WK F - FKoy) = Z Ay -

-1

Miy W (Kiys -5 Ky y). (4.4)

Clearly, Theorem 4.2 generalizes the notion of radial Blaschke-Minkowski homomor-
phisms. We call W : §” x --- x §” — §”" a mixed radial Blaschke-Minkowski homomor-
phism induced by W. Mixed radial Blaschke-Minkowski homomorphisms were first stud-
ied in more detail in [23, 24]. If K3 = --- = K,,_;_1 = K,K,,_; = --- = K,,_1 = L, we write
(K, L) for W(K,...,K,L,...,[). IfK; ==K, ;1 = K,K,_; = --- = K,,_; = B, we write

—_—

n—i— i

1
v,K for ¥(K,...,K,B,...,B) and call ¥;K the mixed Blaschke-Minkowski homomor-
—— %/—’

n—i-1

phism of order i of K. \IJOK is written simply as WK.
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Lemma 4.3 (see [5]) A map V : 58" — S" is a radial Blaschke-Minkowski homomorphism
if and only if there is a measure € M (S",8) such that

p(\y[() ) = /0([<; .)n—l * Uy (4'5)
where M, (S"71, &) denotes the set of nonnegative zonal measures on S"1.

For the mixed radial Blaschke-Minkowski homomorphism induced by W, Schuster [5]

proved that

P(U Ky, ), ) = (1) - (Ko, ) # 1
Obviously, a special case is the following:

p(ViK, ") = p(K, )" % p,

where i are integers. We now extend the integers i to real numbers, define the Blaschke-

Minkowski homomorphism of order p of K.

Definition 4.4 Let K € §”, the Blaschke-Minkowski homomorphism of order p of K,
denoted by W,K;, is defined for all p € R by

P(W,K,-) = p(K, )" s . (4-6)
This extended definition will be required to prove our main results.

5 Inequalities for the radial Blaschke-Minkowski homomorphism
Theorem 5.1 Let K,L e S". If0<p<n-landi<n-1<j<n,then

T w e N\ -) G- G 160
(\Vl(\pp(lﬂpm))1 S<Wl(‘1’pK))l +(Wt(‘1’ﬁ”)l (5.1)

Wj(W,(KF,L)) Wj(W,K) W;(W,L)
with equality if and only if V,K and V,L are dilates.

Remark 5.2 Taking j = # in (5.1) and noting that W, (K) = fS””l dS(u) = nw,, (5.1) be-
comes the following inequality: If K,L € $",0<p<n-1andi<n-1, then

Wi (W, (KF,0)) """ < W(w, k)= 4 (W, L)), (5.2)

with equality if and only if ¥,K and W, L are dilates. Taking p = 0 in (5.1), (5.1) becomes
the following inequality: If K,L € S” and i <n -1 <j < n, then

o —~ 1/(—i) 5 1/(j—i) V7. /(=)
(M(\D(IGL))) B (Wz(\PK)> N (WNU) , (5.3)

W;(W(KFL)) ~ \W(¥K) Wi(WL)

with equality if and only if WK and WL are dilates.
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Theorem 5.3 Let K, L€ S". If0<i<n,p<i—-landk,jeRsatisfyj<n-1<k <n,then

1 < Wi(W,(K¥,L)) )”M

Wi(K%,L) \ Wi(W,(K%,L))
g (R 1y 5
— W) \ Wi(¥,K) Wi(L) \ Wi(¥,L)

with equality if and only if V,K and V,L are dilates.

Remark 5.4 Taking k = # in (5.4) and noting that ﬁVn(I( ) = fsn—l dS(u) = nw,, (5.4) be-
comes the following inequality: If K,L € §”,0<i<n,p<i—1andj<n-1, then

Wi, (K¥,L))") - Wi(W,K) V) W@, L)1)

LA < it + - ) (5.5)
Wi(K+,L) Wi(K) Wi(L)

with equality if and only if W,K and W,L are dilates. Taking i =0, j = 0 and k = # in (5.4),
we have: If K,L € §” and p < -1, then

V(W,(K¥,L)"" - V(WK V(W,L) "

VKL - VK v (5.6)

with equality if and only if W,K and W, L are dilates.
6 Dresher’s inequalities for p-radial Blaschke and harmonic Blaschke additions
An extension of Beckenbach’s inequality (see [3], p. 27) was obtained by Dresher [25] by

means of moment-space techniques.

Lemma 6.1 (Dresher’s inequality) Ifp>1>r>0, f,g > 0 and ¢ is a distribution func-

tion, then
(f (f +g d¢)”@’> B ( /1 d¢)”‘*’” . ( /& d¢)1/(’“) 61)
[ +g)rde ~\Jfrdg Jegrd¢ ’

with equality if and only if the functions f and g are proportional.

We are now in a position to prove Theorem 5.1. The following statement is just a slight
reformulation of it.

Theorem 6.2 Let K,L € S".If0<p<n-1ands,t e Rsatisfys>1>1t>0, then

(6.2)

( \/~ans(llfp (K+,L)) ) 1is=1) - ( \TVH,S(\IIPK) ) Vs=1) ( \f)\&nfs(\pr) ) 1/(s-1)
B Wn—t(\ppL) ’

Wn—t(\pp (I<:pL)) Wn—t(\ppl<)
with equality if and only if V,K and V,L are dilates.

Proof From (2.4), we obtain

’0(]<:PL’ ,)71*17*1 U= 10(1() ')n7p71 * U+ p(L; ')n7p71 * U,
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where p is the generating measure of ¥ from Lemma 4.3. Hence, from (4.6), we obtain
,O(quU(:FpL), ) = p(\ppl<’ ) + p(\ppL: )

Therefore, by (1.6), we have

W,os (W, (KF,L)) = % fs (%K, u) + p(W,L, u))’ dS(u) (6.3)
and

~ R 1 ‘

Wt (W, (KF,L)) = - /S . (p(W,K, 1) + p(WyL, ) dS(u). (6.4)

From (6.3), (6.4) and Lemma 6.1, we obtain

( Ws (W, (KF,L)) ) 160
W, (W, (KF,L))

_ <fsnl (p(V,K, u) + p(V,L, u))* dS(u))l/(s—t)
) fgn—l (p(W,K,u) + p(VpL, u))t dS(u)

< (fsm P(WpK, 1) dS(u) ) e (fs“ (WL, u) dS(w) ) W)
< fsn,l p(V,K, u)t dS(u) fS"’l p(W,L, ) dS(u)

~

_ (Wns(wpm)”(”) . (%4%@)1/“”

Wn—t(wp1<) wn—t(pr)

Equality holds if and only if the functions p(V¥,K, «) and p(W,L, u) are proportional.
Taking s =n —i and £ = n — j in Theorem 6.2, Theorem 6.2 becomes Theorem 5.1
stated in Section 5. If ¥ : §" x --- x 8" — §” is the mixed intersection operator I :
—_——

n-1
S"x - x8"— §"in (6.2) and n — s =i and n - ¢ = j, we obtain the following result:
—_—

n-1
IfK,LeS",0<p<n-landi<n-1<j<n,then

(Wlpu@pm))““-” - <v7,-<lpl<))“°“” . (\%(IPL)>”°‘-”

Wi(L,(KT,L)) i Wi(1,L)

000 6.5)

with equality if and only if I,K and I,L are dilates. Taking j = # in (6.5) and noting that
V?,,(K) = fsn—l dS(u) = nwy, (6.5) becomes the following inequality: If K,L € §”, 0 <p <
n—1landi<n-1,then

Wi(1,(KF,L)) """ < WL,K) Y0 4 W (1,L) 0,

with equality if and only if I, K and L,L are dilates. d

We are now in a position to prove Theorem 5.3. The following statement is just a slight
reformulation of it.
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Theorem 6.3 Let K,L € S".If0<i<n,p<i—1lands,teRsatisfys>1>1t>0, then

1 <\7Vns(\lfp(1<;pL))>”““)

Wi(K3,L) \ W, (W, (K%,L))
/(s—t) o /(s—t)
_ ! <W (@, 1<))1 L] <\1Vns(\lpr))1 , 6.6)
M(I() Wn—t(qu1<) VV,(L) Wn—t(quL)

with equality if and only if V,K and V,L are dilates.

Proof From (3.3), we obtain

pUKAL, )" P p(K, - )””1*u+p(L VP
Wi(K3,L) Wi(K) Wi(L)

Hence, from (4.6), we obtain

P KTHL),) _ p(YK,)  p(WplL,o)
Wi(K¥,L) Wi(K) wWi(L)

By (1.6), we have

W, S(\IJ (K+,L)) l/‘ (,o(\l—’pl(, u) .\ p(V,L, M)>Sd5(u) 67)
Wi(K¥,L)s g\ Wi(K) Wi(L) '
and
Tttt L[ (20K el 69
W(1<+pL) n Jo\ Wi(K) Wi(L) ' ‘

From (6.7), (6.8) and Lemma 6.1, we obtain

1 < W,is(W, (K:rpL)))”( -
Wi(K$,L) \ W, t(\yp(1<+pL))

f p(\l/pl( u \III,L u
sn— 1 W; K)

u 1/(s—t)

( p(V,K,u) \I-’Lu
Jgn-1( W”(K) " )de 1)

(fsm “’P“))Sds )wsf (fsm(”“’f’“ dS(u>)
<

Jora (2 “’P’”)tdS( Jorr (P52 dS(u)
1 (Wn_s(\ppm) o= (Wn_s(\IJPL)> 620
" W) \ W, (9,K) "o\ WD)

with equality if and only if W,K and W, L are dilates.
Taking s =n —j and ¢ = n — k in Theorem 6.3, Theorem 6.3 becomes Theorem 5.3

stated in Section 5. If ¥ : §" x --- x 8" — §” is the mixed intersection operator I :
—

n-1
S"x - x 8" — 8"in (6.6) and j = n — s and k = n — ¢, we obtain the following result:
—_—

n-1
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IfK,LeS",0<i<mp<i-landj<n-1<k<n,then

1 < Wj(L,(K¥,L)) )W‘f)

Wi(K 3 ,L) \ Wi(L,(K¥,L))
1 \/~V LK 1/(k=j) 7. 1/(k—=j)

< (#) . (M) , 6.9)
Wi(K) \ Wi (I,K) Wi(L) \ Wr(I,L)

with equality if and only if I,K and I,L are dilates. Taking k = # in (6.9) and noting that
W, (K) = fS”’l dS(u) = nw,, (6.9) becomes the following inequality: If K,L € §", 0 <i<n,
p<i-landj<mn-1,then

Wi, (KT, L) Wi@,K)V e W1, L) e

XV, v — Iay] I ) (6.10)
Wi(K+pL) Wi(K) Wi(L)
with equality if and only if I, K and L,L are dilates. O

7 Conclusions

In the present study, we first revised and improved the concepts of radial Blaschke addition
and harmonic Blaschke addition in an L, space. Following this, we established Dresher’s
inequalities (Brunn-Minkowski type) for the radial Blaschke-Minkowski homomorphisms
with respect to the p-radial addition and the p-harmonic Blaschke addition.
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