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Abstract

In this paper, we first introduce some new Morrey-type spaces containing generalized
Morrey space and weighted Morrey space with two weights as special cases. Then we
give the weighted strong type and weak type estimates for fractional integral
operators Iy in these new Morrey-type spaces. Furthermore, the weighted strong type
estimate and endpoint estimate of linear commutators [b, /] formed by b and /,, are
established. Also we study related problems about two-weight, weak type
inequalities for I, and [b, /] in the Morrey-type spaces and give partial results.
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1 Introduction
For given «, 0 < « < n, the fractional integral operator (or the Riesz potential) I, of order
o is defined by

1 o) w22°T (%)
= dy, d = —
e [ e e r(5)

It is well known that the Hardy-Littlewood-Sobolev theorem states that the fractional
integral operator I, is bounded from L?(R") to L1(R”) for 0 < @ < n, 1 < p < n/a and
1/q = 1/p — a/n. Also we know that I, is bounded from L'(R") to WLI(R") for 0 < a < n
and g = n/(n — «) (see [1]). In 1974, Muckenhoupt and Wheeden [2] studied the weighted

boundedness of I, and obtained the following results.

Theorem 1.1 ([2]) LetO<a<n,1<p<nla,l/g=1/p—-a/nandw e A,,. Then the frac-
tional integral operator 1, is bounded from L¥ (WP) to L1(w1).

Theorem 1.2 ([2]) Let O <a<n, p=1,q=n/(n—«a) and w € Ay,. Then the fractional
integral operator I, is bounded from LY(w) to WLI(wA).
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For 0 < & < n, the linear commutator [, I,] generated by a suitable function b and I, is
defined by

(6,11 (x) := b(x) - Lof (x) — L (bf ) (%)

1 [ [b) - bO)] ()
dy.
v@ Jon oy 2

In 1991, Segovia and Torrea [3] proved that [b, 1] is also bounded from L?(w”) (1 < p <
n/a) to L1(w?) whenever b € BMO(R”) (see also [4] for the unweighted case).

Theorem 1.3 ([3]) LetO<a <m l<p<n/a,l/q=1/p—oalnandw e A,,. Suppose that
b € BMO(R"), then the linear commutator [b, 1,] is bounded from LP(wP) to L1(w1?).

In 2007, Cruz-Uribe and Fiorenza [5] discussed the weighted endpoint inequalities for
commutator of fractional integral operator and proved the following result (see also [6]
for the unweighted case).

Theorem 1.4 ([5]) Let O <o <n, p=1, q =n/(n—a) and wl € A,. Suppose that b €
BMO(R"), then, for any given o > 0 and any bounded domain Q2 C R", there is a constant
C > 0, which does not depend on f, 2 and o > 0, such that

wi({x e Q: |[b,L,](f)x)| >0 <C [ & — ) w)dx,
1/q lf(x)|
Q o

where ®(t) =t - (1 +log* t) and log* t = max{logt, 0}.

On the other hand, the classical Morrey space was originally introduced by Morrey in
[7] to study the local behavior of solutions to second order elliptic partial differential equa-
tions. This classical space and various generalizations on the Euclidean space R” have been
extensively studied by many authors. In [8], Mizuhara introduced the generalized Morrey
space £7©(R") which was later extended and studied in [9]. In [10], Komori and Shirai
defined a version of the weighted Morrey space £7(v, u) which is a natural generalization
of the weighted Lebesgue space.

Let I, be the fractional integral operator, and let [, ],] be its linear commutator. The
main purpose of this paper is twofold. We first define a new kind of Morrey-type spaces
MPP(v,u) containing generalized Morrey space £7©(R") and weighted Morrey space
LP*(v,u) as special cases. As the Morrey-type spaces may be considered as an extension
of the weighted Lebesgue space, it is natural and important to study the weighted bound-
edness of I, and [b,],] in these new spaces. Then we will establish the weighted strong
type and endpoint estimates for I, and [b,1,] in these Morrey-type spaces M?? (v, u) for
all 1 < p < co. In addition, we will discuss two-weight, weak type norm inequalities for I,
and [b,1,] in MP(v,u) and give some partial results.

2 Statements of the main results

2.1 Notations and preliminaries

Let R” be the n-dimensional Euclidean space of points x = (x1,%5,...,x,) with norm |x| =
(XF, %)Y For xg € R” and r > 0, let B(xg, 1) = {x € R" : |x — x| < r} denote the open ball
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centered at x( of radius r, B(xg,7)¢ denote its complement and |B(xy, )| be the Lebesgue
measure of the ball B(xo, 7). A non-negative function w defined on R” is called a weight if
it is locally integrable. We first recall the definitions of two weight classes; A, and A,,.

Definition 2.1 (A, weights [11]) A weight w is said to belong to the class A, for 1 < p < oo,
if there exists a positive constant C such that, for any ball B in R”,

1 1/p 1 , 1/p'
(—/w(x) dx> <—/w(x)_p ”’dx) <C< oo,
|Bl JB Bl Ja

where p’ is the dual of p such that 1/p + 1/p’ = 1. The class A is defined replacing the above
inequality by

1
— f w(x)dx < C - essinf w(x),
1Bl Js xeb

for any ball B in R”. We also define A, = U1§p<oo Ap.

Definition 2.2 (4,,, weights [2]) A weight w is said to belong to the class A, , (1 < p,q <
00), if there exists a positive constant C such that, for any ball B in R”,

1 1/q 1 i 1/p’
(E/Bw(x)qu> (E/;w(x) 4 dx) <C<oo.

The class A1 4 (1 < g < 00) is defined replacing the above inequality by

1 Va 1
(— / w(x)? dx) <ess inf—) <C<oo.
|B| JB xeB w(x)

Lemma 2.1 Suppose that 0 <o <n,1 <p<n/a and1l/q=1/p — a/n. The following state-
ments are true (see [12]):

() Ifp>1, thenw e Ay, implies w! € Ay and wt' e Ay.

(i) Ifp=1,thenwe Ay, ifand only if wi € A;.

Given a ball B and X > 0, B denotes the ball with the same center as B whose radius is A
times that of B. For a given weight function w and a Lebesgue measurable set E, we denote
the characteristic function of E by yxr, the Lebesgue measure of E by |E| and the weighted
measure of E by w(E), where w(E) := |, £ w(x) dx. Given a weight w, we say that w satisfies
the doubling condition if there exists a universal constant C > 0 such that, for any ball B
in R”, we have

w(2B) < C - w(B). 2.1)

When w satisfies this doubling condition (2.1), we denote w € A, for brevity. We know
thatif wisin A, then w € A, (see [13]). Moreover, if w € A, then, for any ball B and any
measurable subset E of B, there exists a number § > 0 independent of E and B such that
(see [13])

w(E) 120%
W) = C(ﬁ) ' 22)
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Given a weight function w on R”, for 1 < p < oo, the weighted Lebesgue space L?(w) is
defined as the set of all functions f such that

1/p
W ll 22wy 2= </]R” [f(x)\pw(x) dx) < 00.

We also denote by WL”(w) (1 < p < 0c0) the weighted weak Lebesgue space consisting of

all measurable functions f such that
IVl wzewy = skug))\ [w(fx e R : )] > )L})]up .

We next recall some definitions and basic facts about Orlicz spaces needed for the proofs
of the main results. For further information on this subject, we refer to [14]. A function
A :[0,+00) — [0, +00) is said to be a Young function if it is continuous, convex and strictly
increasing satisfying .4(0) = 0 and .A(¢) — +00 as t — +00. An important example of
Young function is A(f) = t*(1 + log" t)? with some 1 < p < co. Given a Young function A4,
we define the A-average of a function f over a ball B by means of the Luxemburg norm:

fll.az:= inf{)» >0: % BA<W;)|)dx§ 1}.

In particular, when A(t) = #,1 < p < 00, it is easy to see that A is a Young function and

(L1 v\
|lf||A,B—(|B|/B[f(x)| dx) ;

that is, the Luxemburg norm coincides with the normalized L” norm. Recall that the fol-
lowing generalization of Holder’s inequality holds:

1
1B| /Blf(x) - g@)|dx < 20[fllazlgll iz

where A is the complementary Young function associated to .4, which is given by A(s) :=
SUP) <00 [SE = A(£)], 0 < 5 < 00. Obviously, ®(¢) = £ - (1 + log" ) is a Young function and its
complementary Young function is ®(t) & e’ — 1. In the present situation, we denote ||f| ¢ 5

and [Igll¢,5 by IIfllz10gz,8 and [Igllexpz,8, respectively. So we have

1
1B /Z;Lf(x) -g)| dx < 2||f Il L10gL.8NIgllexpL.5- 03)

There is a further generalization of Holder’s inequality that turns out to be useful for our
purpose (see [15]): Let A, 13, and C be Young functions such that, for all £ > 0,

A7) - B ) <),

where A7L(¢) is the inverse function of A(t). Then, for all functions f and g and all balls
BCR”,

If - gllc.s = 21f1l.a.5lgllB.5- (2.4)
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Let us now recall the definition of the space of BMO(R") (see [16]). BMO(R") is the
Banach function space modulo constants with the norm || - ||, defined by

1
16l := sup—/]b(x)—bg\dx<oo,
B |Bl Jp

where the supremum is taken over all balls B in R” and bp stands for the mean value of b
over B; that is,

1
bg:=— | b(y)dy.
' |B|f3(y>y

2.2 Morrey-type spaces
Let us begin with the definitions of the weighted Morrey space with two weights and gen-
eralized Morrey space.

Definition 2.3 ([10]) Let 1 < p < oo and 0 < « < 1. For two weights & and v on R”, the
weighted Morrey space £7* (v, u) is defined by

LPX(vyu) = {f € L (V) : IIf | cox vy < 00},

where

1 1/p
V1l 2o () 2= su ( / @)["v(x) dx) (2.5)
Fllers o Bp u(B)* BV |
and the supremum is taken over all balls B in R”. If v = u, then we denote £?*(v), for short.

Definition 2.4 Let1 < p < 00,0 <k <1 and w be a weight on R”. We denote by W .LP*(w)
the weighted weak Morrey space of all measurable functions f for which

ILf Il w 22 (w) == sup sup ! [w({xeB:|[f®)] >0 })]" < oo (2.6)

—
B >0 W(B)<P

Let ® = O(r), r > 0, be a growth function; that is, a positive increasing function on
(0, +00) and satisfy the following doubling condition:

®Q2r)<D-0(r), forallr>0, (2.7)
where D = D(®) > 1 is a doubling constant independent of r.

Definition 2.5 ([8]) Let 1 < p < 0o and © be a growth function on (0, +c0). Then the
generalized Morrey space £©(R") is defined by

L£PO(R") = {f e Il (R") :|If | cro@my < 00},

where

1 » 1/p
Ifll cro@ny :=  sup < / (x) dx)
LR r>0;B(xq,r) @(7') B(xg,r) lf |

and the supremum is taken over all balls B(xy, r) in R” with x, € R".
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Definition 2.6 Let 1 < p < co and ® be a growth function on (0, +oco). We denote by
W LPO(R") the generalized weak Morrey space of all measurable functions f for which

1 1/
If Il coo @ny = B?;g) ililoa Wk' |{x € B(xo,7) : |[f(x)| > 1} ? < o0,

In order to unify the definitions given above, we now introduce Morrey-type spaces
associated to 0 as follows. Let 0 < « < 1. Assume that 0(-) is a positive increasing function

defined in (0, +00) and satisfies the following D, condition:

0E) _ . 06)

£« (&)~

, forany0<§& <& <+o0, (2.8)

where C > 0 is a constant independent of & and &'.

Definition 2.7 Let 1 < p <00, 0 <« <1 and 6 satisfy the D, condition (2.8). For two
weights z and v on R”, we denote by M?? (v, u) the generalized weighted Morrey space,

the space of all locally integrable functions f with finite norm.

MP (v, y) = {fell (v): W 1 ptp 1) < oo},

where the norm is given by

1 » 1/p
Nl Mo v, = S?(W /B [f ()| v(x)dx) .

Here the supremum is taken over all balls B in R”. If v = 1, then we denote M (), for
short. Furthermore, we denote by W MP??(v) the generalized weighted weak Morrey space

of all measurable functions f for which

1 1
W llwrwo ) = Supsup o Byr [v({x e B:|f)]>0})]” < 0.
According to this definition, we recover the spaces £”*(v,u) and W.LP*(v) under the

choice of 6(x) =& with 0 <k < 1:
L (v, 1) = MP? (v, 1) gy W LP<(v) = WMPP (1) | gay=xe

Also, note that if 8(x) = 1, then M??(v) = L#(v) and WMP?P(v) = WI?(v), the classical
weighted Lebesgue and weak Lebesgue spaces.

The aim of this paper is to extend Theorems 1.1-1.4 to the corresponding Morrey-type
spaces. Our main results on the boundedness of I, in the Morrey-type spaces associated
to 6 can be formulated as follows.

Theorem 2.1 Let O < <n,1<p<nla,l/qg=1/p-alnand we A, . Assume that 0
satisfies the D, condition (2.8) with 0 < k < plq, then the fractional integral operator I,
is bounded from MP? (wP, wA) into Mq'eq/p(wq).
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Theorem 2.2 LetO<a<mn, p=1,q=n/(n-a)andw € A,,. Assume that 0 satisfies the
D, condition (2.8) with 0 < k < 1/q, then the fractional integral operator I, is bounded
from MY (w,wA) into WM (w).

Let [b,1,] be the commutator formed by 7, and BMO function b. For the strong type
estimate of the linear commutator [b,1,] in the Morrey-type spaces associated to 6, we

will prove

Theorem 2.3 Let 0 <o <n,1<p<nla,l/q=1/p—alnand we A,,. Assume that 0
satisfies the D, condition (2.8) with 0 < k < p/q and b € BMO(R"), then the commutator
operator [b,1,] is bounded from MP® (w?, w4) into Mo (w1).

To obtain endpoint estimate for the linear commutator [b, I, ], we first need to define
the weighted .A-average of a function f over a ball B by means of the weighted Luxemburg

norm; that is, given a Young function .4 and w € A, we define (see [14, 17] for instance)

Il aow).B 1=inf{o >0: ﬁ/BA(IfSC”) -w(x)dxfl}.

When A(t) = t, this norm is denoted by || - || ,o),8, and when ®(£) = £- (1 +1log" £), this norm

is also denoted by || - | 10g L(w),8. The complementary Young function of ®(¢) is D) ~e -1

with mean Luxemburg norm denoted by || - [lexp(w),8- For w € Ay, and for every ball B in
R”, we can also show the weighted version of (2.3). Namely, the following generalized

Holder inequality in the weighted setting

@ /B () - 20) W) dx < CIf L 1og 1051 lexp 2.9)

is true (see [17] for instance). Now we introduce new Morrey-type spaces of LlogL type

associated to 6 as follows.

Definition 2.8 Let p =1, 0 <« <1 and 0 satisfy the D, condition (2.8). For two weights
u and v on R”, we denote by Mi’fog (v, u) the generalized weighted Morrey space of
LlogL type, the space of all locally integrable functions f defined on R” with finite norm
”f”/\’li'?ogL(":”)' We have

10 " 1 .
MLlogL(V’ u) = {f € L, (v): ”f”Mi’?ogL(v,u) < OO}’

where

v(B)
Wl aze = SL;P{ 0uB) Ilflluoguv),s}.

Here the supremum is taken over all balls B in R”. If v = 4, then we denote ./\/li’leOg 1 (v) for
brevity.
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Note that £ < ¢- (1 + log* £) for all ¢ > 0, then, for any ball B C R” and v € A, we have
I 2,8 < If Iz 10g2(v),5 Dy definition, i.e., the inequality

1
|th£=;@l£V@”W@ﬁW§HNu%mm (2.10)

holds for any ball B C R”. From this, we can further see that, when 6 satisfies the D,
condition (2.8) with 0 < k <1, and u is another weight function,

1 v(B)
eww»ﬁvw””“)x 0(u(B) /V

v(B)
= 5®) Wz,
wm it 2.11)

0(u(B))

Hence, we have M%fog ; (v, u) € M (v, u) by definition.
In Definition 2.8, we also consider the special case when 6 is taken to be 6(x) = x* with
0 <k <1, and denote the corresponding space by Ei"{og (v, u).

Definition 2.9 Let p =1 and 0 < « < 1. For two weights # and v on R”, we denote by
ﬁi”fog 1 (v,u) the weighted Morrey space of LlogL type, the space of all locally integrable
functions f defined on R” with finite norm ||f| 1« ()’ We have

LlogL'"

1k o 1 .
‘CLlogL(V’ u) T {f € Lloc(v) . Hf”ﬁ,{‘fggdv,u) < OO}’

where

v(B)
”f”[li"l(ngL(V,M) = Sgp{ m . ”f”LlogL(v),B}-

In this situation, we have £} logz (v, 4) C LY (v, u).

In the endpoint case p = 1, we will prove the following weak type Llog L estimate of the
linear commutator [b,I,] in the Morrey-type space associated to 6.

Theorem 2.4 LetO<a<n,p=1,q=n/(n—a)andw e A,,. Assume that 0 satisfies the
D, condition (2.8) with 0 <k <1/q and b € BMO(R"), then, for any given ¢ > 0 and any
ball B C R", there exists a constant C > 0 independent of f, B and o > 0 such that

_ ‘ e H ( )H
“({xeB:|[b 1 <c. o
6 (wi(B)) [W({x € B: |[b, LN )| >0 }) ] < »

LlogL(W Wq)

where ®(t) =t - (1 + log" t). From the definitions, we can roughly say that the commutator

operator [b,1,] is bounded from ./\/lLlogL(w, wA) into WM (wA).

In particular, if we take 6(x) = x* with 0 < k < 1, then we immediately get the following
strong type estimate and endpoint estimate of I, and [, I,] in the weighted Morrey spaces.
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Corollary 2.1 LetO<a<n l<p<nla,l/g=1/p—a/nandwe A, . If0 <k <plq, then
the fractional integral operator I, is bounded from LP*(wP,wA) into LT*P(wA),

Corollary 2.2 Let O <a <n,p=1,q=n/(n—a) and w € A4 If 0 < k <1/q, then the
fractional integral operator I, is bounded from LY (w,w?) into W LT<9(wA1).

Corollary 2.3 Let 0 <o <n,1<p<nfa,l/qg=1p—a/nand we A,,. If 0 <k < plq
and b € BMO(R"), then the commutator operator [b,1,] is bounded from LP*(w?, wi) into
LP<AP (1),

Corollary 2.4 Let O <a <n, p=1,q=n/(n—a) and we A4 If 0 <k <1/q and b €
BMO(R"), then, for any given o > 0 and any ball B C R", there exists a constant C > 0
independent of f, B and o > 0 such that

1
wi(B)~x

)
1k
L 10g W)

[w({x e B: |6, L1060 >0 )] < C- H‘D(ﬂ)

o

where ®(t) =t - (1 +log* t).

Moreover, for the extreme case « = p/q of Corollary 2.1, we will show that I, is bounded
from LP*(w”, w?) into BMO(R").

Theorem 2.5 LetO<a<n,1<p<nfa,l/q=1/p—a/nandw e A, . If « = plq, then the
fractional integral operator 1, is bounded from LP*(wP,w?) into BMO(R").

It should be pointed out that Corollaries 2.1 through 2.3 were given by Komori and Shirai
in [10]. Corollary 2.4 and Theorem 2.5 are new results.

Definition 2.10 In the unweighted case (when u = v = 1), we denote the correspond-
ing unweighted Morrey-type spaces associated to 6 by MP?(R"), WMP?(R") and
ME’?Og L (R™), respectively. That is, let 1 < p < oo and 0 satisfy the D, condition (2.8) with
0 <« <1, we define

6 n p n 1 P tp
MPO(R") := {feLloc(R ) W o ey = sgp(m /];[f(x)| dx) < oo},

WMPO(R") = {f 0 (R1) = YT
() {f Vllwasa =500 00 5w

~|{xeB: Lf(x)| >a}|1/p<oo},

and

1,0 ny ._ 1 ny . _ |B|
ML]ogL(R ) L {f ELIOC(R ) . ”f”M}'leogL(]Rn) = Sup(m ) ”f”LIogL,B) < OO}

B

Naturally, when u(x) = v(x) = 1 we have the following unweighted results.

Corollary 2.5 LetO <o <n,1<p<n/aandl/q=1/p—oa/n. Assume that 0 satisfies the D,
condition (2.8) with 0 < k < plq, then the fractional integral operator 1, is bounded from
MPH(R") into M3 (R").
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Corollary 2.6 Let 0 <o <n,p=1,and q=n/(n—«). Assume that 0 satisfies the D, con-
dition (2.8) with 0 < k < 1/q, then the fractional integral operator 1, is bounded from
MY (R™) into W M2 (R™).

Corollary2.7 LetO<a <n,1<p<n/a,andl/q=1/p—a/n. Assume that 0 satisfies the D,
condition (2.8) with 0 < k < p/q and b € BMO(R"), then the commutator operator [b,1,]
is bounded from MP?(R") into Mo (R™).

Corollary 2.8 Let 0 <o <n,p =1, and q = n/(n — o). Assume that 9 satisfies the D, con-
dition (2.8) with 0 < k <1/q and b € BMO(R"), then, for any given o > 0 and any ball
B C R”, there exists a constant C > 0 independent of f, B and o > 0 such that

Lo, i
9(IB)) [{xeB:|bLIA)|>0}[ " < C- H(D( - )HM%?%L(R”),

where ©(t) =t - (1 +log* ¢).
We also introduce the generalized Morrey space of LlogL type.

Definition 2.11 Let p = 1 and ® be a growth function on (0,+00). We denote by
ﬁigg . (R") the generalized Morrey space of Llog L type, which is given by

ﬁﬁumﬂ:yegﬂwyvhmﬁm<mk

where

Ifll ;Lo pmy = sup
ﬁLlOgL(R ) r>0;B(xg,r)

|B(xo, 7)]
{ ("D(f) : ”f”LlogL,B(xo,r) .

In this situation, we also have Ei’ﬁ))g ;(R") C LYO(R).

Below we are going to show that our new Morrey-type spaces can be reduced to gen-
eralized Morrey spaces. In fact, assume that 6(-) is a positive increasing function defined
in (0, +o0) and satisfies the D, condition (2.8) with some 0 < « < 1. For any fixed xy € R”
and r > 0, we set O(r) := 0(|B(xo,7)|). Observe that

©(2r) = 0(|B(xo, 2r)|) = 0(2"|B(x0,7)|).-

Then it is easy to verify that ©(r), r > 0, is a growth function with doubling constant D(®) :
1 < D(®) < 2". Hence, by the choice of ® mentioned above, we get M??(R") = L/O(R")
and WMPE(R") = W LPO(R") for p € [1, +00), and Mi’fogL(R”) = Ei‘ggL(R”). Therefore,
by the above unweighted results (Corollaries 2.5-2.8), we can also obtain strong type esti-

mate and endpoint estimate of I, and [b,],] in the generalized Morrey spaces.

Corollary 2.9 Let O <o <n,1<p<nla andl/q=1/p—a/n. Suppose that © satisfies the
doubling condition (2.7) and 1 < D(®) < 2"°'4, then the fractional integral operator 1, is
bounded from LP°(R") into L2067 (R™).
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Corollary2.10 Let0 <« <n,p =1and q =n/(n— ). Suppose that © satisfies the doubling
condition (2.7) and 1 < D(®) < 24, then the fractional integral operator I, is bounded from
LYO(R") into W LI (R™).

Corollary 2.11 LetO <o <n,1<p<n/aandl/q=1/p—al/n. Suppose that ® satisfies the
doubling condition (2.7) with 1 < D(®) < 2"'1 and b € BMO(R"), then the commutator
operator [b,1,] is bounded from LP°(R") into Eq’(")q/p(]R”).

Corollary2.12 Let0 <« <n,p=1andq=n/(n- ). Suppose that © satisfies the doubling
condition (2.7) with 1 < D(®) < 2"4 and b € BMO(R"), then, for any given o > 0 and any
ball B(xy,r) C R”, there exists a constant C > 0 independent of f, B(xy,r) and o > 0 such
that

o Y

o

{x € Bxo, 1) : |[b, 1, 1(f)(x)| > a}|1/q <C. ch(m)

where ©(t) =t - (1 +log* ¢).

We will also prove the following result which can be regarded as a supplement of Corol-
laries 2.9 and 2.10.

Theorem 2.6 Let 0 <a <n,1<p<nlaandl/q=1/p—a/n. Suppose that © satisfies the

following condition:
O(r)<C-r"', forallr>o0, (2.12)

where C = C(®) > 0 is a universal constant independent of r. Then the fractional integral
operator I, is bounded from LP°(R") into BMO(R").

It is worth pointing out that Corollaries 2.9 through 2.11 were obtained by Nakai in [9].
Corollary 2.12 and Theorem 2.6 seem to be new, as far as we know.

Throughout this paper, the letter C always denotes a positive constant that is indepen-
dent of the essential variables but whose value may vary at each occurrence. We also use
A =~ B to denote the equivalence of A and B; that is, there exist two positive constants Cj,
C, independent of quantities A and B such that C1A < B < C,A. Equivalently, we could de-
fine the above notions of this section with cubes in place of balls and we will use whichever
is more appropriate, depending on the circumstances.

3 Proofs of Theorems 2.1 and 2.2

Proof of Theorem 2.1 Here and in the following, for any positive number y > 0, we denote
f7 (%) := [f(x)]” by convention. For example, when 1 < p < q < 0o, we have [f77(x)]V1 =
[f(x)]"P. Let f € MP?(wP,w7) with 1 < p,q < oo and w € A,,. For an arbitrary point
xo € R", set B = B(xg, ) for the ball centered at xy and of radius rz, 2B = B(xg, 2rz). We
represent f as

f=f xe+f-xepe:=h+f



Wang Journal of Inequalities and Applications (2017) 2017:6 Page 12 of 33

by the linearity of the fractional integral operator I, one can write

1/q
9(wq(B 6(wi(B))» (/ [ ()| () dx)
1/q
< i [ v i)

1/q
* Gt o )

= 11 + 12.

Below we will give the estimates of I; and I, respectively. By the weighted (L?,L9)-

boundedness of I, (see Theorem 1.1), we have

1
b= goa@r AGo P
1/p
§C.79( 1/p< If (x |pw”(x)dx)

6(w(2B))"?
< Clf N aws o ey - DB
Since w € A, 4, we get w? € A; C A, by Lemma 2.1(i). Moreover, since 0 < wi(B) <
wi(2B) < +oo when w? € A, with 1 < g < 00, then by the D, condition (2.8) of # and in-
equality (2.1), we obtain

wi(2B)</P

L < CIf | pwt w ) - Wi (B)Ip

< CIf Nl ppt ()

As for the term I, it is clear that, when x € B and y € (2B)¢, we get |x — y| & |xg — y|. We
then decompose R” into a geometrically increasing sequence of concentric balls, and we

obtain the following pointwise estimate:

LB < f RN,

R %=y
cf VoL,
@By |%0 —y["®
= 1
= CZ |2j+1B|1—a/n /2/*13 lf()’)| dy (31)
j=1

From this, it follows that

wIBM 1
I . '
2=C 0 (wi(B))Hp ; |2/+1B|1-a/n /2/‘+13 [f()/)| dy
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By using Hélder’s inequality and the A, ;, condition on w, we get
1
—_— d
|2/+IB|1—a/n /Z/*IBV(),” Y

1 p Up . 1y
= W(/ﬂ+13lf(y)| Wp()/)dy) (/;MBW()’) ? dy)

O (wi(2*'B))\P

= C”f”,/\/lpre(wp,wq) ’ Wq(2j+lB)1/q .

Hence

o0

Q(Wq(2i+lB))1/p Wq(B)l/q
L < Clf st oy X )
j=1

0 (wa(B))lp 'Wq(quB)l/q'

Notice that w? € A; C A for 1 < g < 0o, then by using the D, condition (2.8) of 6 again,
the inequality (2.2) with exponent § > 0 and the fact that 0 < « < p/q, we find that

= 0(wI(B)P  wA(B)4 < ya(B)a-rlp
) R R Mo e

j=1

00 |B| 8(1/g-«/p)
<3 (505)
j=1
00 1 8(1/q—«lp)
C I; ( 2(j+1)}’l >

<C, (3.2)

IA

which gives our desired estimate I, < C||f/| yp6 (yr,a)- Combining the above estimates for
I, and I, and then taking the supremum over all balls B C R”, we complete the proof of
Theorem 2.1. O

Proof of Theorem 2.2 Let f € M (w,w4) with 1 < g < co and w € A, ,. For an arbitrary
ball B = B(xy,rg) C R”, we represent f as

f=f xa+f xepe =h+fs

then, for any given o > 0, by the linearity of the fractional integral operator I,, one can

write

1
soay” D (xe B el > )T
1
<
~ 0(wi(B))
1

+ G(T(B))G . [wq({x €B: ’Ia(fg)(x)| > 0/2})]1/q

o [Wi({x e B: |L)@)] > or2})]"

=1+ 1.
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We first consider the term I;. By the weighted weak (1, g)-boundedness of I, (see Theo-

rem 1.2), we have

1
I
1 < C- ( B)) ”fi”Ll(w

_c. 7@(wq(3)) ( f2 [fwe) dx)

O(w1(2B))

< CW et g a iz

Since w is in the class A;,, we get w? € A; C Ay, by Lemma 2.1(ii). Moreover, since
0 < wi(B) < wi(2B) < +0o when w? € A;, then we apply the D, condition (2.8) of 6 and
inequality (2.1) to obtain

wi(2B)~

!
5 < ClF vt ey - WAB)

< C”.f”_/\/ﬂﬁ(w,w‘f)'

As for the term I, it follows directly from Chebyshev’s inequality and the pointwise esti-
mate (3.1) that

1/q

! 1 2
5= gay” o (Ll as)

wi(B)V1 & 1
C- - dy.
= Q(Wq(B)) ; |2}+1B|1—a/n /Qﬁlglf(y” )

Moreover, by applying Hélder’s inequality and then the reverse Holder inequality in suc-
cession, we can show that w? € A, ifand only if w € A; N RH, (see [18]), where RH, denotes

the reverse Holder class. Another application of A; condition on w shows that

1 |2j+lB|ot/n
- dy<C-——— f d
|2/+IB|1—oz/n i+l lf()/) | V= W(2/+IB) e:28}}'11 W()/) /‘+1B lf(y)‘ 4

21+IB|a/n
=C- o </ If» |W(y)dy)

|2/+IB|a/n

W . Q(Wq(2]+1B)).

< CI N 26 ey -

In addition, note that w € RH,,. We are able to verify that, for any j € Z*,

Wq(2/+1B)l/q _ (/ w(x) dx) <C- |2/+1B|1/q—1 . w(2’+13),
2+1B

which is equivalent to

|2j+lB|oz/n - 1

w@"B) = wA@mB) (33)
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Consequently,

i w1(2*B))  wiA(B)Y

!
12 = C|I.f||/\/[1‘9(w,wq Wq(B)) Wq(21+lB)l/q'

=1

Recall that w? € A; C Ao, therefore, by using the D, condition (2.8) of 6 again, the in-
equality (2.2) with exponent §* > 0 and the fact that 0 <« <1/g, we get

o]

> WIRIB)  wB S wiB
0 (wi(B)) wi(2+1B)Va — = wi(2+1 B)la-+

00 |B| §*(1/q—«)
C;( )

0 1\ Wao
3 ()

<C, (3.4)

Jj=1

IA

IA

which implies our desired estimate I, < C|[f/| y164,44)- Summing up the above estimates
for I] and I}, and then taking the supremum over all balls B C R” and all o > 0, we finish
the proof of Theorem 2.2. O

4 Proofs of Theorems 2.3 and 2.4
To prove our main theorems in this section, we need the following lemma about BMO

functions.

Lemma 4.1 Let b be a function in BMO(R").
(i) For every ball B in R" and for all j € Z*, then

|byjig —bpl < C- (7 + 1|15l

(ii) Forl<g< o0, every ball BinR" and for all 1 € Aw, then

1/q
(/Ib(x) —bBIqu(x)dx) < ClIb|l - u(B)".
B

Proof For the proof of (i), we refer the reader to [19]. For the proof of (ii), we refer the
reader to [20]. O

Proof of Theorem 2.3 Let f € MP?(w?, w?) with 1 < p,q < 0o and w € A, ;. For each fixed

ball B = B(xo,7g) C R”, as before, we represent f as f = f; + fo, where fi = f - x28, 2B =
B(xo,2rg) C R”. By the linearity of the commutator operator [b,1,], we write

1/q
sy (B0 vwas)

7 1/q
< sy B LG w dx)
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q 1/q
W(ﬂ (b L)) wq(x)dx)

=h+ ).

Since w is in the class A, ,, we get w? € A; C Ay, by Lemma 2.1(i). By using Theorem 1.3,
the D, condition (2.8) of # and inequality (2.1), we obtain

T < W”[bl YA agua
<€ st ([ ol woer)
< ClF N et e iy - %
= Cl vt ey - %

< CIf Il pmpd () -

Let us now turn to the estimate of /. By definition, for any x € B, we have
|16, L)) ()| < |bx) - bg| - |[I.(B) )| + I (165 - b1f2) ()|

In the proof of Theorem 2.1, we have already shown that (see (3.1))

> 1
|Ia(f2)(x)| < C/ZZI: W ‘/;‘+13lf(y)|d)’.

Following the same argument as in (3.1), we can also prove that

|Iot([bB —b]fz)(x)| < /]Rn wdy

o =y
[bs - b(y)f )
c[ [=POWHN,
: /(w) wo g
CZw] |b) - bs| - [ ()] dy. (4.1)

Hence, from the above two pointwise estimates for |1, (f;)(x)| and |I,([bs — b]f2)(x)], it fol-
lows that

C 4y Ve [ 1
1 = s 0 s ) (3 g [ ol

wi(B)V1 i 1
g(wq(B))I/p |w+lB|l —a/n

[ toss = al- )]

wi(B)V1 & 1
2|

6(wi(B))? ~— |21\~ wnf [60) = by | - [ 0)] dy

=3+ J4+ 5.
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Below we will give the estimates of J5, /4 and J5, respectively. To estimate /3, note that
wl € A; C Ay with 1< g < 0o. Using the second part of Lemma 4.1, Hélder’s inequality,

and the A, ;, condition on w, we obtain

wi(B)a >0 1
Ja = Clbll - 5o iy (;mew)ldy)

Wq(B)l/q *© 1p
= Clbll - 5oy 2 Z |2/+1B|1 — (/ lf(y)lpwp(wdy)

1/p'
_p, d
) (/2/’+1B Wb/) y)

< CIF Nl pawt ooy X Z

Wq(21+lB))1/p Wq(B)I/q
Owa(B)>  wa(21B)Va

< CF Nl pwt ity

where in the last inequality we have used the estimate (3.2). To estimate /4, applying the
first part of Lemma 4.1, Hélder’s inequality, and the A, ;, condition on w, we can deduce
that

wi(B)Y4 = (+1)
Ja < Clibll - 5o o me o) dy

(B)'1 <~ G+1) w
<Clbl.- 9( o B))l,pz SB[ ( /y HBW)W@MO

1/p’
_p/ d
* (/2/*13 w(y) y)

N ,
L OWAMB)Y wA(B)Ya
< ClWF s ooy X D G +1) -
j=1

0(wi(B))lp ' wi(2H 1BV’

For any j € Z*, since 0 < w?(B) < w1(2*'B) < +00 when w¥ € A, with 1 < g < 00, by using
the D, condition (2.8) of # and the inequality (2.2) with exponent § > 0, we thus obtain

i (1) O(WADB)P  wA(B)V CZ(I w(B)Va-lp
+1)- . _wiB)TTE
j=1 G(Wq(B))l/p W+IB)1/q 2/+13)1/q K/p

[ |B| 8(1/g-«/p)
= CZ(]+ 1) <|2/+13|>

j=1

00 1 8(1/g-«/p)
SC;(""l) (2(/»+1)n)

<C, (4.2)

where the last series is convergent since the exponent 8(1/q — «/p) is positive. This im-
plies our desired estimate /4 < C||f[| o406 wa)- It remains to estimate the last term /5. An
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application of Holder’s inequality shows that

wi(B)M1 & Ip
H=C O(wi(B))\p £ Z |2/+1B|1 —aln (/ lf(y |pwp0’ d)’)

, ) 1/p
(/m |b(y) = byag|” W) dy) ’

If we set u(y) = w(y)‘l’/, then we have u € A, C Ay because w € A, by Lemma 2.1(i).

Thus, it follows from the second part of Lemma 4.1 and the A, ;, condition that

, 1y
([0 bssl urr)
2B

<Clbl, - n(2*'B)"

, 1/p’
~ciel. ([ worv'a)
+B

|2j+lB|1—0t/n

(4.3)

Therefore, in view of the estimates (4.3) and (3.2), we conclude that

wi(B)V1 &

Js = Il 5oy ) Z W,,(w B < / O w6 dy)

o O(Wq(Z/”B))l/p wq(B)l/q

< CW lswstwran X D =G e B B
j=1

< Clf l pmpt (w,way-

Summarizing the estimates derived above and then taking the supremum over all balls

B C R”, we complete the proof of Theorem 2.3. d

Proof of Theorem 2.4 For any fixed ball B = B(xy,rg) in R", as before, we represent f as
f =fi+fa, wherefi =f - xa8, 2B = B(xo,2rg) C R". Then, for any given o > 0, by the linearity

of the commutator operator [b,1,], we write

[ ({x e B |11 > o)

6(wi(B))
! . 1/q
= s V' (lxeB: BLIAE@] >0/2})]
! : 1/q
0(wi(B)) [w({x € B:[[b,L1(H))| > 0/2})]

=]+
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We first consider the term /. By using Theorem 1.4 and the previous estimate (2.11), we

get

/ 1 )
T an’< o )’W(x)dx

o F@I
=€ BB) /wq’( - ) W) dx

0(w1(2B)) 1 If (%)l
" Owi(B)  Owi(2B)) ZBCD( = )'W(")dx

6WI2B)  w2B) | ( Ifl )
o

=7 0w(B)  O(wi(2B))
Since w is a weight in the class A4, one has w? € A; C Ay, by Lemma 2.1(ii). Moreover,
since 0 < w?(B) < w(2B) < +0o when w? € A;, by the D, condition (2.8) of § and inequality
(2.1), we have

LlogL(w),2B

) wA(2B)" w(2B) If| ) }
C. . S|l —
h= wa(B)* {Q(Wq@B)) ” < 0/l p1ogLw),28
<c|o(D),
o M}:lgogL(w’Wq)

which is our desired estimate. We now turn to dealing with the term Jj. Recall that the

inequality
|16, 11(5)(x)| < |bx) - bp| - [L(f)*)| + | L ([bs - b1f) ()]

is valid. So we can further decompose J; as

h< (w;(B)) [ ({x € B+ |bx) — b| - L (£ )| > o 14)) ]
sy (b e - )0 > 18]
=T+ g

By using the previous pointwise estimate (3.1), Chebyshev’s inequality together with

Lemma 4.1(ii), we deduce that

, 1 4 v
1= sy L0l o] Wi as )

3 1 ol 1 . Vg
SCjzzl |2*1B|1-e/n Jyap o dy x (wi(B)) (/B|b(x)—b3| Wq(x)dx>

= 1 ol WHB
= CIbll 2 g oy @ )

Furthermore, note that £ < ®(¢) =t - (1 + log"* £) for any ¢ > 0. As we pointed out in Theo-
rem 2.2 that w? € A, if and only if w € A; N RH,, it then follows from the A; condition and
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the previous estimate (2.10) that

- | o)l wi(B)"
J3 < C,Zl |21 B|-aln /yug q)(?) DX B

00 |2]+1B|a/n ® ( If()’)' ) (y) Wq(B)l/q

<CZ

= w(2*B) Jyp 9(W”(3))
i < ) X|2/+IB|°‘/". wi(B)Y1
Llog L(w),2*1B 6(wi4(B))

| w(@"B) Ifl
- C;{Q(W,HB)) | H‘D(?)

|2}+1B|Dt/n Q(Wq(ZIHB))

LlogL(w),2*'B }

q B l/q.
@B o)
In view of (3.3) and (3.4), we have
]é . Cb(ﬂ) . 00 |2j+1B|a/n . G(Wq(2j+1B)) AB

- j+1

o M}’?ogL(Wqu) - w(2*1B) 0 (wi(B))
<c. ¢<ﬂ> f (WI(21B) _ wi(B)"
TN g™ 7 00AE) w B
e (2

o M%lengL(W’wq)
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On the other hand, applying the pointwise estimate (4.1) and Chebyshev’s inequality, we

get

) 1 4 1/q
Ji < m S (/’Ia([bB - b]fZ)(x)‘qu(x) dx)

wi(B)Y4

IA

wi(B)Va
( ) _Z|2}+IB|1—a/n/ |b(y) b2/*1B| lf()’)‘d)’

<
~ 0(wi(B))

oo

wi(B)'4  C 1 v

Q(Wq(B)) = 2/+1B|1—a/n

=]+ Jg.

6(w1(B)) _Z|2,+1B|1_a/n/ |60) = bs| - )| dy

For the term J, since w € Ay, it follows from the A; condition and the fact £ < ®(¢) that

C Wq(B)l/q o0 |2j+lB|a/n

]é <. Z - 2/‘+13|b(y) _by+lB| . Lf(y)|w(y)dy

o 6(wi(B)) 4

= w(2/*1B)

1/q ©° i+1 pla/n
wi(B)Va |2+1B| |b(y)—b2j+13| ([f(y ) wiy) dy.

= 'e(wq(B)); w(2*1B) Jynp
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Furthermore, we use the generalized Holder inequality with weight (2.9) to obtain
°(+)
o

Llog L(w),2*1B

) wWIBWYI X
s =C G ;|2}+ B 11b = bynigllexp 1,515

°(7)

In the last inequality, we have used the well-known fact that (see [17])

LlogL(w),2*1B

Wq(B)Uq = i+1 pl|a/n
< Clb].- > [2B[*"
0(wi(B)) <

||b - bB”eXpL(W),B < C”b”*; for any ball B C Rn. (4.4)

It is equivalent to the inequality

1 |b(y)—b3|> .
w(B)/BeXp< bl )OI =C

which is just a corollary of the well-known John-Nirenberg inequality (see [16]) and the
comparison property of A; weights. Hence, by the estimates (3.3) and (3.4),

2*1B
w B) o LlogL(w),Y*1B
aln
|21+IB| 0 (Wq(21+lB)) . Wq(B)l/q

w(2*1B)  0(w4(B))

<c lo S\ OWI(2*B))  waA(B)Y4
- H ( )HM * L Tgwa(B)  wa(2B)

Llogt W) 1

<< [o(T)] e
MLlogLWWq

For the last term J; we proceed as follows. Using the first part of Lemma 4.1 together with
the facts we A; and t < ®(¢) = ¢ - (1 + log* £), we deduce that

S B ! Vo)
]6 < C. wq(B)) Z(] + 1)||b||* ' 2/+1B|1 —a/n oytlg O d_)/
B4 & 2+ip|en
=C Z(J Diel. - 22 P2 o)y

q(B)) w(Z*B) Jynp ©

l/q 00 (]+1 |2;+1B|ot/r1 If'(y

Making use of the inequalities (2.10) and (3.3), we further obtain
o(7)
o

LlogL(w),2*1B }

]éf Z(] 1)i21+lB|a/n.

9(Wq (B))

= w2B) | (1]
< ,Z{ sosmy |°(+)

Llog L(w),2*1B
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|21+IB|ot/n Q(Wq(ZIHB))

. 1/
D gim  aemm) P
i 6AIB)  wAB)
=¢ HqD(;) HM;‘?ngL(W’Wq) ]XI:(] . O(wi(B)) . wi(2+1B)Va’

Recall that w? € A} C As with 1 < g < 0co. We can now argue exactly as we did in the

estimation of J, to get (now choose §* in (2.2))

oo

, OWi(2*'B))  wA(B)' wi(B)a~
Z(] + 1) ’ Q(Wq(B)) Wq 2}+]B)l/q CZ(] 1) q(Q/HB)l/q K

|B| (1/51*'()
= CZ(’ b (|21+13|)
00 1 §*(1/q—«)
=€) _G+D- (20—1)>
j=1

<C. (4.5)

j=1

Notice that the exponent §*(1/q — k) is positive by the choice of «, which guarantees that
the last series is convergent. If we substitute this estimate (4.5) into the term Ji, then we

get the desired inequality

8200 )] g

This completes the proof of Theorem 2.4. g

5 Proofs of Theorems 2.5 and 2.6

Proof of Theorem 2.5 Let f € MP?(w?,w?) with 1 < p,q < oo and w € A,,,. For any given
ball B = B(xy, rg) in R”, it suffices to prove that the following inequality

;7' /B Laf () = (Uuf)a dx < I L crsurmn (5.1

holds. Decompose f as f = fi + fo, where fi =f - xap, fo =f - X@aB)c, 4B = B(xo,4rp). By the
linearity of the fractional integral operator I, the left-hand side of (5.1) can be divided

into two parts. That is,

;7' / |Lf (%) = (Lof )| dx

<5 / LA~ Ufs s + / lfo(0) — (Uuf)s|

=1+11.
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First let us consider the term I. Applying the weighted (L?,L7)-boundedness of I, (see
Theorem 1.1) and Hélder’s inequality, we obtain

_%ﬁwmm

1/q 1/q
< % (/];‘qul(x”qwq(x) dx) (fB w(x)_q/ dx)
1/p 1/q
< % ( A ) If ()| wP (x) dx) ( /B w(x) ™ dx)

Wq(4B)K/p o 1/q
< Clf ll cow (we,way - B (/ w(x)™? dx) .
B

Since w is a weight in the class A, ;, one has w? € A; C A, by Lemma 2.1(i). By definition,
it reads

L . d )Uq(i . 7q//qd >l/q/
Qmﬁww)x |&£W“” X)) =C

which implies

o\ 1|
(/B w(x) dx) <C- B (5.2)

Since w? € A; C Ao, w7 € A,. Using the inequalities (5.2) and (2.1) and noting the fact
that « = p/q, we have

wi(4B)V4

I < Cllfll cox wo,way - W

< CIlf ll cox (we way-

Now we estimate /I. For any x € B,

Lo @) = (Uef2)s| = ‘ﬁ /B[quz(x) —Iofz(y)]dy’

1 ) .
1Bl - dzbd
L e st

1 1 1
. . dzt dy.
=Bl B{fimc el Z} 7

=zl Jy -zl
Since both x and y are in B, z € (4B)¢, by a purely geometric observation, we must have

|x — z| > 2|x — y|. This fact along with the mean value theorem yields

Clx-al
- sl = [{ [ P ol def
sc/ — B |f(9)| dz

aB)c |z — x|

Z |?/+IB|1 19+l R|1-aln 9+l lf(Z)| dz. (5~3)
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Furthermore, by using Holder’s inequality and the A, , condition on w, we get, for any
x € B,

=1 1
Lfo(x) = Lofo)s| < CZ 7 B
=

1/p , 1/p
<[ rorwos) ([ wos)
2j+lp 2oj+lp

1 Wq(2j+1B)K/p
2 Wq(w#lB)l/q

¢

< CIlf Il co we,way -

T
)

Nk
N =

= Cllf Il cowe (b way -
j

I
5]

= C”f”ﬁp"((wp,wq)' (54)

From the pointwise estimate (5.4), it readily follows that

1
- [ 19~ Uefda] ds = CI o
B
By combining the above estimates for I and II, we are done. O

Proof of Theorem 2.6 Let f € £P®(R") with 1 < p < co. For any given ball B = B(xy, r) in
R”, it is sufficient to prove that the following inequality

1
m v/‘;(xo’rB) quf(x) - (Iu(f)B‘ dx < C”f”[',l"@(R") (55)

holds. Decompose f as f = fi + fo, where fi = f - xap, f2 =f - X(@aB)c> 4B = B(x0,47p). As in the
proof of Theorem 2.5, we can also divide the left-hand side of (5.5) into two parts. That is,

1
1B(xo, 8)] ~ Uof)s| d
|B(xo,75)| fB(xo,rB> |Lef (%) = (o )| dx

|Lfi (%) — (Lofi)5| dx + |Lufo(x) — (Lfo)B| dx

el el
< -
- |B(x0’r3)| B(xo,rB) |B(x0!r3)| B(xo,rB)

=1 +1II'.

First let us consider the term I'. Since I, is bounded from L?(R") to L9(R”), by Holder’s
inequality, we obtain

2
r<_ % / Lfi(@)| dx
|B(x0,78)| B(XOJ”B)’ ‘

2 l/q ) 1/q
< 7</ |Iu(f1(x)|qu> (/ 11 dx)
|B(x0,78)| B(x0,7B) B(x0,rB)

C ) 1/p »
= Bl (%) dx) B(x9,78)
|B(x0,7B)| <v[g(x0‘4r3)v ‘ | 0,7B ’

O (4rp)'?

= C”f“[}ﬂ,@(Rn) . 7|B(x0,r3)|1/‘1 .
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Applying our assumption (2.12) on ®, we further have

(4rg)™1

/
I < C”f”ﬁp,@(Rn) . W = C|lf||[}7’®(]R”)‘

On the other hand, in Theorem 2.5, we have already shown that, for any x € B (see (5.3)),

* 1 1
L) - Uaf)s| <CY o - / ()| dz.
’ 0¢f2 qu B‘ FZZ 2 |B(x0’2/+1r3)|1—a/n B(x0,2/+1r3)lf |

Moreover, by using Holder’s inequality and the assumption (2.12) on ®, we can deduce

that
o) — o)
© 4 1 » Vp i1 1y
<Y g ([ @) dz) Blxo,2"'rs
; 2 |B(x0,2/+1r3)|1"‘/”< B(xg,Qj*er)lf | | ( )|
0o .
1 @(2/+er)l/p
< C ,0(rny X ~i i
= ”f”[}’()(]R ) FZZ 9 |B(x0’2/+1rB)|l/p7a/n
oo .
1 (2}+1rB)n/q
<C 0 (1) X 5 Thre ailoNla
TS LA L
< Clfll zro .-
Therefore,

1
m-—1 / L@ - Uufs)s| dx < CI Il oo ey
|B(x0,78)| B(xo,r3)| ’ LPEEY
By combining the above estimates for I’ and II’, we are done. O

6 Partial results on two-weight problems

In the last section, we consider related problems about two-weight, weak type norm in-
equalities for I, and [b, I,]. In [21], Cruz-Uribe and Pérez considered the problem of find-
ing sufficient conditions on a pair of weights (u, v) which ensure the boundedness of the
operator I, from L?(v) to WL?(u), where 1 < p < 0o. They gave a sufficient A,-type condi-
tion (see (6.1) below), and proved a two-weight, weak type (p, p) inequality for I, (see also
[22] for another, simpler proof), which solved a problem posed by Sawyer and Wheeden
in [23].

Theorem 6.1 ([21, 22]) Let 0 < @ < nand 1< p < 0o. Given a pair of weights (u,v), suppose
that, for some r > 1 and for all cubes Q,

1/(rp) 1/p/
|Q|a/n . <ﬁ/{;u(x)’dx) : (lla /;ch)_p//p dx) <C<oo. (6.1)

Then the fractional integral operator 1, satisfies the weak type (p, p) inequality
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u({x eR": |qu(x)| > o}) < S/ [f(x)|pv(x)dx, foranyo >0, (6.2)
oP R”

where C does not depend on f and o > 0.

Moreover, in [24], Li improved this result by replacing the ‘power bump’ in (6.1) by a
smaller ‘Orlicz bump’ On the other hand, in [25], Liu and Lu obtained a sufficient A,-type
condition for the commutator [, I, ] to satisfy the two-weight weak type (p, p) inequality,
where 1 < p < oo. That condition is an A,-type condition in the scale of Orlicz spaces (see
(6.3) below).

Theorem 6.2 ([25]) Let 0 < <n,1<p <00 and b € BMO(R"). Given a pair of weights

(1, v), suppose that, for some r > 1 and for all cubes Q,

1 1/(rp)
0 (< [ty as) = < ©3)
i ,

where A(t) = ' (1+ log* tY'. Then the linear commutator [b, 1] satisfies the weak type (p, p)

inequality
n C »
u({x eR": [[b,L1(N)| >0}) < o /Rn [fx)|["v(x)dx, foranyo >0, (6.4)

where C does not depend on f and o > 0.

Here and in the following, all cubes are assumed to have their sides parallel to the co-
ordinate axes, Q(xo,¢) will denote the cube centered at xy and has side length £. For any
cube Q(xp,£) and any A > 0, we denote by AQ the cube with the same center as Q whose
side length is A times that of Q, i.e., AQ := Q(x¢, 1£). We now extend the results mentioned

above to the Morrey-type spaces associated to 6.

Theorem 6.3 Let 0 < o < n and 1 < p < 00. Given a pair of weights (u,v), suppose that,
for some r > 1 and for all cubes Q, (6.1) holds. If 0 satisfies the D, condition (2.8) with
0 <« <1and u € A,, then the fractional integral operator I, is bounded from MP° (v, u)
into WMPP (u).

Theorem 6.4 Let 0 <a <n,1< p < oo and b € BMO(R"). Given a pair of weights (u,v),
suppose that, for some r > 1 and for all cubes Q, (6.3) holds. If 0 satisfies the D, condi-
tion (2.8) with 0 <k <1 and u € Aw, then the linear commutator [b,1,] is bounded from
MPO (v, u) into WMP? (1).

Proof of Theorem 6.3 Let f € MP?(v,u) with 1 < p < co. For arbitrary x, € R”, set Q =
Q(xp, £) for the cube centered at x, and with the side length £. Let

f=fxq+f Xeq=hA+/
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where x5 denotes the characteristic function of 2Q = Q(x, 2£). Then, for any given o > 0,

we write

1
0w Q)
1
o)’
1
T oy’

=K + Ks.

[u({x € Q: [L(N@] > })]"™”

[u((r < Q: [L)@)] > /2))

=<

[u({x € Q: LB > a/2})]"

Using Theorem 6.1, the D, condition (2.8) of 6 and inequality (2.1) (consider cube Q in-
stead of ball B), we get

1 » 1/p
K<C- W(LHVI(X” V(x)dx)

1 » 1/p
S ( f2 NSRS dx)

0(u(2Q))V?
< CIFl pmt sy - Bu(Q)r

2 klp
< CIf vt vy - %

< CIf 1l pmt -

As for the term K5, using the same methods and steps as in dealing with /5 in Theorem 2.1,

we can also obtain, for any x € Q,

= 1
|10t(f2)(x)| =< C]ZZI: W /;jﬂQlf()/” dy. (6.5)

This pointwise estimate (6.5) together with Chebyshev’s inequality implies

2 » 1/p
Ky < W : (/;|Ia(fZ)(x)| u(x) dx)

w(Q)"? 1
¢ ; dy.
=< 0 (u(Q))Vr Z PR /QNQV(J’” Y

j-1

Moreover, an application of Holder’s inequality shows that

[e¢]

w(Q)"” 1 , “”
O T e U GCTE)

j-1

) 1/p’
X (/ V(y)—p Ip dy)
2j+lQ

w(QM 02 Q)VP ( / /I )W
. o ’ ) )
< Hf”MP (v,u) Q(M(Q))l/p ]le: |Q/+1Q|1—a/n X 2j+1QV(Y) Y
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For any j € Z*, since 0 < u(Q) < u(2*1Q) < +00 when u is a weight function, by the D,

condition (2.8) of & with 0 < k <1, we can see that

Q(M(szQ))l/p - u(2j+1Q)K/p (6 6)
Q)P — u(Qxr '

In addition, we apply Holder’s inequality with exponent r to get

‘ . u 1/r
Q)= [ uar<pral ([ woray) (67)

Hence, in view of (6.6) and (6.7) derived above, we have

00 _ ; 1/p

u(@QUIP w21 Q)M / - g
K<C , , L= Ly
2 = Clf l mpt v 1:21 W(ZQI | [yriQpian 2;+1Qv(y) y

o u(Q)(l—K)/p |2j+1Q|1/(r’p)
< CIF Nl pwt v,y E il ey
g 1)/, 1O)1-a/
@ QII |2 Qfedn

1/(rp) , 1/p
x ( / u(y)’dy) ( [ e dy)
2/'+1Q Qj+1Q

oo
u(Q"
< Clf iy X 3 =i,
g (1-k)/
o QU

The last inequality is obtained by the A,-type condition (6.1) on (i, v). Furthermore, since
u € Ay, we can easily check that there exists a reverse doubling constant D = D(x) > 1
independent of Q such that (see Lemma 4.1 in [10])

u(2Q) > D - u(Q), foranycube QCR”,

which implies that, for any j € Z*, u(2/*1Q) > D'*! - u(Q) by iteration. Hence,

o wQNI S w@ N\
2w = ;(ml : u(Q))

o 1 (1-x)Ip
Z (m) <C, (6.8)

j=1

~

where the last series is convergent since the reverse doubling constant D >1and 0 <« < 1.
This yields our desired estimate Ky < C||f|| p4p#,,,)- Summing up the above estimates for
Kj and K3, and then taking the supremum over all cubes Q C R” and all o > 0, we finish
the proof of Theorem 6.3. O

Proof of Theorem 6.4 Let f € MP?(v,u) with 1 < p < co. For an arbitrary cube Q = Q(xo, £)

in R”, as before, we set

f=h+f  fi=f e  L=f Xeqr
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Then, for any given o > 0, we write

1
0w Q)
1
0w Q)
1
"oy’

= K| + K.

[u(fx € Q:|BLINW] > })]"”

[u(fx € Q: |6, LI > 012})]”

[u({x € Q: b, LIA )| > 02))]”

Applying Theorem 6.2, the D, condition (2.8) of § and inequality (2.1) (consider cube Q
instead of ball B), we get

/ 1 » 1/p

1 , 1/p
~C By (/QQ v dx)

6(u(2Q)"?
SQWWMM“ﬁﬁﬁﬁ
2 /(/p
< CIlf l ppt vy - %

< Clfll ppt -

Next we estimate KJ. For any x € Q, from the definition of [, ],], we can see that

|6, L1(5)(x)| < |b() — bo| - L. () )| + | L. ([bo - b1f) )|
= &%) + n(x).

Consequently, we can further divide K7 into two parts,

, 1
K = gy [nllx e Q6@ >0/a)”

’ Wf’ [u(freQ:n@) >o/a})]"”

=Kj + Kj.

For the term Kj, it follows from the pointwise estimate (6.5) mentioned above and Cheby-
shev’s inequality that

/ 4 P v
K< G ( /Q 1£6o) ) dx)

C » Vp 1
< 07(M(Q))l/p . (/;|b(x)_bQi M(?C) dx) X (Z W /2/+1QV(Y)|dy)

j=1

wQM & 1
< C. Q(M(Q))I/p Z |2j+1Q|1—a/n »/2/+1QV(Y)| dy,

j-1
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where in the last inequality we have used the fact that Lemma 4.1(ii) still holds when B re-
placed by Q and u is an A, weight. Repeating the arguments in the proof of Theorem 6.3,
we can show that K3 < C||f || pp6(y,.,)- As for the term K, we can show the following point-

wise estimate in the same manner as in the proof of Theorem 2.3:
n(x) = L ([bq - blf2) &)

- 1
= C}XI: |ZQaln fMQVﬂ(y) ~bo| - |f )| dy.

This, together with Chebyshev’s inequality yields

) 4 » 1/p

71(0) R — 1
: 'W'ZWLHQIM-%I-W)/@

j=1
uQ" & 1 ,
< 'W'%WLAQ"’”"””“Q"W’W

uQ" & 1 |
ve 0(u(Q))Vr £ Qe /2/‘+1Q by = bal - [f()| dy

=K, + K.

An application of Holder’s inequality leads to

: wQ" 1 » e
K5=C G 2 g (/WQW” et )

Jj=1

, ) 1/p
x ( / 16) - by Vi) dy>
W'HQ

wQ" o 0@ Q)
’ 0(u(Q))r ' = |21 QL-/n

=< C|[f||/\/1p,9(v,u)

x [22Q" 6= byig) v g gy

where C(¢) = 7 is a Young function. For 1 < p < 0o, we know the inverse function of C(t)
is C1(¢) = £7'. Observe that

1/p’

) =1 = x (1+log*t) = A7(t) - B\(t),

1+loght

where

A@t) ~ ¢ (1 +log* t)p/ and B(t)~e -1
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Thus, by inequality (2.4) and the unweighted version of inequality (4.4) (when w =1), we

have

[ = byg) - v || 0 = Cllb = bymglip g - [V gy

<C|b]l«- ”V_l/p ”A,Q}‘HQ'

Since u is an A, weight, one has u € A,. Moreover, in view of (6.6) and (6.7), we can

deduce that

, 0 M(2j+lQ)K/p M(Q)l/p y
K5 = CUbII s o D e rigumarn 17" lar

j=1
oo
M(Q 1 i)
< CUBIL 1 g2 ZW
/ 1/(rp)
11 |/n -1/
<20 (g Loy ) 1L
< u(Q

= C”f”MP:@(vu) § 1
— g (1-«)/,
o w2 QEIr

= CHf”MPﬂ(v,u)'

The last inequality is obtained by the A,-type condition (6.3) on (i,v) and the estimate
(6.8). It remains to estimate the last term K¢. Applying Lemma 4.1(i) (use Q instead of B)

and Holder’s inequality, we get

/ ”(Q)”" G+ D)l
Ko = (u(Q))ir £ Z |21 Q|i=a/n /Q/HQV(Y)’ dy

- u(QM G+ Dbl ( » )”’”
u(Q))l/p Z |2j+1Q|1—a/n /2j+1Qlf(y)| V()/) dy

) 1/p’
X (/ v(y) PP dy)
2/'+1Q

wQ" & (2 Q)"
Q) 4 Z(’ ' W

) 1/p’
X (/ v(y) PP dy) .
2/'+1Q

Let C(¢), A(t) be the same as before. Obviously, C(¢) < A(¢) for all ¢ > 0, then it is not
difficult to see that, for any given cube Q C R”, we have ||fll¢c,o < I|fll.4,0 by definition,

= C|If||/\/[1’v9(v,u) :

which implies that condition (6.3) is stronger than condition (6.1). This fact together with
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(6.6) and (6.7) yields

S (Q)(l—x)/p u(2j+1 Q)l/p

Ké = CHf”Mp,Q(Vu Z 1 (1- i
= )/ 10)|1-a/
20T Qi Qe

) 1/p’
(! >
Qj+1Q

00 (Q)(I—K)/p |2j+1Q|1/(r’p)
=< C“f”/\/[l’vg(vu Z 1 (1-k)/, ’ i+1)|1-a/n
20D Qi Q)
1/(rp) , up'
([, o dy) ( W07 dy)
2+1Q 2+1Q
> (Q)(H)/p

= Clflvwsan 20+

j=1

(2/+1 Q) (1-«)

Moreover, by our additional hypothesis on u : u € A, and inequality (2.2) with exponent
8 > 0 (use Q instead of B), we finally obtain

=, w(Q)-)p QI 4P
S e CZo D ()

j=1
8(1-«)/p
<CZ(]+1) (2(”1 )

=G

which in turn shows that Kg < C||f || pp6(,,,)- Summing up all the above estimates, and
then taking the supremum over all cubes Q C R” and all ¢ > 0, we therefore conclude the
proof of Theorem 6.4. d

In particular, if we take 0(x) = 2 with 0 < « < 1, then we immediately get the following

two-weight, weak type (p, p) inequalities for I, and [, I,,] in the weighted Morrey spaces.

Corollary 6.1 Let1<p<00,0 <« <landO0 <« < n. Given a pair of weights (u,v), suppose
that, for some r > 1 and for all cubes Q, (6.1) holds. If u € A,, then the fractional integral
operator I, is bounded from LP* (v, u) into W LP*(u).

Corollary 6.2 Letl<p<00,0 <k <1,b € BMOR") and 0 < « < n. Given a pair of weights
(u,v), suppose that, for some r > 1 and for all cubes Q, (6.3) holds. If u € A, then the linear
commutator [b,1,] is bounded from LP*(v,u) into W LP* (u).

Competing interests
The author declares that he has no competing interests.

Acknowledgements
The author would like to express his deep thanks to the referee for his careful reading and many valuable remarks.

Received: 6 August 2016 Accepted: 15 December 2016 Published online: 03 January 2017



Wang Journal of Inequalities and Applications (2017) 2017:6 Page 33 of 33

References

1.
2.

3.

w

10.
. Muckenhoupt, B: Weighted norm inequialities for the Hardy maximal function. Trans. Am. Math. Soc. 165, 207-226

12.
13.

14.
15.

16.
17.

22.
23.

24.
25.

Stein, EM: Singular Integrals and Differentiability Properties of Functions. Princeton University Press, Princeton (1970)
Muckenhoupt, B, Wheeden, RL: Weighted norm inequalities for fractional integrals. Trans. Am. Math. Soc. 192,
261-274 (1974)

Segovia, C, Torrea, JL: Weighted inequalities for commutators of fractional and singular integrals. Publ. Mat. 35,
209-235 (1991)

. Chanillo, S: A note on commutators. Indiana Univ. Math. J. 31, 7-16 (1982)
. Cruz-Uribe, D, Fiorenza, A: Weighted endpoint estimates for commutators of fractional integrals. Czechoslov. Math. J.

57(132), 153-160 (2007)

. Cruz-Uribe, D, Fiorenza, A: Endpoint estimates and weighted norm inequalities for commutators of fractional

integrals. Publ. Mat. 47, 103-131 (2003)

. Morrey, CB: On the solutions of quasi-linear elliptic partial differential equations. Trans. Am. Math. Soc. 43, 126-166

(1938)

. Mizuhara, T: Boundedness of some classical operators on generalized Morrey spaces. In: Harmonic Analysis, ICM-90

Satellite Conference Proceedings, pp. 183-189. Springer, Tokyo (1991)

. Nakai, E: Hardy-Littlewood maximal operator, singular integral operators and the Riesz potentials on generalized

Morrey spaces. Math. Nachr. 166, 95-103 (1994)
Komori, Y, Shirai, S: Weighted Morrey spaces and a singular integral operator. Math. Nachr. 282, 219-231 (2009)

(1972)

Lu, SZ,Ding, Y, Yan, DY: Singular Integrals and Related Topics. World Scientific Publishing, Hackensack (2007)
Garcia-Cuerva, J, Rubio de Francia, JL: Weighted Norm Inequalities and Related Topics. North-Holland, Amsterdam
(1985)

Rao, MM, Ren, ZD: Theory of Orlicz Spaces. Dekker, New York (1991)

O'Neil, R: Fractional integration in Orlicz spaces. I. Trans. Am. Math. Soc. 115, 300-328 (1965)

John, F, Nirenberg, L: On functions of bounded mean oscillation. Commun. Pure Appl. Math. 14, 415-426 (1961)
Zhang, P: Weighted endpoint estimates for commutators of Marcinkiewicz integrals. Acta Math. Sin. Engl. Ser. 26,
1709-1722 (2010)

Johnson, R, Neugebauer, CJ: Change of variable results for A, and reverse Hélder RH, classes. Trans. Am. Math. Soc.
328, 639-666 (1991)

Stein, EM: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Princeton University
Press, Princeton (1993)

. Wang, H: Boundedness of fractional integral operators with rough kernels on weighted Morrey spaces. Acta Math.

Sin. 56, 175-186 (2013)

. Cruz-Uribe, D, Pérez, C: Two-weight, weak-type norm inequalities for fractional integrals, Calderén-Zygmund

operators and commutators. Indiana Univ. Math. J. 49, 697-721 (2000)

Cruz-Uribe, D: A new proof of weighted weak-type inequalities for fractional integrals. Comment. Math. Univ. Carol.
42,481-485 (2001)

Sawyer, ET, Wheeden, RL: Weighted inequalities for fractional integrals on Euclidean and homogeneous spaces. Am.
J.Math. 114, 813-874 (1992)

Li, WM: Two-weight weak type norm inequalities for fractional integral operators. Acta Math. Sin. 50, 851-856 (2007)
Liu, ZG, Lu, SZ: Two-weight weak-type norm inequalities for the commutators of fractional integrals. Integral Equ.
Oper. Theory 48, 397-409 (2004)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Weighted inequalities for fractional integral operators and linear commutators in the Morrey-type spaces
	Abstract
	MSC
	Keywords

	Introduction
	Statements of the main results
	Notations and preliminaries
	Morrey-type spaces

	Proofs of Theorems 2.1 and 2.2
	Proofs of Theorems 2.3 and 2.4
	Proofs of Theorems 2.5 and 2.6
	Partial results on two-weight problems
	Competing interests
	Acknowledgements
	References


