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1 Introduction
Let H; and H, be real Hilbert spaces and let C and Q be nonempty closed convex subsets
of Hy and H,, and let A : H; — H; be a bounded linear operator. Let N and R denote the
sets of positive integers and real numbers.

In 1994, Censor and Elfving [1] came up with the split feasibility problem (SFP) in finite-
dimensional Hilbert spaces. In infinite-dimensional Hilbert spaces, it can be formulated
as

Find x € C such that Ax € Q, (1.1)

where C and Q are nonempty closed convex subsets of H; and Hy, and A : H; — H is a
bounded linear operator. Suppose that SFP (1.1) is solvable, and let S denote its solution
set. The SFP is widely applied to signal processing, image reconstruction and biomedical
engineering [2—4].

So far, some authors have studied SFP (1.1) [5-17]. Others have also found a lot of al-
gorithms to study the split equality fixed point problem and the minimization problem
[18—-20]. Byrne’s CQ algorithm is an effective method to solve SFP (1.1). A sequence {x,},
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generated by the formula
Kntl = PC(xn - )\nA*(I _PQ)Axn); Vn >0, (12)

where the parameters A, € (0, ﬁ), Pc:H — C,and Py : H — Q, is a set of orthogonal
projections.

As is well-known, Cencor and Elfving’s algorithm needs to compute A1, and Byrne’s
CQ algorithm needs to compute ||A||. However, they are difficult to calculate.

Consider the following convex minimization problem:

minf (), 1.3)
where

f)= 5 |- Poax]’, (1.4)

Vf(x) = A*(I - Po)Ax, (15)

f(x) is differentiable and the gradient Vf is L-Lipschitz with L > 0.
The gradient-projection algorithm [21] is the most effective method to solve (1.3). A se-
quence {x,} is generated by the recursive formula

X1 = PcI = 1y Vf)xy, ¥n >0, (1.6)

where the parameter A, € (0, 2). Then we know that Byrne’s CQ algorithm is a special case
of the gradient-projection algorithm.

In Byrne’s CQ algorithm, A, depends on the operator norm ||A||. However, it is difficult
to compute. In 2005, Yang [22] considered 1, as follows:

P
= Gl

where p, > 0 and satisfies

[e¢]

00
Zp,,:OO, Zp5<00.
n=0

n=0

In 2012, Lépez [23] introduced 1, as follows:

__Pf (%)
V@)

where 0 < p, < 4. However, Lopez’s algorithm only has weak convergence.

In 2013, Yao [24] introduced a self-adaptive method for the SFP and obtained a strong
convergence theorem. However, the algorithm is difficult to work out.

In general, there are two types of algorithms to solve SFPs. One is the algorithm which
depends on the norm of the operator. The other is the algorithm without a priori knowl-
edge of the operator norm. The first type of algorithm needs to calculate ||A], but ||A]|
is not easy to work out. The second type of algorithm also has a drawback. It always has

weak convergence. If we want to obtain strong convergence, we have to use the compos-
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ited iterative method, but then the algorithm is difficult to calculate. In order to overcome

the drawbacks, we propose a new regularized CQ algorithm without a priori knowledge

of the operator norm to solve the SFP and we obtain a strong convergence theorem.
Consider the following regularized minimization problem:

: _ B 2
min f () =f(x) + 5 ll*l1% 1.7)
where the regularization parameter 8 > 0. A sequence {x,} is generated by the formula

Xn+l = PC(I - )‘n(vf + ,Bnl))xn: Vn > O; (18)

where Vf(x,) = A*(I - Pg)Ax,, 0 < B, <1,and A, = Hg}{f")“)F , 0 < p, < 4. Then, under suit-
able conditions, the sequence {x,} generated by (1.8) converges strongly to a point z € S,

where z = Pg(0) is the minimum-norm solution of SFP (1.1).

2 Preliminaries

In this part, we introduce some lemmas and some properties that are used in the rest of
the paper. Throughout this paper, let H; and H; be real Hilbert spaces, A : H; — H; be
a bounded linear operator and / be the identity operator on H; or Hy. If f: H - Ris a
differentiable functional, then the gradient of f is denoted by Vf. We use the sign ‘-’ to
denote strong convergence and use the sign ‘—’ to denote weak convergence.

Definition 2.1 (See [25]) Let D be a nonempty subset of H, and let T: D — H. Then T is

firmly nonexpansive if
2
ITx - Tyll* + |(I - T)x— (I - T)y|” < llx-yI*>, Vx,yeD.

Lemma 2.2 (See [26]) Let T : H — H be an operator. Then the following are equivalent:
(i) T isfirmly nonexpansive,
(i) I-T isfirmly nonexpansive,
(i) 2T -1 is nonexpansive,
(iv) || Tx - Ty|? < {x -y, Tx — Ty), Vx,y € H,
V) 0=<(Tx-Ty,(I - T)x~ (I -T)y).

Recall P¢c : H — C is an orthogonal projection, where C is a nonempty closed convex
subset of H. Then to each point x € H, the unique point Pcx € C satisfies the following

property:

llx = Pex|| = inf [|lx — y[| =: d(x, C).
yeC

Pc also has the following characteristics.

Lemma 2.3 (See [27]) For a given x € H,
(i) z=Pcx < (x—2z,z—y)>0,Vy e C,
(i) z=Pex < |lx—z|* < llx—yl* - ly—z|> Vy € C,
(iii) (Pcx —Pcy,x—y) = |[Pcx — Pyl Vx,y € H.
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Lemma 2.4 (See [28]) Let f be given by (1.4). Then
(i) f is convex and differential,
(i) Vf(x)=A*(I-Pg)Ax,Vx e H,
(iii) f is w-Isc on H,
(iv) Vf is ||A|1>-Lipschitz: |Vf(x) - V)l < |AI*llx - yll, Vx,y € H.

Lemma 2.5 (See [29]) Let {a,} be a sequence of nonnegative real numbers such that

Apsl = (1 - an)an + an(Sm n= 0’

where {0,}52 is a sequence in (0,1) and {5,}.°, is a sequence in R such that

D) Yo =00,
(ii) limsup,_, o8, <0 or Y o2 auld,| < co.
Then lim,—, o a,, = 0.

Lemma 2.6 (See [30]) Let {y,}nen be a sequence of real numbers such that there exists a
subsequence (Y, }ien Of {Vu}nen such that y,, < yu,.1 for all i € N. Then there exists a non-
decreasing sequence {my}ken of N such that limy_, o my = 00 and the following properties
are satisfied by all (sufficiently large) numbers k € N:

Vmp = V1o Yk = Vimg+1-

In fact, my is the largest number n in the set {1,...,k} such that the condition

Vi = Vn+l

holds.

3 Main results

In this paper, we always assume that f : H — R is a real-valued convex function, where
S () = 311 - Pg)Ax||?, the gradient Vf(x) = A*(I - Pg)Ax, C and Q are nonempty closed
convex subsets of real Hilbert spaces H; and H,, and A : H; — H, is a bounded linear

operator.

Algorithm 3.1 Choose an initial guess xy € H arbitrarily. Assume that the nth iterate
x, € C has been constructed and Vf(x,) # 0. Then we calculate the (# + 1)th iterate x,,1
via the formula

KXpsl = Pc(x,, — A (A*(I —Pg)Ax, + ﬁ,,x,,)), Vn >0, (3.1)

where A, is chosen as follows:

_ Puf (%)
"IV )2

with 0 < p, < 4. If Vf(x,) = 0, then x,,; = x,, is a solution of SFP (1.1) and the iterative
process stops. Otherwise, we set #:= n + 1 and go to (3.1) to evaluate the next iterate x,,.,,.
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Theorem 3.1 Suppose that S # ) and the parameters {B,} and {p,} satisfy the following
conditions:

@) {B.) C (0,1), lim,_, oo Bn=0, Ziil Bn = 00,

(ii) & < py <4 —¢ for some e > 0 small enough.
Then the sequence {x,} generated by Algorithm 3.1 converges strongly to z € S, where
zZ= PS(O).

Proof Let x* € S. Since minimization is an exactly fixed point of its projection mapping,
we have x* = Pcx* and Ax* = PoAx™.
By (3.1) and the nonexpansivity of P¢, we derive

||xn+1 —x* ||2 = ||Pc(xn — An(A*( - P)Ax, + ﬂnxn)) — DPex* ||2

= ” (1= AuBu)tn — AyA (I — Po)Ax, — x* HZ

2

)\n * *
k,,ﬁ,,(—x*) +(1- A,,ﬂ,,)(x,, — 1o )»nﬁnA (I — Pg)Ax, —x )

2

Y
= hnBu | |* + (1= 2nB) |20 — — - A*(I - Pg)Ax, — x*

1-2uBu
A 2
- )Lnﬁn(l - )\nﬁn) Xn — 1— )LnnﬂnA*(I - PQ)Axn
) 2
< B |” + (L= AnBa) |0 — : /\” 3 A*(I - Po)Ax, — x* (3.2)
— AnPn

Since Py, is firmly nonexpansive, from Lemma 2.2, we deduce that I — P is also firmly
nonexpansive. Hence, we have

(A*([ = PQ)Axy, %y — x*) = ((I — PQ)Ax,, Ax, — Ax*)
= ((I — Pg)Ax, — (I — Po)Ax™, Ax, — Ax*)
- |- P

= 2 (x,). (33)

Note that Vf(x,) = A*(I - Pq)Ax,. From (3.3), we obtain

2
n

A
Yy — ——— A*(I - Po)Ax, — x*
¥ l_knﬂn ( Q) ¥ ¥

2,
1- )‘nan

(I - Po)Ax, |* - (A*(I = PQ) A%, %, — x*)

(1 - )»,,,,3,,)2 ”A
2 2)\;1
- 1- )\nIBn

.2 A
= o =2 " + "5 [V () |
n

<vf(xn):xn - X*>

A2 4,
=< ||xn _x* ||2 + m va(xn) ||2 - mf(xn)
_ «||2 1 oaf (%4)? 2
- Hx” —% H + (1= AnPn)? ’ IV (%) [|* ’ ||Vf(x,,)H
4pyf (x)

RRTESW SN/ e e
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_ ”x e HZ + pﬁf(xny _ 4l0r(f(xn)2
g (1 - Anﬁn)2||Vf(xn)||2 (1 - )\nﬁn)”Vf(xn)”z
e o fl)
i (4 e xm) RCETW ST N7IPAIER G

By condition (ii), without loss of generality, we assume that (4 — l_fz ﬂn) >0 foralln > 0.
Thus from (3.2) and (3.4), we obtain

st =22 < Anfh |5 + (1= xnm(nxn x|’

) <4_ Pr ) S ) )
" L=hnBn) L= 2uB)IVF(x0)12
= AnPBa ”x* ||2 +(1- AnBn) ”xn —x* H2
P f(xn)?
— pul 4 - .
g ( 1—xnﬂn> IVF )12

R A L

< max{ ||x* Hz, X, —x" ||2} (3.5)

Hence, {x,} is bounded.
Let z = P5s0. From (3.5), we deduce

On Sfx,)?
0= "”(4_ 1—Anﬁn> IV )12

= )\nﬂn”Z”z + (1= AuB)llxn — Z”2 = %1 = Z||2~ (3.6)

We consider the following two cases.
Case 1. One has || %41 — 2| < ||%, — z|| for every n > ny large enough.

In this case, lim,,_, « [|%, — z|| exists as finite and hence
lim (|l — 2l = [l%, — 2I[) = 0. (3.7)
n—00

This, together with (3.6), implies that

_ Pn f(xn)z N
8 ”(4 1—xnﬁn>||Vf(xn)||2 >

Since liminf,_, o 0, (4 — l_f;’ 5n) > go (Where &g > 0 is a constant), we get

F)?
Ve %

Noting that || Vf(x,)||? is bounded, we deduce immediately that

Tim £(x,) = 0. (38)
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Next, we prove that

limsup(-z,x, —z) <O0. (3.9)

n—00

Since {x,} is bounded, there exists a subsequence {x,,} satisfying x,, — z and

limsup(-z,x, — z) = lim (-z,x,, — z).
11— 00 i—00

By the lower semicontinuity of f, we get
0 <f(2) <liminff(x,,) = lim f(x,) =0.
11— 00 n— 00
So

@) = % |t - Po)az|? =o.

That is, z is a minimizer of f, and Z € S. Therefore

limsup(-z,x, — z) = lim (—z,%,, — 2)
n—00 i—00

=(-z,z2-2)

<o. (3.10)

Then we have
%1 = 2112 = | Pe (3 = ApA*(I = PQ)Axy, — n ) — Pez
< 1@ = AuBa)x — 1WA* (I - Po) A%, — 2

= (LaBn)* Nzl

2

AnBa(=2) + (1 - Anﬂn)(’% - 1 _);:;IBHA*(I _PQ)Axn = Z)

2
+ (1 - )‘nﬂn)z

An
Xy — A*(I - Po)Ax, —z
n 1_)‘”/3” ( Q) n

2(1 = 2B A A*(I — Pp)A
+ ( - nﬁn) n,3n<xn_ B ( - Q) xn—z,—z>

1-=2uPn
< (L= 2B lxn = 2lI* + (huBa)?llz))?
+2(1 = AuBu)hnBn(%n — 2,-2) + 20 BV (%), 2)
< (=B s — 2
+ XnBu(AnBullzll” + 2 = 2uB) (% — 2,-2) + 2|V (%) | - lI211)-

Note that ||Vf(x,)||? is bounded, and that A,||Vf(x,)| = Hg}{% - IVf(x,)|l. Thus
AullVf(x,)]l = 0 by (3.8). From Lemma 2.5, we deduce that

Xy —> Z.
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Case 2. There exists a subsequence {ll%4; —zII} of {||lx,, — z||} such that
%, — 2l < l%n41 — 2l forallj > 1.

By Lemma 2.6, there exists a strictly nondecreasing sequence {1} of positive integers
such that limy_, o 71¢ = +00 and the following properties are satisfied by all numbers k € N:

1%, = 2Il < 1%y 41 — 21, Ik = zll < %1 — 2l (3.11)

We have

%1 = 2l = ||Pc (% = AnA*(I = Po)A%y — AnBun) — Pez|

< H (1 - )‘nﬂn)xn - }\nA*(I - PQ)Axn - Z“

= )m,Bn “ (_Z) || + (1 - )‘nﬂn)

nPu(=2) + (1 - )Lnﬁn)<xn - 1_);7’;&114*(1 - PQ)AJC,, - Z)

An
x, — ——A*([ - Po)Ax,, — z
n 1_)%/3” ( Q) n

< MnBullzll + (L= AnB) %0 — 2|l
Consequently,
0 < lim (It =2 = o 2]
< limsup(|l%,1 — 2l = %, —2l)

n—00

<limsup(A,Ballzll + (1= AnB) 1% — 2l = 1 — 211

n—00
=limsup A, B (1|2l — l|x, — 2l)
n— 00
=0.
Hence,
tim (1Pt = 2]l = 2, —21l) = 0. (312)
k—o00
By a similar argument to that of Case 1, we prove that
lim sup(-z, x,,, —z) <0,
k— o0
1%t = 21 < (L= Do B My, = 2112 + N B Oom (313)
where
e = Do B 212 + 2L = Mo Bo) Gomg = 2,=2) + 2y |V ()| - N2l

In particular, from (3.13), we get

2 2 2
)"mk,Bmk”xmk _Z” = ”xmk _Z” - ||xmk+1 _Z” + )\’WIk/SWIkJWIk’ (314')
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Since [|%, — 2|l < ||%m;+1 — 2ll, we deduce that
2 2
”xmk _Z” - ||xmk+1 _Z” <0.
Then, from (3.14), we have

2
)‘mkﬂmk ”xmk —z|I” < )Lmkﬂmkamk'

Then

lim sup ||%,,, — z||* <lim sup o,y < 0. (3.15)
k—o00 k—o00

Then, from (3.12), we deduce that

lim sup %, +1 — 2|l = 0. (3.16)

k— 00

Thus, from (3.11) and (3.16), we conclude that

lim sup |lox — z|| < limsup [|%,,, 1 — 2]l = 0.

k— 00 k— 00

Therefore, x,, — z. This completes the proof. O

4 Conclusion

Recently, the SFP has been studied extensively by many authors. However, some algo-
rithms need to compute ||A||, and this is not an easy thing to work out. Others do not need
to compute ||A]|, but the algorithms always have weak convergence. If we want to obtain
strong convergence theorems, the algorithms are complex and difficult to calculate. We
try to get over the drawbacks. In this article, we use the regularized CQ algorithm with-
out computing [|A|| to find the minimum-norm solution of the SFP, where %, = ”é;{%,
0 < p < 4. Then, under suitable conditions, the explicit strong convergence theorem is

obtained.
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