Kim et al. Journal of Inequalities and Applications (2017) 2017:8 ® Journal of Inequalities and Applications

DOI 10.1186/513660-016-1282-y

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Fourier series of higher-order Bernoulli
functions and their applications

Taekyun Kim'?", Dae San Kim?, Seog-Hoon Rim* and Dmitry V. Dolgy>®

“Correspondence: tkkim@kw.ackr
' Department of Mathematics,
Kwangwoon University, Seoul
139-701, Republic of Korea

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we study the Fourier series related to higher-order Bernoulli functions
and give new identities for higher-order Bernoulli functions which are derived from
the Fourier series of them.
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1 Introduction

As is well known, Bernoulli polynomials are defined by the generating function

t L, - ¢
—e =§Bn(x)a (see [1-23]). (L1)

et

When x = 0, B, = B,,(0) are called Bernoulli numbers. From (1.1), we note that

Bu)=) (7)3196”'1 €eQlx] (n>0), (1.2)

=0

with deg B, (x) = n (see [9-11]). By (1.1), we easily get

: 1, ifn=1,
(B+1)"-B, = o ifnsl and Bgy=1, (1.3)
, ifn>1,

with the usual convention about replacing B” by B, (see [9, 10]). From (1.2), we note that

B, n n—
d. (x) _ i (n)kank — (Z)Bk(n _ k)xn—k—l
=0

dx dx P k -
n-1 n-1
(n-1)! k-1 (”1 - 1> “1-k
" Bt = B’
— (n—k-1)k! = k
=nB,_1(x) (n>1) (see [9-18]). (1.4)
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Thus, by (1.4), we get

¥ 1
f Bn(x) dx = _(Bn+1(x) _Bn+1(0)) (l’l Z O) (15)
0 n+1
For any real number x, we define
(x) =x—[x] €[0,1), (1.6)

where [«] is the integral part of x. Then B,({x)) are functions defined on (-00,00) and

periodic with period 1, which are called Bernoulli functions. The Fourier series for B,,({(x))

is given by
3 (<x>) i i e2rn’nx
m = —mi. S’ 1.7
e (2min) (1.7)

where m > 1 and x ¢ Z (see [1, 2, 8, 14, 22]). For a positive integer N, we have

x+k)

N-1 x+k N-1 oo e2rin
ZBm << >) kX: Z Qmin)™

ZmnN

= Z < Qmin)" Z ik

27 ilx

— N Z (;ml “NYB,((%) (x&Z).

1;/0

For r € N, the higher-order Bernoulli polynomials are defined by the generating function

t
el —

When x = 0, Bﬁf) = Bg,r)(O) are called Bernoulli numbers of order r (see [1, 22]). Then
Bg,r)((x)) are functions defined on (—00,00) and periodic with period 1, which are called

r o0
t}’l
Xt _ () (40) —_
1) e = EO: B (x) - (see [1, 10, 11, 22]). (1.8)
.

Bernoulli functions of order r. In this paper, we study the Fourier series related to higher-
order Bernoulli functions and give some new identities for the higher-order Bernoulli

functions which are derived from the Fourier series of them.

2 Fourier series of higher-order Bernoulli functions and their applications
From (1.8), we note that

BV(x+1) = B (x) + mBU V(%) (m=>0). 2.1)
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Indeed,

(mBY ) (x) + BY (x)) (2.2)

Let x = 0 in (2.1). Then we have
(1) = B» B - 2.3
B(1) =B))(0) + mB,,_/(0) (m=>0). (2.3)
Now, we assume that m > 1, r > 2. B%)((x)) is piecewise C*. Further, in view of (2.3),
Bg,';)((x)) is continuous for those (r, m) with BZZ?(O) =0, and is discontinuous with jump
discontinuities at integers for those (r, m) with Bf;:ll)(O) # 0. The Fourier series of Bi,?((x))

is

> crmermine (j=/-1), (2.4)

n=—00

where
Cglr,m) _ / Bi;)((x>)e—2mnx dx = / Bgl)(x)e—anx dx
0

1 . 1
. 2min :
o2 (r) -2
|: 1 +1 ’”""]0 + — /0 B, (x)e " dx

m+1
2mwin
(r) m+1
Wl +1 (Br;Jrl(l) m+1(0)) TCEI D
2win
=B (0) + o == clmD), (2.5)
Replacing m by m — 1 in (2.5), we get
_ 2mwin
oY =By (0)+ —=C. (2.6)
Case 1. Let n # 0. Then we have
C(r,m) — m (r,m-1) m (r-1)
" 2min " 2min "™t
(M ey ML) P pen
2win \ 2win " 2in "2 2min "
omlm=1) ., 0 mm=1) ) m B

T Quin)2 " Qrin)2 "% 2mgin "
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mim — 1) { M2 m-z) M2 B(rla)} mm=1) oy M e

T @Quin)? | 27in " 27in C Qmin)2 "™ 2mind ™!
_ m(m —1)(m - 2) Clrm=3) _ m(m —1)(m - Z)B(,,D
(2min)3 " (2min)3 m=3
_m(m—1) gD _ M gy
Qrin)2 "2 2xin ™!
m(m—1)(m=2)---2 i e
= 2.7
(2min)m-1 21: (2mwin)k B, k @7)
where (x), =x(x—-1)---(x —n +1), for n > 1, and (x)o = 1. Now, we observe that
1 ’ 1 '
C}Elr,l) — / Bg”)(x)e—Zmnx dx = / (x +B§r))e—2mnx dx
0 0
:/ xe~2rinx dx+BY)/ e 2rinx g
0 0
1 , 1 1 .
- _ : [xe—anx]l + : f e—27rmx dx
2mwin 0 2min J,
1
" omin’ 29
From (2.7) and (2.8), we can derive equation (2.9):
clrm __ " Z GRS
" Qrin)” (2min)k Bk
= (m)k r—l)
__ 2.9
Z (2min)k Bov-ic 29
Case 2. Let n = 0. Then we have
o) _ [ a0 ' a0 L g0 o1
Cs :/0 B, ((x))dx:/o B, (x)dx = m+1[B'”“(x)]°
1 s
= (BY (1)~ BY),(0)) = BUY. (2.10)
Before proceeding, we recall the following equations:
0 27T inx
B((x)) = —m!n;; PRI (m = 2) (see [1]), (2.11)
n#0
and
0 glminx Bi({x)), forx¢Z,
- = (2.12)

oo 27N 0, for x € Z, (see [1, 22]).
n#0
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The series in (2.11) converges uniformly, while that in (2.12) converges pointwise. Assume
first that B(r b 1(0) = 0. Then we have B (1) = BY(0), and m > 2. As B ((x)) is piecewise

C* and continuous, the Fourier series of B ({x)) converges uniformly to BY ({(x)), and

00
— Z C}(’lr,m)e2mnx
n=—00
S (m)g
_ pr-1) _ (V 1)\ 2minx
2 (2 i)

27nnx
- B | (m)k (r 1 K
" k! Z (2711n)k
n;’O

. i Z (':) Bﬁsz’Bk((x))

k=2
Bi({x)), forx¢Z,
+ (m)Bx;ll) % 1(( >)
1 0, forx e Z

) Yo (’,:‘)Bi:lj()Bk((x)) forx ¢ Z, 213)
ZZ:;? ("B )Bi((x)) forx e Z. ’

Note that (2.13) holds whether B "~ 1)(0) 0 or not. However, 1fB (O) =0, then

B (@)=Y (’Z)Bgl_i)gk((x)), for all x € (-00, 00).
k=0
kA

Therefore, we obtain the following theorem.

Theorem 2.1 Let m > 2, r > 2. Assume that BZ:?(O) =

(a) B%)((x)) has the Fourier series expansion

B;?((x» = Bgl_l)(()) Z (Z (27T”,;)k M k>62mnx’

for x € (—00,00). Here the convergence is uniform.
(b) B%)((x)) =3 %o (’,:‘)Bf:lj()Bk((x)),for all x € (—00,00), where By({x)) is the Bernoulli
k#1

function.

Assume next that B ” 1)( 0) # 0. Then BEZ)(I) #BEZ)(O), and hence Bgf,)((x)) is piecewise
C* and discontinuous with jump discontinuities at integers Thus the Fourier series of
BEZ)((x)) converges pointwise to B(r)(( )), for x ¢ Z, and converges to + (B%)(O) + BEI,)(I)) =

5,’,)(0) mB - (O) for x € Z. Thus we obtain the following theorem.
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Theorem 2.2 Let m > 1, r > 2, Assume that Bi;:ll)(O) #0.

(a) BE:;I)(O) - i (i (Wl)k B(r_l))eZJTinx — BE;?((?C)), forx ¢7,

” _k _
~ min)t " BY) + %B(V V. forxel.

n=—00
n#0

Here the convergence is pointwise,

(b) Z (Z)BZ_QBk(QC)) =BD(), forx¢?Z,

k=0

and

m m
Z <k>BZ—QBk(<x)) = BEZ) + 335:;11), forx € Z,

where By ((x)) is the Bernoulli function.

Remark Let ¢(s) = > o, L, (Re(s) > 1). From (1.7), we note that, for m > 1,

n=1 5’

By = ~(2m)! ) (2(;2)2,,,
e

__Cmy ()" 22

(27‘[)2”’ — n2m (27-[)2”1

¢ (2m).

3 Results and discussion
In this paper, we studied the Fourier series expansion of the higher-order Bernoulli func-
tions BY)((x)) which are obtained by extending by periodicity of period 1 the higher-order
Bernoulli polynomials Bﬁf,) (x) on [0,1). As it turns out, the Fourier series of Bff,)((x)) con-
verges uniformly to Bgf,)((x)), if BE:,__ll)(O) =0, and converges pointwise to Bg,r,)((x)) forx ¢ 7Z
and converges to BY) + %BE;:II) for x € Z, if BE::I)(O) # 0. Here the Fourier series of the
higher-order Bernoulli functions Bi,?((x)) are explicitly determined. In addition, in each
case the Fourier series of the higher-order Bernoulli functions Bﬁf,)((x)) are expressed in
terms of Bernoulli functions which are obtained by extending by periodicity of period
1 the ordinary Bernoulli polynomials B,,(x) on [0,1). The Fourier series expansion of the
Bernoulli functions are useful in computing the special values of the Dirichlet L-functions.
For details, one is referred to [24].

It is expected that the Fourier series of the higher-order Bernoulli functions will find
some applications in connections with a certain generalization of Dirichlet L-functions

and higher-order generalized Bernoulli numbers.

4 Conclusion
In this paper, we considered the Fourier series expansion of the higher-order Bernoulli
functions BY ((x)) which are obtained by extending by periodicity of period 1 the higher-

order Bernoulli polynomials BY (%) on [0,1). The Fourier series are explicitly determined.
(r-1)

Depending on whether B,,7'(0) is zero or not, the Fourier series of B%)((x)) converges

Page 6 of 7
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uniformly to BY ({x)) or converges pointwise to Bg;)((x)) for x ¢ Z and converges to
B} + 5 ) for x € Z. In addition, the Fourier series of the higher-order Bernoulli func-

tions BEZ)((x)) are expressed in terms of Bernoulli functions Bi({x)). Thus we established
the relations between higher-order Bernoulli functions and Bernoulli functions. Just as
the Fourier series expansion of the Bernoulli functions are useful in computing the special
values of Dirichlet L-functions, we would like to see some applications to a certain gener-
alization of Dirichlet L-functions and higher-order generalized Bernoulli numbers in near

future.
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