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1 Introduction

Guo initiated a new approach to random functional analysis [1-3], whose main idea is to
develop random functional analysis as functional analysis based on random normed mod-
ules, random inner product modules and random locally convex modules. In particular,
since the essential applications of random functional analysis to conditional risk measures,
the idea has also attracted much attention in different aspects [4—13]. Motivated by these
advances, the study of geometric theory of random normed modules has begun in the
direction of geometry of classical Banach spaces [14]. In [15, 16] random strict convexity
and random uniform convexity are successfully introduced in random normed modules,
which facilitates further study on geometrical properties of random normed modules [17].
The geometric theory of random normed modules is closely related to the geometry of
Banach spaces since a complete random normed module is a kind of random generaliza-
tion of a Banach space, as demonstrated by [17, 18]. From the point of view of classical
Banach space theory, it is a quite natural topic to give a reasonable definition of random
smoothness in random normed modules. Based on the analysis of stratification structure
on random normed modules, we first present the notion of random smoothness via that
of support functionals for the random closed unit ball in a random normed module. Then,
the relations of random smoothness to random strict convexity are established. Finally, a
type of Gateaux differentiability equivalent to that in [19] is introduced for random norms,
and its relation to random smoothness is given.

The remainder of this article is organized as follows. Section 2 is devoted to some knowl-
edge indispensable for next two sections. Section 3 is focused on the definition and basic
properties of random smoothness, where Proposition 3.4 is of vital importance in this
article. As a generalization of the corresponding classical case, Proposition 3.4 is a non-
trivial result which plays a key role in the proof of Proposition 3.6. Section 4 is focused on
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the Gateaux differentiability of random norm, where some inequality techniques are em-
ployed in combination with stratification analysis in random normed modules to derive
the main result Theorem 4.6.

Throughout this paper, we adopt the following notations [15]:

(2, F, P) denotes a probability space, K is the scalar field R of real numbers or C of
complex numbers, LO(F, K) denotes the algebra of equivalence classes of K-valued F-
measurable random variables on 2 in the usual sense.

For any A € F, the equivalence class of A, denoted by A, is defined by A = (B € F :
P(AAB) = 0}, where AAB is the symmetric difference of A and B. P(A) is defined to be
P(A). For two F-measurable sets G and D, G C D a.s. means P(G\D) = 0, in which case
we also say G C D; G N D denotes the equivalence class determined by G N D and so on.
For any &, n € L°(F,R),£ > n means £ > i and & # 5. [£ > n] stands for the equivalence
class of the F-measurable set {w € : £%(w) > n°(w)} (briefly, [£° > n°]), where £° and ,°
are arbitrarily chosen representatives of & and 7, respectively, and Ij¢,; stands for ] [£05n0]-
Other analogous symbols are easily understood.

Specially, L? = {€ € L°(F,R)|§ > 0} and F denotes the set of equivalence classes of ele-
ments in F.

2 Preliminaries

In this section, we recall Hahn-Banach theorems for L°-linear functions and a.s. bounded
random linear functionals, respectively, the notion of a random normed module together
with its random conjugate space, the notion of random strict convexity and frequently-
used notations.

Let E be a left module over the algebra L°(F,K), a module homomorphism f : E —
LO(F,K) is called an L° (or L°(F, K))-linear function. If K = R, then a mapping p : E —
LO(F,R) is called an L°-sublinear function if it satisfies the following:

(1) p(&x) = Ep(x), V& € L° and x € E;

(2) plx+y) <px)+p(y),Vx,y € E.

Theorem 2.1 below is an important result which will be used in the proof of Theorem 4.6.

Theorem 2.1 ([4]) Let E be a left module over the algebra L°(F,R), M C E be an L°(F,R)-
submodule, f : M — L°(F,R) be an L°-linear function and p : E — L°(F,R) be an L°-
sublinear function such that f(x) < p(x),Vx € M. Then there exists an L°-linear function
g:E— LO(F,R) such that g extends f and g(x) < p(x),Vx € E.

Definitions 2.2 and 2.3 below are fundamental notations well known in random metric

theory.

Definition 2.2 ([20]) An ordered pair (E, || - ||) is called a random normed module (briefly,
an RN module) over K with base (2, F, P) if E is a left module over the algebra L°(F, K)

and || - || is a mapping from E to L? such that the following three axioms are satisfied:

(RNM-1) [[éx = |&]llxll, V& € L(F,K),x € E;
(RNM-2) ||z + yll < [l=ll + lyll, Vx,y € E;
(RNM-3) |lx]| = 0 implies x = 6 (the null vector in E),

where |x|| is called the random norm (or L°-norm) of the vector x in E.
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Definition 2.3 ([20]) Let (E, || -||) be an RN module. A linear operator f from E to L°(F, K)
is an almost surely (briefly, a.s.) bounded random linear functional on E if there exists
some & in L? such that |[f(x)| < & - ||x|, Vx € E. Denote by E* the linear space of all a.s.
bounded random linear functionals on E with the ordinary pointwise addition and scalar
multiplication on linear operators. Then (E*, || - ||*) is an RN module over K with base
(Q,F, P), in which the module multiplication - : L°(F,K) x E* — E* is defined by (£ -
&) =& - (f(x)),V€ € L%(F,K),f € E* and x € E, and the random norm || - ||* : E* — L
is defined by ||[f[|* = A{E € L% : |[f(x)| < & - ||x||,Vx € EL,Vf € E*. (E*, || - ||*) is called the

random conjugate space of (E, || - ||).

Remark 2.4 In Definition 2.3, we can easily see that
(1) foreach fin E*, [f(x)| < |IfII* - lIx]l,Vx € E;
(2) since (E*, || - ||*) is also an RN module, we can have its random conjugate space
(CE** (- 1")*) (briefly, (E**, || - I**)). Define a mapping J : E — E** by
Jx)(f) =f(x),¥f € E* and x € E, then ||J(x)[** = || x||. Such a mapping J is called the
canonical embedding mapping from E to E**. In particular, when J is surjective, we
call (E,] - ||) to be random reflexive [21].

Theorem 2.5 below is the Hahn-Banach theorem for a.s. bounded random linear func-

tionals.

Theorem 2.5 ([4, 22]) Let (E,|| - ||) be an RN module over K with base (2, F,P), M C E
be a linear subspace, and f : M — L°(F,K) be an a.s. bounded random linear functional
on M. Then there exists F € E* such that (1) F(x) =f(x),Vx € M, and (2) |F|* = |f]|*. Asa
consequence, for any x € E, there exists g € E* such that g(x) = ||x| and ||g||* = L4, .

Notations in Definition 2.6 below were heavily used in the study of random strict con-
vexity and random uniform convexity [15] in order to analyze the stratification structure
of E.

Definition 2.6 ([15]) For any x,y in an RN module (£, || - ||) over K with base (2, F, P),
[llx]l # 0] is denoted by A,, called the support of x, and we briefly write A,, = A, N A,
and B, = A, N A, N Ay_,. The random unit sphere of E is defined by S(E) = {x € E: ||| =
14 for some A € F with P(A) > 0}. The random closed unit ball of E is defined by U(E) =
xeE: x| <1}.

Random strict convexity is as follows.

Definition 2.7 ([15]) An RN module (E, || - ||) is said to be random strictly convex if for
any x and y € E\{0} such that ||x + y|| = ||| + [|y]| there exists & € L such that £ > 0 on Ay
and Iy, % = §(14,,).

It is well known that an RN module (E, || - ||) is random strictly convex if and only if for
any %,y € S(E) with P(B,,) > 0, || % | <1 on By, [15], Theorem 3.1.
The notions of generalized inverse, absolute value, complex conjugate and sign of an

element in L°(F,K) are recapitulated from [15] for Proposition 3.1 below. Let & be an
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element in L°(F, K). For an arbitrarily chosen representative £° of £, define two F-random
variables (£°)7! and |£°| respectively by

1 0
(%) M) = | F@ £ (w);z.o,
0 otherwise,

and

1€°]() = |£%)|, VweQ.

Then the equivalence class of (£°)7, denoted by &%, is called the generalized inverse of
£; the equivalence class of |£°|, denoted by |£|, is called the absolute value of &. When
£ e L%(F,C),set& = u+iv, where u,v € L°(F,R), § := u—ivis called the complex conjugate
of £ and sgn(&) := |£|7! - £ is called the sign of £. It is obvious that |£| = |£],& - sgn(&) = ||,
|sgn(§)l =Iyand §7-£ =& - £ = Iy, where A = [§ #0].

3 Random smoothness
In this section, (E, | - ||) is always an RN module over K with base (2, F, P) and (E*, || - ||*)
its random conjugate space.

Proposition 3.1 Let f be an element in E*. Then |f||* = V{Ref(x) : x € S(E)} and ||f||* =
V{Ref(x):x € U(E)}.

Proof 1t is known in [21], Proposition 2.2, that ||f||* = V{|f(x)| : x € U(E)} and in [15],
Proposition 2.1, that |[f||* = V{|f(x)| : x € S(E)}. For any x € S(E), take x’ = sgn(f(x))x, then
x' € S(E) and f(x') = sgn(m)f(x) = |f(x)|, so that |[f(x)| = Ref(x') < V{Ref(x) :x € S(E)},
which justifies the equality |f]|* = V{Ref(x) : x € S(E)}. It is not difficult to see that
I = ViRef(x) : x € U(E)}. 0

The notion of support functionals is a preparation for that of random smoothness.

Definition 3.2 Let A be a subset of E, then a nonzero element f in E* is called a support
functional for A if there exists some x in A such that Re f(xo) = V{Ref(x) : x € A}, in which
case %o is called a support point of A, the set H(f,xo) = {x € E : Ref(x) = Ref(x0)} is called
a support hyperplane for A, and the support functional f and the support hyperplane
H(f,x0) are both said to support A at xo.

Remark 3.3 By Theorem 2.5 each point x¢ in S(E) is a support point of U (E) and therefore
gives rise to at least one support hyperplane for U(E) that supports U(E) at xo.

Proposition 3.4 Forany fi,f, € S(E*) with P(Azy,) > 0 and xo € S(E) such that both fi and
Jfa support U(E) at xo, namely, Ref;(xo) = V{Ref;(x) : x € U(E)},j = 1,2 (this time, Re fj(xo) =
Wil = IAfj,j = 1,2), the following statements hold:
(1) Let D € F be such that D C Agf, and P(D) > 0. If H(Ipf1,%0) = H(Ipf2,%0), then
H(Igf1,x0) = H(Igf2,%0) for any G € F with G C D and P(G) > 0;
(2) Foran arbitrary D € FwithDC A, and P(D) > 0, H(Ipfi,x0) = H(Ipfs, x0) if and
only if Infi = Ipfs.
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Proof (1). Let x € H(Igfi,%0), then

RC[Dﬁ(IGx + ]D\Gxo) = ReIDﬁ(IGx) + RC[Dfl(ID\Gxo)
= Relgfi(x) + Relp\gfi(xo)
= Relgfi(x0) + Relp\gfi(xo)

= IpRefi(xo) = Re Ipfi(xo),
so that Igx + Ip\g¥o € H(Ipfi, x0) = H(Ipf2, x0), which implies

ReIsz(IGx + ID\Gxo) = RC[sz(x) + RCID\sz(x()) = RCIsz(xo),

thus Re Igf>2(x) = Relgfa(xo), from which we can see that H(Igfi,%0) C H(Igf2,%0). Simi-
larly, H(Igf2,x0) C H(Igf1,%0)-

(2). (&) is clear.

(=). We only need to show that Ip Ref; = IpRef;. Assume by way of contradiction that
there exists x’ in E such that P(D’) > 0, where D' = [IpRefi(x') # IpRefo(x')] N D. Let

D} = [IpRefi(x) #0] N [IpRefz(x') =0] N D,
D), = [IpRefi(x') =0] N [IpRefr(x') #0] N D,
Dy = [IpRefi(x') #0] N [IpRefa(x) #0] N[IpRefi(x') # IpRefa(x')] N D,

then D' = D] U D), U Dj. It is enough to show that P(D') = 0.
If P(D}) > 0, let x} = Iy (Refi(x)) 1/, then

Refi (%) = I, (Refi (') ™ Refi(x') = Lpy = Iy Lu. = Iy Refi(xo),

which implies that x; € HUDQ 1,%0). Since H(Ipf1,%0) = H(Ipf2,%0) and D] C D, by (1) of
this proposition we have x; € H (IDi f2,%0), namely, ReID}fg(xi) = ReIDrrfz(xo) = [Di' On
the other hand, Relpy fo(x)) = Ip, Re fo(x)) = Ip, (Refi(x)) ' Refy(x') = 0. The contradiction
shows that P(D}) = 0.

Similarly, P(D}) = 0.

Now let us show that P(Dj) = 0 as follows.

If P(D3) > 0, thenlet y = Iy, (Refi(x))~Lw'. It is easy to see that Refi(y) = Ip, (Refi (x)71 x
Refi(x) = [Dg: which implies that ReID%f](y) = ID/3 = IDé)IAf1 = Rengﬁ(xo), namely, y €
H(ID/Sfl,xo). Again by (1) of this proposition we have H(ID/Sfl,xo) = H(ID/?fz,xo). Con-
sequently, ReID/?fz(y) = ReID/gfz(xo) = Ip,. On the other hand, by the definition of y
and Dj; we have that Relp f2(y) = Relp,fo(lp, (Refi(x) ') = ReID/s(Refl(x’))‘lfg(x/) =
Ip, (Refi(x)) I Refo(x') #1 on D, which contradicts the fact that

RelDéfQ(y) = ReIDéfz(xo) = ID/3

Thus P(D3) = 0.
Therefore, P(D') = 0 and this completes the proof. d
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Definition 3.5 Inan RN module (E, || - ||), an element x, of S(E) is called a point of random
smoothness of U(E) if H(IAfoTﬁ,xo) = H(IAfozfg,xo) for any two support functionals f;,f;
for U(E) at xo with P(Agz,) > 0. E is said to be random smooth if each point of S(E) is a
point of random smoothness of U(E).

Proposition 3.6 Suppose that E is an RN module and that xo € S(E). Then the following
are equivalent.

(1) wo is a point of random smoothness of U(E);

(2) Ifboth fi and f, in S(E*) support U(E) at xo and P(Agp,) > 0, then IAf]fzfl = IAf]fsz;

(3) Iffi and f, in S(E*) satisfy ReIAflf2ﬁ(x0) = IAfo2 (j=1,2), then IAfozfl = IAfoZfz;

(4) Iffi and f in S(E*) satisfy fi(xo) =f2(x0) :[Af]fz’ then IAfozfl = IAfoz 5.

Proof (1)=(2). Assume that IAfozfl #IAfozfz’ then I, i —fal* #0. It is easy to see that
P(D) > 0, where D = Az, N[|Ifi —f2lI* # 0]. Considering Ipfi,Ipf, € S(E*) and Ipxy € S(E),
we can gte ReIpfi(xo) = IpRefj(xo) = Ip - V{Refj(x) : x € U(E)} = V{Relpfj(x) : x € U(E)}
(f = 1,2). Namely, both Ipfi and Ipf; are support functionals for U(E) at xy. By Defini-
tion 3.5 we have H(Ipf1,x0) = H(Ipf2,%0), and then by Proposition 3.4(2) Ipfi = Ipf>, which
leads to Ip||fi —f2]* = 0, a contradiction.

(2)=(3). Observing that ReIAflfzﬁ(xo) =lag, = ||1Af1f2ﬁ||* = \/{ReIAf]fzﬁ(x) cx e UE)( =
1,2), namely, both IAfozﬁ and IAfozﬁ support U(E) at xy, we obtain that IAf]fol = IAflfzfg
by (2).

(3)=(4) is obvious.

(4)=(1) Suppose that fi,f, € E* are two support functionals for I/(E) with P(Azz) > 0,

namely,
Refi(x0) = V{Refi(x) :x € UE)} = IfI* (7=1,2).

It is enough to show that H(IAfozﬁ,xo) = H(IAfoZfz,xo) by Proposition 3.4(2). Clearly,

Re Ly, (IA1%) filoo) = Relag, (I611") " folowo) = I,

Lugg, (A1) i L (U51°) "o € S(EY).

From

A1 = Refi(xo) < [fixo)| < AN IIxoll = ILAN* - La,, < AN

it follows that |fi(x0)| = |fill*, namely, | Refi(xo) — iRefi(ixo)| = ||fill*, which together with
Refi(xo) = ||[fill* implies that Refi(ixo) = 0; consequently, fi(xo) = Refi(xo) = |Ifi]l*. In the
same way, f2(x0) = [lf2|I*. Thus Ly, (A1) i(x0) = Lag, (If21%)""fo(x0) = Ly, - Then by (4)
L, (I = L, (U 1) o Therefore, H(lag . f,%0) = H(lag , fo. %0)- =

Corollary 3.7 Suppose that E is an RN module and that xy € S(E). Then the following are
equivalent.

(1) E is random smooth;
(2) Foreach x € S(E), if both fi and f5 in S(E*) support U(E) at x with P(Asp,) > 0, then

Lagph = Lag . o
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(3) Foreach x € S(E), if fi and f, in S(E*) satisfy ReIAfozfl(x) = ReIAfong(x) = IAf]fz’ then

Lagph = Lagp, fos
(4) Foreachx € S(E), if fi and f5 in S(E*) satisfy IAf]fzfl(x) = IAf]fzfz(x) =l then

Lugph = Lag, fo

The relations between random smoothness and random strict convexity are described
by Theorems 3.8 and 3.9 below.

Theorem 3.8 Suppose that E is an RN module. If E* is random strictly convex, then E is

random smooth.

Proof Suppose that E is not random smooth, by Corollary 3.7, there exist x € S(E) and
fi.fo € S(E*) such that

Lagphi () = Lag %) = Ly, W)

and

Lag oo # Lag for (2)

From (1) it follows that

1
E Af]fz (fi +.f2)(x) = IAf]fz )

which yields

1
H 2l i+ R = Lagy,

namely,

”1Af]f2 1 +1Af1f2f2” = 2IAf]j2 = ”IAf]fz 1” + ”IAfoz_}(é”

By the random strict convexity of E*, there exists £ € LY such that £ > 0 on Agy, and

Lugp i = §lag fo, so that Ly o Al = §La,, IIf2]l, which implies §14, . =L, , thus Ly, . fi =
Iy, Y sz, a contradiction to (2). O

Theorem 3.9 Suppose that E is an RN module. If E* is random smooth, then E is random

strictly convex.

Proof Assume by way of contradiction that E is not random strictly convex, then there
exist 1,42 € S(E) and D € FwithD By, x, and P(D) > 0 such that

X1 + X2

Ip

= Ip.

By Theorem 2.5, there exists f; € E* such that

(o5

X1+ Xo
2

-1Ip
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and ||fo||* = Ip. Noticing that

I I I I
o = Show) + Shi) < |+ Zfote)]| < Db, ®)
we have
Ip

2 o] + 2 foen)| = Do

where %D[fo(xl)| < %ID and %’[fo(xz)| < %ID. Consequently, Ip|fo(x;)| = Ip(i = 1,2). By (3)
Ip = %D Re fo(x1) + %D Re fy(x;), which in combination with Ip|fy(x1)| = Ip|fo(x2)| = Ip yields
Refo(x1) = Refo(x2) = Ip, and hence Ipfy(x1) = Ipfo(x2) = Ip. Using the canonical embed-
ding mapping (see Remark 2.4), we have J(Ipx1)(fo) =_fo(Ipx1) = fo(Ipx2) = J(Ipx2)(fo) = Ip,
thus [|JUpx) ™ = V{JUpxj)(f) : f € U(E")} = Ip = J(Ipx;)(fo) (j = 1,2), namely, both J(Ipx1)
and J(Ipx,) support U(E*) at f. Since E* is random smooth, by Corollary 3.7 we can ob-
tain that InJ(Ipx1) = IpJ (Ipx2) so that Ip||J(Ipx1 — Ipxy) || ™ = 0, which yields Ip [lx; — 2| = 0,
a contradiction. O

Proposition 3.10 Let E be a random reflexive RN module. Then the following hold.
(1) E is random strictly convex if and only if E* is random smooth;

(2) E is random smooth if and only if E* is random strictly convex.

Proof Since the canonical embedding mapping / is random-norm preserving and linear,
and J(E) = E**, it is a straightforward verification by Theorems 3.8 and 3.9. a

4 Gateaux differentiability of random norm

In classical normed spaces the function ¢+ (||x¢ + y|| — ||x0|)/¢ from R\{0} to R plays an
important role in Gateaux differentiability of the classical norm [23]. Motivated by this,
we consider in an RN module (E, || - ||) the mapping f defined by

flty) = w Vt € L°(F, R)\(0}, ¥y € E,

where x is a fixed element in S(E). It is feasible to define the Gateaux differentiability
of random norm via f(¢,y) and establish its relation to random smoothness. It should be
pointed out that some terminologies and properties in this section are closely related to
[19], Section 5.

ForanyD e F with P(D) > 0 and t;, £, in L°(F, R) such that 0 < #; < £, on D, we can verify
that

X0 + L —|lx Xo + L —||%
[DHO i =l 0||<1D||0 2001 = %ol

)

151 - 15)
Xo — L —|lx Xo — L —||%
I llxo = E2y1l = I%0 < llxo — &1yl — llxoll
—tz —tl
and
Xo—tL — ||x Xo + 1t — ||%
I lloco — a1yl = lloll < lloco + t1yll = llxo |

- h
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as in the classical case, see [23] for details. Consequently, f(¢,y) is nondecreasing in ¢ in
the sense that Inf(t;,y) < Ipf(ty,y) for any t;,¢ € L°(F,R) and D € F with P(D) > 0 such
that t1,£, #0 on D and 4 < £, on D. Besides, f(¢,) possesses the following properties as
described in Lemma 4.1.

Lemmas 4.1(1) and 4.2 below are implied by [19], Lemma 5.1, and [19], Theorem 5.5(1),
respectively. Here we present slightly different proofs to illustrate the typical stratification
analysis on random normed modules and to keep self-contained.

Lemma 4.1 (1) A{Ipf(t,y):t € L°(F,R),t>00n D} =1Ip - A{f(s,y):s€R,s>0};
(2) AlIpf(Es,y):s€R,s>0) =Ip- A{f(s,y):s€R,s>0},YE € L°(F,R),& >0 on D;
(3) Vlpf(t,y) : t e L°(F,R),t <0 on D} =1Ip - V{f(s,y) :s € R,s < 0}.

Proof (1). It is clear that
/\{IDf(t,y) :teLl’(F,R),t>0 onD} <Ip- /\{f(s,y) :SER,s> O}.
For any fixed ¢t € L°(F,R) with £ > 0 on D, denote Dy(t) = DN [t > 1] and D,,(¢) = DN [ﬁ <

t<1],Vn>1,then D=3’ D,(¢). Since

1
Ip,wf(t,y) = IDn@)f(m,y) >Ip, - /\{f(S,y) 1SER, s> O}, Vn,

we obtain that

Inf(t,y) = ZIDn(:)f(t,J/) > ZIDW) AMf(s,y):s€R,s>0}
n=0

n=0 =

=Ip- /\{f(s,y) :SER, s> O}.
The proofs of (2) and (3) are similar. O

Lemma 4.2 Denote G, (xg,y) = A{f(t,y) : t € R, t > 0}, G_(x0,y) = V{f(t,y) : t € Rt < 0}.
Then G, (xo,y) and G_(xo,y) satisfy the following:

(1) G, (%0,&) = £G, (%0,9), G-(x0,£y) = £G_(x0,);

(2) Gi(xo, 31 +y2) < Gi(x0,31) + G4 (%0,2),
where xo € S(E),y,y1,y2 € E,& € L°.

Proof (1).Forany & € L%, let A = [€ > 0], then by Lemma 4.1

G, (x0,&y) = /\{f(t,éy) tERE> O}

_ A{ llxo + L&yl — Ilxoll

:teR,t>O}
t

_ /\{IAHxO + &yl = Lallxoll

:teR,t>0}
t

o + £yl = %ol
té

ko + &y = Il
t

=IA§'~/\{1A ItER,t>0}

:IA%—'/\{IA ItER,t>0}
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=I4£G.(x0,)

=£G,(x0,).

The proof of the other equality is similar.
(2). Notice that

AMfQ@ty)t€ Rt >0} + A{f(26,90) : £ € Rt > 0}

:/\{f(2t,y1) +f(2t,y2):teR,t>0}. (4)

In fact, for any positive numbers ¢; and £,

FQ@tuy) +f (b2, 30) = [f 211, 01) +f 21, 32) | A [f (22, 31) +f (22, 92) ]
> /\{f(Zt,yl) +f(2t,y5) :teRt> 0}.

Consequently, the left-hand side of (4) is not less than the right-hand side, so that (4) can
be easily verified. Then, by the following

%o +t(y1 +y2)Il = llxoll
[ty +y2) = P
_ lxo + 2311 = [0l s llco + 22y [l = llxol
- 2t 2t

= f(2t,y1) +f(2t,93) (VtE€R,t>0)

it is easy to see that

A {f(t,yl +y2):teR,t>O}
< /\{f(Zt,yl) +f(2t,y2):t€Rt > O}

=A{fty) £ €R >0} + A{f(2L,92) : € R E >0},
which implies that

G (%0, 91 +¥2) < Gi(x0,31) + G4 (%0,52). O

The Gateaux differentiability was defined for proper local functions from a random lo-
cally convex module to L°(F) in [19], Definition 5.2. Since a random locally convex mod-
ule is a generalization of a random normed module and a random norm is L°-convex, it
is easy to see that a random norm is also a proper local function. For random norms we
present the following definition of Gateaux differentiability, which is equivalent to that in
[19], Definition 5.2. Under Definition 4.3 we can establish the relations among supporting
functionals, points of random smoothness and Gateaux differentiability of random norms.

Definition 4.3 Let (E, | - ||) be an RN module, xy € S(E) and y € E. Then G_(xo,y) and
G.(xo,y) are respectively called the left-hand and right-hand Géteaux derivative of the
random norm | - || at xo in the direction y. || - || is called Gateaux differentiable at x¢ in
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the direction y if G_(x9,y) = G,(x0,¥), in which case the common value of G_(xo,y) and
G, (x0,y) is denoted by G(x¢,y) and is called the Gateaux derivative of || - || at x¢ in the
direction y. If || - || is Gateaux differentiable at x( in every direction y € E, then it is called
Géteaux differentiable at x¢. Finally, if || - || is Gateaux differentiable at every point of the
random unit sphere S(E), then || - || is said to be Gateaux differentiable.

Remark 4.4 It is obvious that G_(x,y) < G,(x,7),G_(x,-y) = =G, (x,y) and G_(x,x) =
G, (%, %) = G(x, %) = ||x|| = L4, for any x in S(E) and y in E.

Lemma 4.5 Let (E, | - ||) be an RN module, xo € S(E) and f € S(E*) such that P(D) > 0,
where D = A, N Ay. Then Ipf supports U(E) at xo if and only if

IpG_(x0,y) <IpRef(y) <IpG,(x0,y), VyeE. (5)
Proof (=). By the following facts

ReIpf(xo) = V{Relpf (x) : x € U(E)} = Ipl|fII* = Ip,

Inf(xo) = Relpf(xog) —iRelpf(ixg) and Ipf(xo) <Ipllfl*llxoll = Ip,
one can obtain that Ipf(xo) = Ip. Since
IpRef(ty) = IpRef(xo + ty) — IpRef (x0) < Ip(|lxo + tyll — [I%0ll)

for any positive numbers ¢ and any y € E, the following inequalities hold:

llco — 2yl = lIxo | llco + £(=)1I = lIxol
I =-Ip
—t t
Ref(¢t(— || —
<-I ef(t( ) _ IpRef() < Ip lloco + J’l| ||x0||’
which implies (5).
(«<). Since G_(x0,%0) = [|lx0|l = G4 (x0,%0), it follows that Ip Re f(xo) = Ip by (5). Noticing

that

Re Ipf(xo) = Ip = \/{ReIDf(x) tx € L[(E)},
we complete the proof. O

Theorem 4.6 Let (E, || - ||) be an RN module and xy be a point in S(E). Then the following
statements hold:
(1) xo is a point of random smoothness of U(E) if and only if || - || is Gateaux
differentiable at x;
(2) If %0 is a point of random smoothness of U(E) and f in S(E*) supports U(E) at xy,
then IAfG(xO,y) = ReIAff(y).

Proof (1). (=). Assume by way of contradiction that || - || is not Gateaux differentiable
at x9. Then there exists yp in E such that G_(xo,y0) < G, (x0,%0), namely, P(M) > 0,
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where M = [G_(%0,50) < G (%0,0)]. Since Iy¢ G_(x0,¥0) = Lag, G.(%0,¥0) = Lag, llyoll and
IA§0 G_(x0,%0) = IA% G.(x0,90) = 0, one knows that M C A, and that M C A,,.
Take an arbitrary s in L°(F, R) such that

G_(x0,¥0) <5< G(x0,50) onM. (6)

Define W = {ryo : r € L°%(F,R)} and f;(ryo) = Iprs,¥r € L°(F,R), then it is clear that W is
an LO(F, R)-submodule of E, that f; is an L°-linear function on W, and that

Silryo) = Iyrs < InrG. (x0,0) = In G+ (%0, 7y0),  ¥re LY.

Foranyr € L%(F,R)\L?, denote D = MN[r < 0], then f;(~Ipryo) = —Iprs > —IprG_(xo, o) =
G_(x0, —Ipryo) = =G, (x0,Ipryo), and hence f;(Ipryo) < G+ (%0, Ipryo) = IpG. (%0, 7yo). Com-
bining the fact that f;(Isnpryo) = Iimprs < IimpGa(x0,7y0), we can see that fi(ryo) <
IpG. (%0, 1y0) + a0 G+ (%0, rY0) = Iy G (%0, 7y0). Thus

fS(r_yO) EIMG+(9€0:V}’0): VVGLO(]:,R).

By Theorem 2.1 there exists an L°-linear function x} : E — L°(F, R) such that x¥|w = f;
and x7 (y) < G, (x9,%),Vy € E.
Without loss of generality, suppose that E is a complex RN module. Let

&) =x(y) — ix{ ().

It is easy to show that g; : E — L°(F,C) is L°-linear and Reg; = x¥, from which it follows
that Reg;(y) < G, (x9,),Vy € E. Then we obtain

%o + 1l — llxoll

Reg(y) < G, (x0,y) < .

<llyl, VyeE
and

Reg(y) = —Reg(—y) > —G. (%0, —y) = G_(%0,),

which together with the fact that ||g|/* = ||Reg||* yields that g, € E*, ||gs||* <1 and
G_(x0,x0) < Regs(xo) < G, (x0,%0). Thus Reg(xo) = La, and so 14,0 &I = La,, - Namely,
I4,, s supports U(E) at xg.

Therefore, for any s; and s, satisfying (6) and s11y # s2Iu, there exist two corresponding
g, and g;, in E* such that both L4,y 8 and I4,,&s, support U(E) at xy and 114,851 II* =

(114,85, I* = I4,, - Noticing that

La, Re g (90) = La, x5, (Vo) = La, fsy (00) = Imst

La,, Regs, (v0) = La, x5, 00) = La, /s, 90) = Ims2,

we derive that [, Ax Reg, # IAxO Regs,, which is a contradiction to Proposition 3.6.
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(«<). Suppose that | - || is Gateaux differentiable at x, f in S(E*) supports U(E) at xy.
Then it is obvious that Ay C A,,. By Lemma 4.5 we have

Iy Ref(y) =14, G(x0,y), Vy€E. (7)

If fi and f; in S(E*) both support U(E) at xo and P(Afz) > 0, then IAfu’z Refi = IAfoz Refs,
which implies that I, " i =14, " f>. By Proposition 3.6 xj is a point of random smoothness
of U(E).

(2). It is clear by (7). O

Remark 4.7 It should be pointed out that further development of random smoothness
under Definition 3.5 confronted some obstacles, one of which is how to establish the con-
nection between random smoothness of an RN module E and classical smoothness of the
abstract L? space derived from E. It is an interesting problem and attracts some attention
in different literature [19, 24].
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