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Abstract

In this paper, we present some extensions of interpolation between the
arithmetic-geometric means inequality. Among other inequalities, it is shown that if
A, B, X are n x n matrices, then

[Axe*|” =< | (4*A)xg: (B*B) | | (A" A) X (B"B) .

where fi, 5, g1, g» are non-negative continuous functions such that f;()4(t) = t and
g1()ga(t) =t (t = 0). We also obtain the inequality

1

8|1 < e ¥ +0 - &8 |[[|0 - A A ™ +p(8°8)7

|

in which m, n, s, t are real numbers such that m+n=s+t=1,|| - || is an arbitrary
unitarily invariant norm and p € [0, 11.

MSC: Primary 47A64; secondary 15A60
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1 Introduction and preliminaries

Let M, be the C*-algebra of all # x n complex matrices and (-, -) be the standard scalar
product in C” with the identity I. The Gelfand map f(¢) > f(A) is an isometrical *-
isomorphism between the C*-algebra C(sp(A)) of continuous functions on the spectrum
sp(A) of a Hermitian matrix A and the C*-algebra generated by A and 1.

A norm || - || on M, is said to be unitarily invariant norm if ||[UAV|| = ||A]l, for all
unitary matrices U and V. For A € M,,, let s1(A) > s5(A) > - - - > 5,(A) denote the singular
values of 4, i.e. the eigenvalues of the positive semidefinite matrix |A| = (A*A)% arranged
in a decreasing order with their multiplicities counted. Note that s;(4) = s;(A*) = s;(|A|)
(1 <j<mn)and ||A|| = s1(A). The Ky Fan norm of a matrix A is defined as ||A| ) = le;l si(A)
(1 < k < n). The Fan dominance theorem asserts that ||Al|x < ||1Bll@ for k =1,2,...,n
if and only if [|A|l < |IB|| for every unitarily invariant norm(see [1], p.93). The Hilbert-

Schmidt norm is defined by ||A||; = (27:1 s]z (A))"2, which is unitarily invariant.
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The classical Cauchy-Schwarz inequality for @; > 0, b; > 0 (1 <j < u) states that

with equality ifand only if (a3, . .., a,) and (b4, ..., b,) are proportional [2]. Bhatia and Davis
gave a matrix Cauchy-Schwarz inequality as follows:

flaxs || < flavax|||xz|

! 8y
where A, B,X € M,,. For further information as regards the Cauchy-Schwarz inequality,

see [3-5] and the references therein. Recently, Kittaneh et al. [6] extended inequality (1)
to the form

llaxs || <[l (a~a)"x (B°B) || | (4"4) X (B*B)”

, ()

where A,B,X € M,, and p € [0,1]. Audenaert [7] proved that, for all A,B € M,, and all
p € [0,1], we have

145 < llpa*a + -5 B[} .~ ppa*a + pB°B]|. ®

In [8], the authors generalized inequality (3) for all A,B,X € M,, and all p € [0,1] to the

form
AXB*||]* < |[pA*AX + 1 - p)XB*B||||(1 - p)A*AX + pXB*B]|. (4)

Inequality (4) interpolates between the arithmetic-geometric mean inequality. In [6], the
authors showed a refinement of inequality (4) for the Hilbert-Schmidt norm as follows:
|AXB* |2 < (|pA*AX + (1 - p)XB*B| - | A*AX - XB*B|3)
x (|0 - pA*AX + pXB*B|, - r*|A*AX - XB*B|), 5)
in which A4,B,X € M, p € [0,1] and r = min{p,1 — p}. The Young inequality for every
unitarily invariant norm states that [|[A?B?||| < ||pA + (1 — p)B||, where A, B are positive

definite matrices and p € [0,1] (see [9] and also [10, 11]). Kosaki [12] extended the last
inequality for the Hilbert-Schmidt norm as follows:

|APXB'?|, < ||pAX + (1 - p)XB

” 6)

where A, B are positive definite matrices, X is any matrix and p € [0,1]. In [13], the authors

considered as a refined matrix Young inequality for the Hilbert-Schmidt norm

|APXB? ||} + PIIAX - XBJ3 < |pAX + (1 - p)XB], 7)

in which A, B are positive semidefinite matrices, X € M, p € [0,1] and r = min{p,1 - p}.



Bakherad et al. Journal of Inequalities and Applications (2017) 2017:209 Page 3 of 10

Based on the refined Young inequality (7), Zhao and Wu [14] proved that

| A”XB"7 |3 + ro|A2XB? — AX]||} + (1 - p)*|AX - XB|? <

8)
forO<p < % and

| APXB7 |2 + ro|| A2 XB? - XB]} + p*IlAX - XBI < |pAX + (1-p)

for % < p < 1such that r = min{p,1 - p} and ry = min{2r,1 — 2r}.

In this paper, we obtain some operator and unitarily invariant norms inequalities.
Among other results, we obtain a refinement of inequality (5) and we also extend inequal-
ities (2), (3) and (5) to the function f(¢) =t (p € R).

2 Main results
In this section, using some ideas of [6, 15], we extend the Audenaert results for the operator

norm.

Theorem 1 Let A, B, X € M, and f1, f>, g1, g» be non-negative continuous functions such
that fi(t)f2(t) = t and gi1(£)g>(¢) = ¢ (£ > 0). Then

x5 |? = i (4 A) e (5°B) 5 (4°A) e 5°5) | ©)
Proof 1t follows from

|AxB*|* = | BX*A*AXB*||
= 51(BX*A*AXB")
= Jmax (BX"A*AXB")  (since BX"A*AXB" is positive semidefinite)
= Amax (X"A*AXB*B)
= hmax (Xfi (A" A)f>(A"A) Xg2 (B* B)1 (B*B))
= hmax (&1 (B*B)X "1 (A"A)fo(A"A) Xg (B"B))
< |&(B'B)X*A(A*A) (A" A) Xea (B*B) |
< (B B)X A (4 4) | [ (4" 4)Xes(5°B)|
= [/ (4"4)Xer (B°B) || (A" A) Xeo (B°B) |

that we get the desired result. O

Corollary 2 IfA, B, X € M,, and m, n, s, t are real numbers such that m + n =s+t =1,
then

Jaxse|* < (aa)"x (BB | | (4"A)"X (B*B)'. (10)

In the next results, we show some generalizations of inequality (3) for the operator norm.
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Corollary 3 Let A,B € M, and let fi, f>, &1, &2 be non-negative continuous functions such
that fi(t)f>(t) = t and g(t)g:(t) = t (¢ > 0). Then

|4B°|” < | (A"4)7 + (@~ pha(BB) 7 | |1 - pfo(A°A) 7 + per (B°B)P |,
where p € [0,1].
Proof Applying Theorem 1 for X = I, we have

[4B* > < [fi(A*A)er(B°B) | | (4°A)ea(B°B) |

- [ (RAA)7) (@ (B'B) ™) | | (5(a%4) 7)™ (a(B'B) 7Y |
(by Theorem 1)
< |pA(4*4)7 + 1 Pea (B'B) ™7 | | (L~ p)fa(A7A) 7 + pe (B'B)? |

(by the Young inequality). O

Corollary 4 Let A,B € M, and let f, g be non-negative continuous functions such that
f(t)g(t) =£2 (t > 0). Then
1 1
[4B°[* < o (4"4) + (1~ ple(B"B)|* | 0~ pf (4°A) + pe(B°B) |

< pa(4A) + L= p)f (B'B) |2 | (L - p)e(A"A) + pf (B'B)

1
2
)

where p € [0,1].

Proof Applying Theorem 1 and the Young inequality we get

JaB|* < I (a%4) (BB | g(a°a) f (5B) |
(by Theorem 1 for,/f and \/g)
< |r(araye(8'B) | |£ (4 4) g (B BY|
x |g(a A)f (B*B) | |g(A"A) f (B°BY|
(by inequality (10))
< [pf(a*A) + A - p)g(B"B) | [ - p)f (A*A) + pg(B*B) |
x |pe(a*A) + (1 - p)f (B*B) || (1 - p)g(A”A) + pf (B*B) |

(by the Young inequality). d

3 Some interpolations for unitarily invariant norms
In this section, applying some ideas of [6], we generalize some interpolations for an arbi-
trary unitarily invariant norm.

Let Qi denote the set of all strictly increasing k-tuples chosen from 1,2,...,n, i.e. [ €
Qi if I = (i1,6n,...,ix), where 1 < iy < ip < --- < iy < n. The following lemma gives some
properties of the kth antisymmetric tensor powers of matrices in M,,; see [1], p.18.
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Lemma5 LetA,Be M,. Then
@ (A*A)A'B) = /\k(AB)forkzl,...,n
(b (/\A /\A*fork 1,.
o (N A = A"A fork=1,.
(d If$1,82,...,8, are the smgular values of A, then the singular values of/\kA are

SiyrSigsee- ’Sik’ where (il, iz, ooy ik) S Qk,n~
Now, we show inequality (10) for an arbitrary unitarily invariant norm.

Theorem 6 Let A,B,X € M,, and || - || be an arbitrary unitarily invariant norm. Then

llaxs|* < fl(a*a)"x(5°B) ||| (4*4)"x (BB)'

(11)

where m, n, s, t are real numbers such that m+n = s+t = 1. In particular, if A, B are positive
definite, then

1 1 _
llazx2 | < [|arxst ]| 4

12)
where p € [0,1].

Proof If we replace A, B and X by A¥A, A\*Band A\ X, their kth antisymmetric tensor
powers in inequality (9) and apply Lemma 5, then we have

k

/k\ (A*A)"X(B*B)’| | /\(A*A)"X(B*B)',

2
=

which is equivalent to

k k

s ( /k\ AXB*) <s < /\(A*A)'"X(B*B)S)sl < /\(A*A)”X(B*B)‘).

Applying Lemma 5(d), we have

k k k
[ [si(axB*) < ]_[ % X(B*B)’ ]—[s}% "X(B*B)")
j=1 j=1 j=1

NI»—l

"X(B°B))s} ((4"A)'X(B'B)’), 13)

il

where k =1,...,n. Inequality (13) implies that

—

ZS’ (AXBY) Zsf "X (B*B)’)s %(( A*A)"X(B*B)")
S(X]: i((A*A)"X(B*B)’) ) (Zs, "X(B*B) ))2

(by the Cauchy-Schwarz inequality),
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where k=1,...,n. Hence

2 m s n t
[AXB" [y = [(A7A) "X (BB |, [ (4" 4) "X (B*B) ]| -
Now, using the Fan dominance theorem [1], p.98, we get the desired result. O
Now, using inequality (12), Theorem 6 and the same argument in the proof of Corol-
laries 3 and 4, we get the following results; these inequalities are generalizations of the

Audenaert inequality (3).

Corollary 7 Let A,B € M, m, n, s, t be real numbers such that m + n=s+t =1 and let

Il - I be an arbitrary unitarily invariant norm. Then
m S n_ t
laB*|I* < [lp(a74) 7 + @ - p)(BB) 7 ||[| @ - p)(A"A) 7 + p(B*B)* ||,
where p € [0,1].

Corollary 8 Let A,B € M, m, n, s, t be real numbers such that m + n=s+t =2 and let

Il - | be an arbitrary unitarily invariant norm. Then
ll4B P < [lp(asa)” + a - (B B) || [l - p)(a*4)" + p(B*B'|
x llp(ara)” + @ - (5 B) ||}l a - p)(A*4)" + p(5*B)'| (14)
in which p € [0,1].
Remark 9 If we put # = m = s = t = 1 in inequality (14), then we obtain the Audenaert

inequality (3). Also, if we use inequality (6), Corollaries 7 and 8, then similar to Corollaries

3 and 4 we get the following inequalities:

|axB [ < |p(4"4) P X + 1 - p)X(BB) 7 |,

x (1= p)(A*A) P X + pX (B*B)?

(15)

2’
where A,B € M,, m, n, s, t are real numbers such that m + n=s+t=1, p € [0,1] and
m * >\ S 1 % A\ M * o\ S 1
JAXB* 2 < [p(A"4)"X + (- )X (5B)' | | (1 - p)(a"4) "X + px ("B’
n 1 n 1
x [p(A*A4)"X + (1 - pX(B*B)'| 7 | (1 - p)(4*A)"X + pX(B"B)'| ;

for A,B € M,, real numbers m, n, s, t, in which m + n=s+ ¢ =2 and p € [0,1]. These

inequalities are generalizations of (4) for the Hilbert-Schmidt norms.

In the following theorem, we show a refinement of inequality (15) for the Hilbert-

Schmidt norm.
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Theorem 10 Let A,B,X € M,,. Then

4B |} = (|p(A4%4) P X+ (= p)X(BB) 7 [ =7 (4°4) P X - X(B°B) 7 )
< ([a=pAA) 7 4 pX(B'B)F [, = (44) X - X(8'B) ),
inwhichm, n, s, t are real numbers suchthatm+n =s+t =1, p € [0,1] and r = min{p,1-p}.

Proof Applying inequality (11), we deduce that

[axa; < [[(a4)"x(B°B)'|, | (4*4)" X (8"B)']

= (A a) Py x((BB) ) 7, ((an4)7) X ((BB) )

= (lp(a"4) X + (=X (B'B) ™7 |, - | (4°4) P X - X (BB) ™7 )

% (|1 =p)(A"A) TP X + pX (B'B) |2 = | (A"4) TP X - X (B'B) |

2
2)

where p € [0,1] and r = min{p, 1 — p}, and the proof is complete. d
Theorem 10 includes a special case as follows.

Corollary 11 ([6], Theorem 2.5) Let A,B,X € M,. Then

|AXB* | < (|pA*AX + (1 - p)XB*B]|; - r*|A*AX - XB*B|})
x (|- p)(A*A)X + pXB*B|; - r*|A*AX - XB*B|

2
2)

where p € [0,1] and r = min{p,1 - p}.

Proof For p € [0,1],if weput m=¢=pand n=s=1-p in Theorem 10, then we get the
desired result. O

The next result is a refinement of inequality (5).

Theorem 12 Let A,B,X € M,,(C) and let p € (0,1). Then
(i) ForO<p<1,

[AXB"[; = (|pA*AX + (- XB'B]; - o (474) X (B°B)* — 4”AX]];
—(1-pP|A*Ax - XB'B|)?
% (| (1= p)A*AX + pXB*B|* - ro | (A*A) X (B*B)* - A*AX |
P ||A*AX—XB*B||§)%. (16)
(i) For 3 <p<1,
[axB |} < (|pA*AX + (- p)XB B[} - ro | (4°4) X (8°B)* - x(8°B)

— (1-p)*|A*AX - XB*B|;)?
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ST

% (| (1= P)A*AX + pXB*B|* — ro| (A*A) "X (B*B)* - X(B*B)
- p*|a*Ax - xB*B|}%)?, (17)

where r = min{p, 1 — p} and ry = min{2r,1 - 2r}.

Proof The proof of inequality (17) is similar to that of inequality (16). Thus, we only need
to prove the inequality (16).
Ifo<p< %, replacing A and B by A*A and B*B in inequality (8), respectively, we have

(4 4y X(8'B)" |, = (|pA"AX + (- pXB B[, - o (4°4) ' X (8°B)* - avax];

—(1-p)*|A*AX - xB*B|)?. (18)

Interchanging the roles of p and 1 — p in the inequality (18), we get

[(4°A) (B BY |, = (|- AAX 4 pXB B2 — | (4°) X (8B) - 4°AX]
~ A" AX - XB*B||*)*. (19)
Applying inequalities (11), (18) and (19), we get the desired result. d

Corollary 13 Let A,B € M, (C) and p € (0,1). Then
(i) ForO<p<1,
[4B*[} < (|pA*A + 0 - p)B°B]} ~ ro | (4°A)* (B°B)* — 4°A;
~(-pP|ata-BB[}):
% (|0~ p)AA + pB B}~ ro | (4°4)* (B°B)* - A%}
~pata-BB|})*.

(ii) For % <p<l,

|4B* |2 < (|pA*A + 1 - p)BB| - ro | (4%A)* (BB)? - (B°B)| 2
~(1-p’|atA-BB[2)?
1 1
x (|1 -p)A*A + pB*B]s - ro | (4*A)* (B°B) - (BB)
-plara-BB[)?,
where r = min{p, 1 — p} and ry = min{2r,1 - 2r}.

Through the following, we would like to obtain upper bound for [|[AXB*||, for every
unitary invariant norm.
The following lemma has been shown in [16], and it is considered as a refined matrix

Young inequality for every unitary invariant norm.
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Lemma 14 Let A,B,X € M, such that A, B are positive semidefinite. Then, for 0 < p <1,
we have

l47XB™? || + ro (IAXII - IXBII)* < (pIIAXII + (1 - p)IXBII)?, (20)
where ry = min{p,1 — p}.

Proposition 15 Let A,B,X € M,,. Then

llaxa | < ((wlla-ax|| + a - x5l - ri([la=ax]| - [lxz5])*)*

1
< ((-plaax|| + pl|xB"B])" - (|| a*Ax]| - | x8*5]])*)*,

where p € [0,1] and ry = min{p,1 - p}.

Proof In inequality (20), if we replace A by A*A and B by B*B, then we have

ll(aa)x (8°B) "] < ((plla~ax]| + @ - p|[|xBB])"

1
=i ([laax( - [lxs Bl (21)
Interchanging p with 1 — p in inequality (21), we get

i)™ x(8°8Y || < (@ - pla=ax]]| + |l x&°8]])?

1
- ro([|la=ax]| - |x8°B[])")*. (22)
Now applying inequalities (11), (21) and (22) we get the desired inequality. O

4 Conclusions

Our application of the methods based on the Audenaert results is presented in this paper
to the operator norm and so are some interpolations for an arbitrary unitarily invariant
norm. Moreover, we refine some previous inequalities as regards the Cauchy-Schwarz in-

equality for the operator and Hilbert-Schmidt norms.
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