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Abstract

This paper proposes a new nonlinear stochastic SIVS epidemic model with double
epidemic hypothesis and Lévy jumps. The main purpose of this paper is to investigate
the threshold dynamics of the stochastic SIVS epidemic model. By using the
technique of a series of stochastic inequalities, we obtain sufficient conditions for the
persistence in mean and extinction of the stochastic system and the threshold which
governs the extinction and the spread of the epidemic diseases. Finally, this paper
describes the results of numerical simulations investigating the dynamical effects of
stochastic disturbance. Our results significantly improve and generalize the
corresponding results in recent literatures. The developed theoretical methods and
stochastic inequalities technique can be used to investigate the high-dimensional
nonlinear stochastic differential systems.

Keywords: stochastic SIVS epidemic model; Lévy jumps; persistence in mean;
double epidemic diseases; Doob’s martingale inequality; Holder's inequality

1 Introduction

Mathematical inequalities are widely used in many fields of mathematical analysis, es-
pecially differential systems [1-5]. Recently, the inequality technique was applied to
stochastic differential systems [6—11], impulsive differential systems [12-21], and impul-
sive stochastic differential systems [22], thus some new results have been obtained.

As an important factor threatening the safety of human life and property, the investiga-
tion of epidemic has received extensive attention from experts in various fields [23-27].
Generally speaking, medical researchers often use observation and experimental meth-
ods to study the behavior of epidemics. Recently, however, a number of experts in the
field of mathematics have also been interested in the study of epidemics. They have used
mathematical methods to analyze the spread and control of epidemics [28—31]. Kermack
and McKendrick’s pioneering work on the development of an epidemic disease is one of
the typical examples. They established an SIS compartment model and proposed the fa-
mous threshold theory, which has laid a solid foundation for the study of the dynamics of
infectious diseases [30].
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-017-1418-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-017-1418-8&domain=pdf
http://orcid.org/0000-0002-6553-9686
mailto:mxz0011@aliyun.com

Leng et al. Journal of Inequalities and Applications (2017) 2017:138

The SIS model based on the deterministic ordinary differential equation is given by

S(t) = A - BS@)I(t) — uS(¢) + rl(¢), W
I(2) = BS()I(2) — (u + o + r)I(2).
In system (1), BS(t) represents the number of people infected by a patient within a unit
time at ¢. But in reality, the number of people who can be exposed to a patient at a time is
limited. To this end, some authors have introduced a saturated infection rate to study the
dynamic behavior of the disease [32—34]. In addition, all creatures on the earth are infected
by a variety of environmental noises, of course, the disease is no exception. Motivated by
this, some scholars have studied the infection system with environmental noises (such as
Brownion noise, Markov noise and Lévy noise) [35—-38]. Meanwhile, populations may be
affected by different kinds of infectious diseases at the same time. Therefore, it is of great
significance to study the epidemic model with multiple diseases [39-41].
Recently, Meng et al. [39] considered a novel nonlinear stochastic SIS epidemic model

with double epidemic hypothesis as follows:

= (A~ us(t) - ﬂ:lf+11(()) ﬂifi?j%f{) + 10 (t) + ra Lo (t)) dt

_ a;;sm dBi(t) - gﬁfuz dB,(2), o
d = (L}(? (e -+ + )L (0) de + 23500 dBy (1),
dl = (23950 _ (4 1y + 1y (8)) dit + 22959 g (1),

They obtained the threshold of system (2) for the extinction and the persistence in mean
of the epidemic diseases. Based on system (2), recently, Zhang et al. [40] proposed an SIS

system with double epidemic diseases driven by Lévy jumps as follows:

ds = (A — uS() - B3O _ BSOBL) 1 (1) + 5o (1)) dit
+01S(t)dBi(8) + [, i(w)S(t )N (dt, du),

dl = (ﬁ&lzf”l —(u+oq + ) (t))dt 3)
+ oy () dBy(t) + [, v2 ()l ()N (dt, du),

dl, = ('322542 —(u+ 0z + 1) L(2)) dt
+ a3l () dBs () + [, ys(w)L(e)N(dt, du).

In model (3), the authors discussed in detail the conditions for persistence in mean and
extinction of each epidemic disease. Therefore, they discussed the persistence in mean of
susceptible individuals under different conditions. The above two studies provide a theo-
retical basis for the study of infectious diseases. But they just discussed the persistence in
mean and extinction of epidemic diseases under different conditions. In real life, however,
when an epidemic outbreak occurs, we do not sit idly but take measures to control the
spread of the epidemic disease. There are many ways to suppress the spread of a disease,
for instance, cut off transmission routes, pay attention to food hygiene, vaccination and so
on [42, 43]. Vaccination is an effective method of preventing infectious diseases and many

scientists have explored the effect of vaccination on diseases [44—-47].
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Motivated by the above works, in this paper, we propose a stochastic SIVS model with

double epidemic diseases and Lévy jumps under vaccination as follows:

ds = ((1-q)A ~ (u+ p)S(e) - B5GHD - 22000

+ i (t) + rolh () + 8V (8)) dt
+03SdBs(t) + [, y3(w)S(t YN (dt, du),

dl = (B398 _ (4 dy + 1)L (2) dt
+ o1l dBi() + [, (@)L (E)N(dt, du), (4)
dl, = (22988 — (u+ dy + 1)1 (0)) dt

+ 0’212 ng t) + fZ ]/2 2( ) (dt, dbt),
AV = [gA + pS@®) — (u + 8)V(£)] dt + 04V dBa(?)
+ [, valw)V(£)N(dt, du),

where S(t), I,(t), I>(2), V(¢), respectively, stand for the density of susceptible, infective A,
infective B and vaccinated individuals at time ¢, A is a constant input of new numbers into
the population, g means a fraction of vaccinated for the newborn, g; is the infection rate
coefficient from I;(¢) (i = 1,2) to S(¢), respectively. u represents the natural death rate of
S(t), I,(¢), I(¢), V(¢), p is the proportional coefficient of vaccinated for the susceptible, r;,
d; is the recovery rate and disease-caused death rate of ;(¢), i = 1,2, respectively. § stands
for the rate of losing their immunity for vaccinated individuals, ¢; and «; are the so-called
half-saturation constants, respectively. B(t) = (B1(¢), Ba2(£), Bs(¢), Ba(£)) is a standard Brow-
nian motion with intensity o; > 0 (i = 1,2, 3, 4).

Throughout this paper, let (€2, F, {F};>0, P) be a complete probability space with a fil-
tration {F;};>o satisfying the usual conditions (i.e. it is increasing and right continuous
while Fy contains all P-null sets). Function B;(¢) (i = 1,2,3,4) is a Brownian motion
defined on the complete probability space €2, the intensity of B;(¢) is o; (i = 1,2,3,4).
K[(dt, du) = N(dt,du) — AM(du) dt, N is a Poisson counting measure on (0,+00) X Z, X is
the characteristic measure of N on a measurable subset Z, A(Z) < +00, y; (i =1,2,3,4) is
bounded and continuous with respect to A and is B ( ) x Fi-measurable. For an integrable
function X(¢) on [0, +00), we define (X(z)) = 1 fo

The main purpose of this paper is to investigate the threshold dynamics of the stochas-
tic SIVS epidemic model. In this paper, by using the Lyapunov method and the technique
of a series of stochastic inequalities, we obtain sufficient conditions for the persistence in
mean and extinction of the stochastic system and the threshold which governs the extinc-
tion and the spread of the epidemic diseases. Our results significantly improve and gen-
eralize the corresponding results in recent literatures. The developed theoretical meth-
ods and stochastic inequalities technique can be used to investigate the high-dimensional
nonlinear stochastic differential systems. In Section 2, we firstly give some lemmas and
recall some necessary notations and definitions. Furthermore, we obtain the main results
for stochastic disease-free dynamics and stochastic endemic dynamics which imply the
extinction and the spread of the epidemic diseases. Finally, this paper gives the conclu-
sions and numerical simulations investigating the dynamical effects of stochastic distur-

bance.
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2 Main results

The main purpose of this paper is to investigate the threshold dynamics of the stochas-
tic SIVS epidemic model. In this section, by using the technique of a series of stochastic
inequalities, we obtain sufficient conditions for the persistence in mean and extinction of
the stochastic system and the threshold which governs the extinction and the spread of

epidemic diseases.

2.1 Preliminary knowledge

For the sake of notational simplicity, we define
1, .
b; = Eai + [yi(u) —ln(l + y,-(u))])»(du), i=1,2,3,4
zZ
_ Bilu+—uq)A

i= —ozi(u+di+ri+bi), i=1,2;

u® +ud + up

Y (u) = max{y1(u), y2(u), ys (1), ya(u) };

P () = min{y; (w), yo (1), v3 (), ya(u) };

8= [ [0+ 7) -1 5 ]vtduoy

z

o = max{oy,05,03,04}.
Throughout this paper, suppose that the following two assumptions hold.
Assumption 2.1 The following hold:

(i) 1+ yi(u)>0;

(i) [, [yi(u) = In(1 + y;(w)M(du) < 00, i=1,2,3,4, u € Z.

Remark 2.1 This assumption means that the intensities of Lévy noises are not infi-

nite.

Assumption 2.2 Suppose that there exists some g > 1 such that the following inequality
holds:

Definition 2.1 ([39])
(i) The species X(¢) is said to be extinctive if lim;_, ;0o X (¢) = 0;
(ii) The species X(¢) is said to be persistent in mean if lim;_, ;oo (X(£))+ > 0.

The following elementary inequality will be used frequently in the sequel.

Lemma 2.1 (Burkholder-Davis-Gundy inequality [48]) Let g € L2(R,; R*™). For any t >
0, define

t 0
() = /0 g©dse, 0= [ e ds
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Then, for every p > 0, there exist two positive constants c,, C, such that

SEAOP? <E( s ) <GEAW[™, tzo,

0<s<tlx(s)|¥
where c,, C, only depend on p.

Lemma 2.2 (Chebyshev inequality [48]) For any ¢ >0, p >0, X € L?, the following in-
equality holds:

P{w:|X(w)| > c} < cPEIX]P.

Lemma 2.3 (Holder inequality [48]) Forany a;,b; € Rand k> 2,ifp,q>1 and % + é =1,
the following inequality holds:

k p s k 1/q
5( |al»|”) (Dbiw) :
i=1 i=1

Lemma 2.4 (Doob’s martingale inequality [48]) Let X be a submartingale taking nonneg-

k

Z aibi

i=1

ative real values, either in discrete or continuous time. That is, for all times s and t with
s<t,

Xs < E[X| F].

Then, for any constant C > 0,

]S E[1Xrl]

P[supthC c

0<t<T

where P denotes the probability measure on the sample space 2 of the stochastic process
X :[0,T] x Q — [0, +00) and E denotes the expected value with respect to the probability
measure P.

Lemma 2.5 ([49, 50]) Assume that X(t) € R* is an Itd’s-Lévy process of the form
dX(t)=F(X(t"), ¢ )dt + G(X(t7), ") dB(t) + f H(X(t),t, u)N(dt, du),
zZ
where F:R" x R, xS > R",G:R" xR, xS —> R'and H:R" x R, x S x Z — R" are

measurable functions.
Given V € C*Y(R" x R, x S;R.), we define the operator LV by

LV(X,t) = Vi(X,t) + Vx(X, )F(X, t) + %trace[GT(X, HVxx(X,1)G(X,1)]

+ / V(X +HX,0) - VX, £) - Vx(X, )H(X, t, u) }A(du),
Z

where

IVx(X, 1)

Vt(X)t) = 9t
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IVx(X,t IVx(X, ¢t
VX(X}t): X( ),..., X( ) ’
0Xq 0X,
32 Vx(X,t)
Vix(X,t) = | ———
ol ) ( aXia)(i )nxn

Then the generalized Itd’s formula with Lévy jumps is given by

dv(X,t) = LV(X,t)dt + Vx(X, ) G(X, £) dB(t) +/

[V(X+H(X, 1)) - V(X,t)|N(dt, du).
Z

Lemma 2.6 ([51]) Let X(¢) € C(2 x [0, +00), R, ). We have the following conclusions.
(i) Ifthereexist T >0, ko >0, A, m, n; such that when t > T,

¢ J ¢ N
InX(t) <At — Ao / X(s)ds + mB(t) + Zn;/ / ln(l + yi(u))F(ds, du) a.s.,
0 P 0 Jz

then

(X)* < % a.s., if > 0;
limgs 00 X(£) =0 a.s., if A <O0.

(ii) Ifthereexist T >0, Ao >0, A >0, m, n; such that whent > T,

¢ J t -
InX(¢) > At — Ao / X(s)ds + mB(t) + Z ni/ / ln(l + y,'(u))F(ds, du) a.s.,
0 P} 0 Jz

then (X), > % as.

Lemma 2.7 For any initial value (S(0),1,(0),15(0), V(0)) € R?, the solution (S(t), 1 (t), I»(¢),
V(t)) of model (4) has the following property:

- S(O) + L(2) + (8) + V(2)
m =

li 0
t—00 t
Moreover,
S(t L(t
lim Q:o, lim ﬁ:o,
t—>oo t—oo [
Lt V(t
Jim 29 _ 0, iim Y9 _o 4
t—o0 t—>oo
InS(¢ Inf;(¢
llmn()go, limnl()<,
t—00 t t—o00 t
Inl(¢ In V(¢
fim MO o g MVYO
t—00 t t—00 t
Proof Define

X=S+L+L+V, Q(X) = Xx°.
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Applying the generalized Itd’s formula to Q(X), we have

dQ(X) < LQdt + QXQ_I (0'111 dB(t) + 021, dB2(t) + GngBg(t) + 04 VdB4(t))

+X° /Z [ +7w)° - 7p]N(dt,duw), (5)

where

“1
LQ < 0X YA —uX —di ], — dol) + %}(9-202)(2 + $X©

“1
< QXQ2|:AX - (u - QTGZ - ?>X2].
0

Choose a positive constant ¢ > 1 that satisfies

-1
b:u—QToz—?>0.

For any constant k satisfying k € (0, bg), one has

de" Q(X(1)) < L[e"Q(X(2))] dt + € 0X° [o111(s) dBi(s) + 0215(s) dBa(s)

+035(s) dB3(s) + 04V (s) dB, (s)]

+eoxe / [(1+ Y () - )?]K[(dt, du).
z

Integrating from O to ¢ and taking expectation on both sides of (5), we have

Ee*Q(X(1) < Q(X(0)) + E[ | k= Q(X() + LQ(X(5)] ds].
Easily, one has
ke Q(X(8)) + LQ(X(2)) < ke X°(2) + 0e" X7 () [-bX*(2) + AX(2)]
< 0é sup {XQ_Z [—(b - E)Xz + AX] + 1}
XeR* Q
:= 0e"H.
Therefore
X°(0) oH

p + ya < X°(0) + oH := M. (6)

E(X°) <

By Lemma 2.1, applying the Burkholder-Davis-Gundy inequality, integrating equation (5)
from O to ¢, and for an arbitrarily small positive constant §, one has

]E[ sup (XQ(L‘))] <E(X(k8))° + Y1+ Y,
ks<t<(k+1)§

<M+Y1+Y,,
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where
t
Y = E{ sup / QXQ_Z(S)[—bXZ(S) + AX(s)] ds }
ké<t<(k+1)8|1J ks
t
SCQE[ sup / XQ(s)ds]
ké<t<(k+1)8|J ks
(k+1)8
< CQEU X@(s)ds] 5098113[ sup Xg(s)ds], k=1,2,...
ké ks <t<(k+1)8
and
t
Y, = IE{ sup / QXQ_I(S)[Ulll(S) dBi(s) + 0215(s) dB(s) + 03S(s) dBs(s)
ks<t<(k+1)s1J ks

+04V(s)dBa(s)] + /k X /Z [(1+7@w)® - p]N(@t, du)

|

(k+1)5 3
< CQE[//«S ngz(Q_l) (crlzll2 + 02213 + 03252 + 042 V2) ds]

(k+1)8
+ cQE{ /k X% /Z [(1+7@)° - P )] v(dw) ds}

]

5cga%[Qm/[(lﬂ;(u))g-9(u)]2v(du)]E[ sup X@], k=1,2,...,
Z

ké<t<(k+1)8

where ¢, C, > 0.
So we have

]E[ sup (Xg(t))]fE(X(k(S))Q+c98E[ sup Xg(s)ds]

ks<t<(k+1)§ kd<t<(k+1)8
+Cp83 [Qa + / [(1+7w)° - p(u)]zv(du)}
Z

X E[ sup  X°© ]
ks <t<(k+1)§

Choose a positive constant § that satisfies
1 v 0 A 2 1
co8 +Cy82| 00 + [(1 + y(u)) - y(u)] v(du) | < 5
zZ

Combining it with equation (6), one has

E[ sup  (X(0)] = 2E(x(ke)” <2M.
ks<t<(k+1)8

Page 8 of 25

Applying the arbitrariness of kx > 0 and Lemma 2.2 for Chebyshev’s inequality, one ob-

tains

E su <t<(k+ XQ t
P{ sup  X°(¢) > (ka)“KX] < [ pké_t_(lk 1))(5 ()]
kd<t<(k+1)s (k8)L+

2M

SW’ k=1,2,....
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Applying the Borel-Cantelli lemma [48], for almost all € €2, one has

sup  XO(t) < (k)X
ks<t<(k+1)8

Page 9 of 25

7)

holds for all but finitely many k. Therefore, for any positive constant k > k, and almost all

w € Q, there is ko(w) such that equation (7) holds.

Thus, for almost all w € €2, once conditions k > kg and k8 <t < (k + 1)é hold, then we

have

In X?(¢) - (1 + kx) In(k$)

=1 .
It —  In(ko) X

(8)

Taking the limit superior on both sides of equation (8) and applying the arbitrariness of

kx >0, one has

In X2 (¢) -1

lim sup
t—00 In

Easily, for any o satisfying1 <o <1+ 2(’;;"’) ,one has u > 97402 + ¢. Therefore
. InXe(¢) 1
lim <— as.
t>o0 1INt 0

That is to say, for any constant 7 satisfying0 < v <1— é, there is a constant N = N(w), and

once condition ¢ > N holds, then we have

1
InX(¢t) < (— + ‘L’) Int.
[

Therefore
1
X(t S(t) + L(t) + I (t) + V(¢ tett
tim 2D _ iy SO+ROBO VO 0B o s
t—>oo t—00 t t—00
So
S(t Ii(¢t
1imQ=o, 1imﬁ:o,
t—oo t—oo [
L(t Vit
limﬁzo, limﬁzo a.s.
t—>oo f t—oo
and
InS(¢ Inf(¢
fim PS® o g MO
t—00 t t— 00 t
InL(t InV(t
t]imn%()fo, tlim nt()fo a.s.

This completes the proof.
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Lemma 2.8 Forany initial value (S(0),1,(0),15(0), V(0)) € R%, the solution (S(¢), 1 (¢), I(¢),
V(t)) of model (4) has the following property:

t ¢ N
L(s)dB 1 (s)N (ds, d
m M =0, lim Jo Jan@Ih(ONds, du) =0 as.,
{—o00 t t=oo £
t
I,(s)dB d ,d
m M =0, lim fo Sz v s du) =0 as.,
t—00 t f=oo £
t ¢ N
m RSO oy WSO A -
t—00 t t=o0 ¢
t 4 N
m Jo V(s)dBs(s) =0, lim Jo Jz va@) V()N (ds, du) -
t—00 t =00 £
Proof Define

Xu(6) = /0 L)dB(s),  Yi(0) - /0 /Z 1)1 (5)N (s, ),
X(t) = /0 LEdBss),  Ya(t) - /0 /Z o)y (5)N (ds, du),
Xs(0) = fo S©)dBs(s),  Ya(t) - f f ()N (ds, du),

Xa(t) = /tV(s) dBy(s), f /y4 s)N ds, du).

0

Applying Lemma 2.1 for the Burkholder-Davis-Gundy inequality and Lemma 2.3 for

Holder’s inequality, one has

]E[ sup |X1(s)|g] < (:Qu«:[/otzf(e)ale}2 < CQE[/Ot|112(9)| d@] 7,

0<s<t

[ ror] sl [ [ o]
<C, (/ yl u)v(du)) |:/ |11(9)|d9j|

o+l

for2< o<1+ 249 Here C, = [ Q oot
Applying equatlon (6), we have

Q
2

19 .
2 > (0 is a constant.

E[ sup [X(9)[*] =2MCk + DT =2 EMC,KS.
k<t<(k+1)

For any constant ky, > 0, applying Lemma 2.4 for Doob’s martingale inequality, one ob-

tains

Q — e
k1+Kx1 5 k1+KX1 +3

Plo: sp prft> doend| < Bl Xk D) _ 2 EMCS
: 1
k<t<(k+1)

25 MC,

S /1+KX ) k:1,2,....
K 1
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Applying the Borel-Cantelli lemma, one has

In | X;(2)|° - (1 +xx, +5)Ink

o
-1 °.
Int ~ Ink Thoa ©)

2

Taking the limit superior on both sides of equation (9) and applying the arbitrariness of
kx >0, one has

In | X7 (¢
lim su Ll()'<

1
< -+
t—00 Int 2

1
— as.
Q

That is to say, for any constant 7 satisfying 0 < 7 < % - %, there is a constant N = N(w), and
once t > N, w € 2, holds, then we have

1 1
In|X,(9)] < (— +—+ 7:) Int. (10)
2 0

Dividing both sides of equation (10) by ¢ and taking the limit superior, we have

1,1
. X0 . t27er
lim su < limsup

t—00 t—00

=0.

1X1(8)]
;

Combining it with liminf;_, o > 0, one has

i Xxi@ .. Xi(@)
im = lim

t—>00 t t—oo

Similarly, one obtains

In X, (¢ In X3(¢
fim 2@ o g, DO
t—00 t t—o00 t
In X, (¢ InYi(¢
fim PO o, N0
t—00 t t—o00 t
InY,(t In Y5(¢ InYy(z
fim PO o g, BBO o, DO
t—00 t t—00 t t—00 t
This completes the proof. O

Lemma 2.9 For any initial value (S(0), ,(0), I(¢), V(0)) € R%, model (4) has a unique pos-
itive solution (S(¢t), [1(¢), 1(¢), V(t)) € R* on t > 0 with probability 1.

Proof The proof is similar to Refs. [9, 44] by defining Q(S,I;,,,V)=S-1-InS+ L -1-
In; +I,-1-Inl, + V-1-1InV, and hence is omitted. O

2.2 Stochastic disease-free dynamics

Theorem 2.1 Suppose that conditions Ry < 0 and Ry < 0 hold. Then, for any initial value
(5(0),,(0),15(0), V(0)) € R%, the solution (S(t), (), L(¢), V(t)) of model (4) has the follow-
ing property:

S — A
lim () =0, i=12,  lim(S()= (u+d-ugh
t—00 t—00 U+ ud + up

Page 11 of 25
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+uq)A
lim (V(2)) = M,
=00 u + ud + up
That is to say, the two epidemic diseases go to extinct almost surely.

Proof By equation (4), one has

8 S—uq)A U+ us 2
A(Sehvhs—y) - WHOIZuDA utu s 3w+ d,
u+o u+é u+o o

+ 038 dBs(t) + / y3@)S(£7)N(dt, du)
Z
2
+Z[Ji1idB,'(t)+ f yi(u)li(t‘)ﬁ(dt,du)}
i=1 z
s o~
+ m<G4VdB4(t)+ /Z ya)V (t )N(dt,du)). (11)

Dividing both sides of equation (11) by ¢ and integrating over the time interval O to ¢ yield

1)) - u+d (u+8—ugq)A 2 (4 d)IO) - D) 12)
u? +us +up u+d Zl,:l v ’
where
D(¢) = ! S(t) — S(0) 2 I;(t) - I;(0) ) V() - V(0
Y - +i=1(l( o )+u+8( © - V()

2t
_;/0 [cnlidBi(S)+/Zyi(u)1i(s)ﬁ(dt,du)]

- / t[agsausg(sn / yg(u)S(s)K[(dt,du):|
0 Z

- uiS/o |:G4VdB4(S)+/Zy4(u)\/(s)ﬁ(dt,du)”,

Applying Lemmas 2.7 and 2.8, we obtain that

tlim ®(t)=0 a.s. (13)

Applying the generalized Itd’s formula in Lemma 2.5 to o In[3(¢) + L1 (¢) vields
d[O(] lnll(t) + Il(t)] = [,BIS - (Lt + dl + 7'1)11 - (XI(M + dl + rl) - albl] dt

+ (Oll + 11)0'1 dBl(t) + /%[O[l 111(1 + ]/1(14))

+ L (w)[N(dt, du). (14)
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Dividing both sides of equation (14) by ¢, integrating over the time interval 0 to ¢ and
taking the limit, one obtains that

o7 lnll(t) + ]1(t) _ o 111]1((;) + 11(0) + ,31<S(t)> _ (u + dl + r1)<11(t)>

t

1 t
- al(u + dl + 7'1) — Ollbl + Z f (0(1 + 11(5))0'1 dBl(S)
0

+ % /0 /Z[al In(1+y1(w)) + L)y () |N(dt, du). (15)

Combining equations (12) and (15), one obtains

! 8- 8)(u +d
o ntll(t) _ ,31;?:”8 +MZI)9A —a(u+di+n+b)- %(b(ﬂ)
- (% +(u+di+ rl))(ll(t)) + w

_h0 Ard) oot f e+ h6)ordB(5)
tJo

U+ ud +up

t
i % /0 /Z[“l In(1 + () + 1 (s) 1 () [N (dt, dus)

_ Br(u+ 8 —uq)A B+ 8)(u + dy)

F e Erdinab) =G @)
- (% +(w+d + r1)>(11(t)) + W (2), (16)
where
w(p - nhO O _hO __prd) .,

t t u® +ud + up

n %/0 (ot + L1(s)) o1 dBy(s)

’ %/0 /Z[oq In(1+ () + 11(s)y1 () |N(@t, du).

Similarly, applying the generalized Itd’s formula in Lemma 2.5 to a InI5(2) + L»(t) yields

o 1nt12(t) ) ﬂ2(;t POZUDN v dyry e b) - w (@)
u® + ud + up u® + ud + up
d
- (% +(utd+ Vz))(lz(t)> + Wy (2), 17)
where
Wy(t) = o21n1(0) + 1(0) _ L(t) B Ba(u +6)

t t u® + ud + up

+ % /0 (2 +12(5)) 02 dBs(s)

+ % /0 /Z[otz ln(l + yz(u)) + 12(S)V2(u)]ﬁ(dt, du).
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Applying Lemmas 2.7 and 2.8, we obtain that

lim ¥;()=0, i=1,2as. (18)

t—>+00

By taking the limit superior of both sides of equation (16) and equation (17), respectively,

one has
Infi(¢ u+d—uq)A
limsupOl1 10 5'61( 9 —ai(u+di+r+b) =R <0,
t>00 t u® +ud + up
InL(t S — A
limsupO[2 nb() 5'32(u+ uq) —ay(u+dy+ry+by)=Ry<O0.
00 t u? +ud + up
That is to say,
lim L(£) =0, i=12as. (19)
t— 00

Applying (13) and (19) into equation (12), we obtain that

. u+d (u+68—uq)A 2 . .
tl—lglo(s(t)) T rud+ up u+é B g(u " tl_l)rg(li(t)) ) tl_l)rgo 0
_ (u2+ 8- uq)A. (20)
u? +ud + up
By equation (4), one has
dS+L+L+V)= [A —uS—uV - (u+d)h - (u+d2)12]dt
2
£y |:ol-1,» dB;(t) + / vl (£ )N(dt, du)]
i=1 z
+03SdBs(t) + / yg(u)S(t_)K[(dt, du)
zZ
+ 0,V dBa(t) + / ya()V (£7)N(dt, du). (21)
z

Dividing both sides of equation (21) by ¢, integrating over the time interval £ = 0 to ¢ and
taking the limit, one obtains that

A 2

V0] - 4 = im50] -3
i=1

~ im S() - S(0) + 31, (i) = 1(0)) + V() = V(0)

t—o00 ut

u

t 9 im (1:(8))
U t—oo

o 2
+£t1_i)r£10%/0 {Zl:aili(s)dBi(s)+/Zy1(u)11(s_)ﬁ(ds,du):|

i=1

+ 038(s) dB3(s) + / yg(u)S(s_)K](ds, du)
z

+ 04V (s)dBa(s) + / y;;(u)V(s’)N[(ds, du)} ds. (22)
z
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Applying (19), (20), Lemmas 2.7 and 2.8, we have

tllrgo(v(t»: % B (u+d-uq)A  (p+ug)A

wW+ud+up  ur+uS+up

This completes the proof. O

2.3 Stochastic endemic dynamics
Theorem 2.2 For any initial value (S(0),1,(0),15(0), V(0)) € R%, the solution (S(¢),L(¢),
L(t), V() of model (4) has the following property:
(i) IfRy >0 and Ry < 0, then the epidemic disease I,(¢) is persistent in mean and I,(t)
goes extinct, i.e. lim;_,  (1(2)) = 5—111 >0, limy_, o Ir(£) = 0 a.s. Moreover,

(u+38 —uq)A (u+8)(u+d1)&

lim (S(2)) = - -
tggo< (®) w+ud+up  ur+ud+up Y
A d R
lim (V(#)) = prugh  (u+d)p Ry
t—>00 w+ud+up uu+d+p) Yy

(i) IfRy <0 and Ry > 0, then the epidemic disease I, (t) goes extinct and I,(t) is persistent
in mean, i.e. limy_, oo (I;(£)) = 0, limy_, oo I(£) = % > 0 a.s. Moreover,

B (u+8—uq)A_(u+8)(u+d2)&

lim (S(2)) = 5.

tggo< (©) w+uS+up  ur+ud+up Yy 3
A d R

lim (V(£)) = Wrugh  (u+d)p Ry

=00 W +ud+up u(u+8+p) Yo

Proof Case (i): From equation (16) we have

o In1;(¢) ~ Bi(u + 38 —ug)A
t C u+ud+up

) [ﬂl(uw)(wdl)

u? +us +up

—al(u+d1+r1+b1)

+ (I/l + dl + rl):|<11(t)>

 Balu+08)(u +dy)
u? +us +up

= Ry — Yu(h(8)) - Yio(la(8)) + W1 (), (23)

(L) +wi(2)

8)u+d 8)(u+d
Tu:w+(u+d1+ﬁ), T12=W~
U +ud +up u? +ud +up

From Theorem 2.1, when R, < 0 one has
lim L(#) =0 a.s. (24)
t— 00

Therefore, there exists an arbitrarily small constant ¢ > 0 such that when ¢ is large enough,
we have I, (t) < . Applying this into equation (23) leads to

Ry - Tn(h(t)) + Wy (t) > M

> Ry — Yu(h(2) - Yize + Wi ().
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Applying Lemma 2.6 and the arbitrariness of ¢, we obtain

lim (1,(¢)) = R a.s. (25)

t—00 T

Applying (13), (24) and (25) into equation (12), we obtain that

. u+sé (u+8-—uq)A 2 . .
t]—lglo(S(t)) w2+ ud +up |: u+é B ;(u +di) t1—1>r{1-o<li(t)> B t]—lglo *®)
(wrd-ug)N (w+8)u+d) Ry (26)
D w+uS+up  wd+uS+up Y
Applying (24), (25), (26), Lemmas 2.7 and 2.8 into equation (22), we have
lim(V(t)>: ﬁ ~ (u+6—uq)A (u+8)(u+dl)&_ u+d1&
t—00 u  u+ud+up u> +ud +up Yy u Tn
_ (prugh  (wed)p R
w+ud+up ulw+8+p) Y
Case (ii): From equation (17) we have
Inl(t S —uq)A 8 d
) nz():ﬂ2(124+ uq) _az(“dz”ﬁbz)_w(ﬁ(t»
t u® + ud + up U’ + ud + up
8 d
- [w +(utdy+ r2)]<12(t)> D
u® +ud + up
= Ry — Tou(6(2) - Toa(L2(2)) + Wa(2), (27)
where
8 d ) d
1y, - ﬂz(bzt +8)(u + 1), 1y = ﬁz(bzt +8)(u + d>) ftdy ).
u? +ud + up U’ +ud +up
From Theorem 2.1, when R; < 0 one has
lim I;(#) =0 a.s. (28)

t—00

Therefore, there exists an arbitrarily small constant ¢ > 0 such that when ¢ is large enough,

we have I () < e. Applying this into equation (23) leads to

6% lnlz(t)
t

Ry - T21<12(t)) +Wy(t) > >Ry - T21(12(t)> =Yg + W(t).

Applying Lemma 2.6 and the arbitrariness of ¢, we obtain

tl_i)rgo(lz(t)) = R—; a.s. (29)
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Applying equations (13), (28), (29) into equation (12), we obtain that

[11)1’20<S(t)> Tt us+ up u+s Z(u +di) tlil?o(li(t)) B tlirgo *®

i=1

u+d |:(u+8—uq)A_ 2 j|

B (u+8—uq)A_(u+8)(u+dz)&

= . 30
u? +ud +up U2 +us+up Yy (30)
Applying (28), (29), (30), Lemmas 2.7 and 2.8 into equation (22), we have
. AN (u+d-ug)A (w+8)(u+dy) Ry u+dy Ry
11m(V(t)> =—— -2 _ -2
t—00 u  ur+ud+up ur +ud+up Yo u Yy
_ _rugh  (w+d)p Ry
wW+us+up uw(u+8+p) Yo
This completes the proof. d

Theorem 2.3 Suppose that conditions Ry > 0 and Ry > 0 hold. Let (S(£), I,(¢), I,(t), V (¢)) be
the solution of model (4) with the initial value (S(0),,(0), 1»(0), V(0)) € R.
(i) If Y11Ry < Y1 Ry, then the epidemic disease L1 (¢) is persistent in mean and I5(t) goes
extinct, i.e. lim;_, o, (I1(t)) = % > 0, limy_, o Ir(£) = 0 a.s. Moreover,

(u+38—uq)A ~ (u+8)(u+d1)ﬁ

lim (S(¢)) = .
tioo( (®) w+uS+up  ur+ud+up Tn
A +d R
lim (V(2)) = prugh  (u+dip R
t—00 w+ud+up u(u+d+p) Tn

(il) If YRy < Y1aRy, then the epidemic disease I1(t) goes extinct and I,(t) is persistent in
mean, i.e. lim;_, o (I1(t)) = 0, lim,_, oo Ir(t) = 5—221 > 0 a.s. Moreover,

. (u+é—uq)A  (u+8)(u+dy) Ry
lim (S(t)) =— -— —
=00 u? +ud +up u?+ud+up Yo

p+ug)h  (w+d)p Ry
W +uS+up u+d+p) Yo

fim(V®) =

(iti) If 1Ry > Yo1Ry, YooRy > Y12Ry, then the epidemic diseases I and I, are persistent
in mean. Moreover,

Yoo R — Y1oR T11Ry — Y91 R
lim (11(t)> _ 22481 12482 ) lim <12(t)> _ 11482 21481
t—>00 Y11 Vo2 = V12T t—>00 Y11 Yoy — Y12V

(u+8—uq)A  (u+8)(u+d) YR — TRy

a.s.,

lim (S(¢)) =
t—lglo( ( )> W+uS+up  ur+ud+up Y Yor— V1Yo
_ (Lt + 8)(u + dz) TllRZ - T21R1 as
Wrud+up TuTo—TYan
+uq)A +d YooR; — Y1oR
lim (V(t)) ) (p +uq) (u+dy)p 2R — T12R,

t—00 u?+us +up B u(u + 38 +p) Y11 Yoy — Y12 o1
_ (w+dy)  YuRy— Ty Ry
w(u+8+p) TV — YTy
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Proof Case (i): Note that

Infi(¢
lim sup n—l() <0,
t—+00

there exists an arbitrarily small constant ¢ > 0 such that when ¢ is large enough, we have

lllll(t)
t

<é&.

From equation (23) and equation (27), when ¢ is large enough, one has

TueaInb(6) _ Y1Ry = Yo1Ry — (Y11 Y22 = Y12 Yor )L (8)) + Yoy lnI;(t)
+ T Wa(f) — Yo Wi (2)
< YuRy — TouRy — (Y11 Y22 — Y12 Yor )L (8)) + Yorers€
+ T Wa(8) — Y1 Wi (2). (31)

Since Y11 Ry < TRy and Y13 Yoy > Y13 Yy, taking the limit superior of both sides of equa-

tion (31), applying equation (18) and the arbitrariness of ¢, we have

0.

. Inf(£)  YuRy —To Ry
lim sup < <

t—+00 t - Tll (0%)

That is to say,

lim L(¢)=0 a.s.
t—>00
By using the method of Case (ii) in Theorem 2.2, one obtains the persistence in mean of
I,(¢), S(¢) and V (¢), and hence is omitted.
Case (ii): The proof of Case (ii) is similar to the proof of Case (i) in this subsection and
hence is omitted.
Case (iii): Since Y11Ry > To1R; and Y3 Yag > Y12 Vo1, using Lemma 2.6 and the arbitrari-
ness of ¢ for equation (31), one obtains that
TRy — TRy

limsup(h(f)) < ———————— a.s. (32)
msuple) = S T

Similarly, when Y5,R; > T12R,, we have

Y92 R — T12R
lim sup([l(t)) < 2T B s (33)
t—> 400 T11 Vo = Y12 Vo

From equation (32), there exists an arbitrarily small constant ¢ > 0 such that when ¢ is
large enough, we have
TRy — V1R

L) < 2T Tak (34)
( 2 ) T11 Vo2 = Y12 Vo1
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Applying equation (23) into equation (34), one obtains that

oy Ini (¢t Yio(l(8)) + Wy (¢
171() =R - Tu(h(t)) 12< 2( )) 1( )
(1R — To1 Ry

——— + Yy (2).
Y11 Yoo = Y12V

> Ry — Tu(h(t)) - Ti2e = Y1

By using Lemma 2.6 and the arbitrariness of ¢, we obtain that

Yoo R — T1oR
lirninf(ll(t))zM a.s. (35)
t—>+00 Y11 Vo2 = V12T

Similarly, one obtains

TRy — Y91 R
liminf(Iz(t)> > L L Y (36)
t—>+00 T11 Vo2 = Y12 Vo1

Applying equations (32), (33), (35) and (36) leads to

TR — TRy lim {5,(0)) = TRy — TRy s 37)
2 = .S.

lim ((0) = 2= 122
t—>+00 Y11 Yoo = Y12y t—>+00 Y11 Yoy — T2V

Applying (13) and (37) into equation (12), we obtain that

lim (S(¢)) =

=00 u® +ud +up

u+sé (u+686-uq
u+o

A ¢ . .
- ;(u +d;) lim (1)) - lim ®(2)
_(wrd-ugA (w+8)u+d)) TR - TR,

Cu+uS+up  u+ud+up YnYa - Y Ya

(+8)(u+dy) YTuRy—YuR;

- . (38)
w2 +ud+up Y'Y — Y12V
Applying (37), (38), Lemmas 2.7 and 2.8 into equation (22), we have
A u+d—-—uq)A  (w+8)(u+d) YR —T12R
lim(V(t)> _A ( q) + ( ) 1) YoR; 12432
t—>00 u  w+uS+up  ur+uS+up Y'Y — YTy
u+ di YRy — Ti2R, N (u+8)u+dy) YTuRy—TukRy
u YV =TTy w+ud+up YuYo— Y2 Yo
u+ d2 YHRQ - TZIRI
u YTy —-"TpTy
p+ug)A  (w+d)p TynRi-Tnk
w+ud+up u(u+8+p) Y11 Voy — Ty
_ (u+dy)p  TuRy —ToRy
u(u+6+p) Yoo — Y13 To
This completes the proof. d

3 Conclusions and numerical simulations
In this paper, we propose a novel stochastic epidemic system with double epidemic dis-
eases under vaccination. By using stochastic differential equation theory, we study the



Leng et al. Journal of Inequalities and Applications (2017) 2017:138 Page 20 of 25

persistence in mean and extinction of the two diseases. Compared with the existing work
in Refs. [39] and [4.0], the model constructed in this paper also considers the efficiency of
vaccination. When all the coefficients related to the vaccination are 0, system (4) is similar
to systems (2) and (3) in Refs. [39] and [4.0], in addition, our conclusion is consistent with
them. That is to say, systems (2) and (3) in Refs. [39] and [40] are a special case of our
system (4). The theoretical results of this article can be used as a reference for the control
of infectious diseases.
To sum up, we have the following conclusions:

I. Stochastic disease-free dynamics
When R; < 0 and R, < 0 hold, we have

§—uq)A\
lim [,(t)=0, i=12, lim (S(¢)) = M'
t—00 t—00 U+ ud + up
A
lim V() = LT EDA
=00 u? +ud +up

That is to say, the two epidemic diseases go to extinct almost surely.
II. Stochastic endemic dynamics
(i) If one of the following conditions holds:
e« R1>0,R, <0,
¢ R, Ry >0, TRy < TRy,
then we have
t]irglo(ll(t)) = % >0, t1~i>nol<112(t) =0 as.,

u+s—uq)A (u+8)u+d) Ry

lim (S(¢)) = S

t—lglo( ()> u? + ub +up u2+ud+up i &
A d R

lim (V(2)) = pruqh  (w+dip R 8.

t—00 w+ud+up u(u+d+p) Tn

That is to say, the epidemic disease ;(¢) is persistent in mean and ,(t) is extinct.
(ii) If one of the following conditions hold:
¢« R1<0,Ry>0,
o R;,Ry >0, YooR; < Y12Rs,
then we have
. . Ry
lim (Il(t)) =0, lim ()= — >0 as,

t—00 t—00 21

(u+38—uq)A ~ (u+8)(u+d2)&

lim {S(£)) = S,

til}}o(()) U+ ud +up u2+ud+up Yu .
A d R

00 W +uS+up u(u+d+p) Yo

That is to say, the epidemic disease ;(¢) is extinct and I5(¢) is persistent in mean.
(111) If TllRZ > TglRl, T22R1 > T12R2 hOld, then we have

TRy — Yo R
tlim(Ig(t))zM as.,

V2R — Yo R
li (11( )> 22481 12482
Y 11 | 22 Y 12 Y 21

B
t—>00 11 Vo2 = V12T
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. (u+8—uq) A (u+8)(u+d) YR —TpRy
lim (S(t)) = -
t—00 u? + ud + up u? +ud + up THTZZ - T12T21

(u+8)u+dy) YuRy— YRy
M2 +ud + up Tll T22 — T12 TZI
+ uq)A u+d YR, — Y12R
1im(V(t)> _ (» q) _ ( p 2241 12482
=00 W2+ud+up u(u+8+p) Yoy — YY1
B (w+dy)  YTuRy—ToRy
w(u+8+p) Yo — YTy

WOl

That is to say, the epidemic diseases I; and I are persistent in mean.
In [39, 41], Meng and Chang et al. obtained the lower boundedness of the persistence in

mean for I; and I, as follows:

liminf(5(¢) + (1)) = m”,

—+00

where m™* is a positive constant. However, this paper proves that I; and I; have their own
limit, that is,

lim (L,(t)) = m lim (I,(¢)) = ni}
t—>+oo< 1( )> v t—>+oo( 2( )> 2
YR —T19Ry * T11Ry Y01 Ry . . ..
where mf = 22711272 and mk = 12— 2271 Thus this paper contains and significantl
17 T22-Ti2 21 27 TnYar-Ti2 T pap g Y

improves the results for persistence in mean in [39, 41]. The developed theoretical meth-
ods can be used to investigate the high-dimensional nonlinear stochastic differential sys-
tems.

To numerically illustrate our results, we employ a numerical method from [52] with
©Matlab2013b to the following discrete equations:

Sps1 =Sy + [L=@)A — (u + p)S,, — B8l _ PoSulon o1y, 4 8V, AL

a1+, o+l

+ 038, AWy + S, y3 Al 3,
Sn 14
Lo = L + (2380 _ (4 4y + 1)1, AL + 011, AW + T AT,

aj+l,,

Sulop
Ly =hy+ [i;—,;'n — (U +dy + 1)l ] AL + 021y, AWoy + I s AT o,

Vi = Viu+ [gA + pSy — (u+ 8)V, AL + 04 VAW + Vi ya AT g,

where At = 0.01, AWy = W(tx,1) — W(t) (i = 1,2,3,4) obeys the Gaussian distribution
N(0, At), ATy £ I'(tx,1) — T'(tx) obeys the Poisson distribution with intensity A.

To this end, weset A=1,¢g=01,u=02,p=02, 5, =024, 8,=027, 01 =1, a3 =1,
1n=027r=01,8=02,d,=0.2,d, =0.4.

Figure 1(a) is the time sequence diagram of system (4) with 0; =y, =0, i = 1,2, 3, 4; Fig-
ure 1(b) is the corresponding phase diagram of ; (t) and I»(¢). In this case, the two epidemic
diseases are persistent.

In Figure 2, we choose 01 = 0.6, 05 = 0.8, 03 = 0.1, 04 =0.1, 1 = 0.2, . = 0.3, 3 = 0.1,
ya = 0.2.In this case, R = -0.0377 < 0, R, = —0.2026 < 0. We see that in the time sequence
diagram Figure 2(a) and the corresponding phase diagram Figure 2(b), the two epidemic
diseases are extinct.
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(a) (b)
3 1
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Figure 1 Time sequence diagram and phase diagram of model (4) without stochastic effects.
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t L
Figure 2 Time sequence diagram and phase diagram of model (4) for extinction of two epidemic
diseases.

In Figure 3, we choose o1 = 0.2, 05 = 0.6, 03 = 0.1, 04 = 0.1, 1 =0.3, , = 0.3, 3 = 0.1,
ys = 0.2. In this case, R; = 0.1024 > 0, Ry = —0.0626 < 0. We see that in the time sequence
diagram Figure 3(a) and the corresponding phase diagram Figure 3(b), the epidemic dis-
ease I (t) is persistent in mean and I,(¢) is extinct.

In Figure 4, we choose 01 = 0.6, 02 = 0.2, 03 =0.1, 04 = 0.1, 1 =0.3, » = 0.3, 3 = 0.1,
ya = 0.2. In this case, R; = -0.0576 < 0, R, = 0.0974 > 0. We see that in the time sequence
diagram Figure 4(a) and the corresponding phase diagram Figure 4(b), the epidemic dis-
ease I,(t) is persistent in mean and I;(¢) is extinct.

In Figure 5, we choose 01 = 0.3, 0 =0.14, 03 =0.1, 04 = 0.1, 51 = 0.1, 5 = 0.1, 3 = 0.1,
ys = 0.1. In this case, R; = 0.0123 > 0, Ry = 0.0079 > 0. We see that in the time sequence
diagram Figure 2(a) and the corresponding phase diagram Figure 2(b), the two epidemic
diseases are persistent in mean.

Obviously, the numerical simulation results are consistent with the conclusion of our

theorems.
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