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1 Introduction

In the research in the multiple importance sample Monte Carlo integration problem [1-3],
we were confronted with several inequalities relating harmonic means, which were either
described in the literature [4—7] or easy to prove from it. However, we were unable to find
in the literature the following inequality (we give in an Appendix an interpretation of this

inequality), which we conjectured was true.

Conjecture 1 For {b;} a sequence of M strictly positive numbers, and C > 0, we have

H{{bx(br + )W) _ H{(bx + C)br + O)))
H({bi}) - H({bx + C}) ’

where H stands for harmonic mean.
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Observe that if we use the following weights:

H({be + C)) -
SR wh -1,
o Mt O) where ;ak (2)
and
M
o) = H]S[ZZ})’ where Za,/( =1 (3)
k=1

then equation (1) can be written as an inequality between weighted harmonic means,
H({(bk+C)/Ol;(}) EH({(bk+C)/ak}) (4)

Observe also that

o by bi+C
bi<b4 —l:—}> J :—l, 5
- = Ol; bi_bi+C Q;j ()

and as b; < b; & b; + C < b; + C we can state that, for any sequence {b;} of strictly positive
numbers, the weights {o;} and {«; } in equations (2) and (3), with C > 0, fulfill the following
condition:

Y(bi,b), bi<b = o>l (6)
We will see in next section that this condition is sufficient for Conjecture 1 to be true.

2 Results: inequalities for generalized weighted mean
2.1 A new inequality for generalized weighted mean
By taking the {a} to be any weights obeying equation (6) we generalize Conjecture 1 to

the following theorem.

Theorem 1 Counsider a sequence of M strictly positive numbers {by} and strictly positive
weights {o}y and {o}}, Yo =1, ", oy = 1. Consider that the weights {oy} and {a}} obey
the following condition:

V(bi,b), bi<b = ajlo;>al. )

Then the following inequality holds:

1 1
< )
Zﬁl oy /i Zﬁl oy /by

(8)

or, equivalently,

H(bilay) < Hbelay). )
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Without loss of generality we can assume the sequence {b;} is given in increasing order.
In that case condition (7) is equivalent to

Y(i,j), 1<ij<M,i<j = a;/a; > ajla. (10)
Let us prove first the following lemma.

Lemma 1 Obeying condition in equation (7) implies that

oy < (1)
Proof Effectively, using equation (7),

/ !/
o1 apr10
IS 1M+___+ M-1%pp ’

l=oj+ -+« ta
1 M= M
M oM
/ /
o o
Z—M(Ol1+"-+OlM)=—M. (12)
oM oM
In a similar way we can show that o] > o;. O

We prove now Theorem 1 under the {b;}-increasing condition:
Proof Now, if we prove that

M o
%k Xk
PE D B (13)

M
k=1 k=1

we will have proved equation (8).
Proving equation (13) for M = 2 is easy:

/ / / / /
o o o1 0y o] — 0] Oy —0y O — 0 + 0ty — 0y

b by \b by by by, - by

where the inequality is obtained because from equation (11), &; —a; > 0 and 0 < b; < b,.
Let us use induction for M > 2 z e., assume that equation (13) holds for M—1, M > 3 and

take as weights {775~} and {7} (they add to 1 as Sitagr=1—ay, and Y2 ) =
M
1-o),). These welghts fulfill condltlon (7), and thus
1 ay ap-1 ) 1 (05{ Uy )
_— =+ < — =+ + . (15)
(I—ap) (bl by (I —oap) \ by by

Changing of side the divisors and adding «),/by to the left and right members,

, o OpM-1 O[M
1- .
( “M)<h1+ +bM_1) bt

<(1- on)<Z— oot 25\\441) + Z—AA//I[. (16)
1 -1
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After reorganizing terms, and adding and subtracting a,;/b,, we obtain

o) oy o oy
by by \bi by
’ ’ ’ / ’
M o Op0 — O, 00 OpMOar 1 — OO A[—1
Z__+_M+%+...+ M-1 M . (17)
by bu by by

Observe now that both by the condition on the weights
apo —ayen >0, e UMy 1 — CpsOp—1 > 0

and by the ordering of the {br}, 0 < by < by <--- < by, we can write

/ ’ ’ ’ ’
(0574 (2574 + MOy — Oy 00 + + OMOpr_ 1 — Op0p-1

-—
by bu by by
> _ay . % . QMO — OO0 + -+ + OOy — OO _o, a18)
proving thus equation (13) for any M. d

Corollary 1 A sufficient condition for strict inequality in equation (9) is that by < by (i.e.,
the non-trivial case) and oy — a0 > 0.

Proof Observe that oy — a0 = 0 would imply, from equation (11), that o; = o and
ay = oy, and applying condition (7) with i = 1 we would obtain o; > o} for all j > 1. Using
the factthat } ;0 = ) ;o =1 we immediately arrive at o; = &} for all j, thus the trivial case.
If we exclude this trivial case the inequality (13) is strict. O

Corollary 2 Given a strictly positive sequence {by}, and ky > 0, ky, C1, C, > 0, we have

H({b(kiby + C1)}) - H({(kobi + Co)(kiby + C1)})

< 19)
H({bi}) H({(kebi + C)})
Proof Consider the strictly positive sequence {(k;bx + C1)} and the weights
, H({bi})
.= ) 2
“= i 20)
_ H{(kab + &)
! M(kzbl' + Cz) ’
then we have
V(i) ((kbi+C) < (kbj+C)) < (bi<b)
O[; b,‘ (kzbj + Cz) o (21)
= =z =
of b~ (kbi+C) o 0

Observe that Conjecture 1 is a particular case of equation (21) when k; = ky =1, C, = C;.
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Other interesting cases are when k; = 1,k = 0:

H([balbe + ©)) = H (b)) H([(br + O)), (22)
and when k1 =1,k =0,C; = 0:

H({B7)) = (H((B}), (23)

a result that can be immediately derived from the inequality between power means with
orders —1 and -2 [6]. Finally, taking k; = 1,k; =1,C; = 0:

HbEY) _ H({bilbi + C)Y)

< . (24)
H({beh) = H{(br + O)))
Corollary 3 Given a strictly positive sequence {by}, for any y, we have
A DR = (({80)) (25)
Proof Taking as weights
. H{BY)
== bz , (26)
LA )
Ok =—""T
Mby,
we have
o b b7

Observe that for y = 1 we reproduce again equation (23). Observe also that taking y = 0
we get the well-known inequality

H({b}) < A({bi})s (28)
where A({b}) = (H({b;'}))™ is the arithmetic mean of {by}.

Corollary 4 Given a strictly positive sequence {by}, and y1,y,, such that y1,y, > 0, the
following inequality holds:

H({pi ) = H({BE DR )- (29)
Proof Consider the sequence {b}'}, and take as weights

. HWBRY

Olk = M—bl}?, (30)

A = I/M,
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we have

>1= -, (31)
O

bi<b & b'<b' =

Let us see now that Theorem 1, for the weighted harmonic mean, also holds for the
weighted arithmetic mean.

Theorem 2 Counsider a sequence of M strictly positive numbers {by} and strictly positive
weights {ai} and {a}, Y o =1, o = 1. If the weights {ay} and {c} obey the following
condition:

V(bi,b/), b; < bj = Oll/r/(l{]{ > O{i/()tl', (32)

then the following inequality holds:
Z a/ibk < Z by, (33)
k k

or equivalently

.A({ot,'(bk}) < A({akbk}). (34)
Proof As A(faxbi}) = (H({b; /o)™ it is enough to prove

H({be o)) = H({B e }). (35)
Observe now that

bl<b' & bi<b = algzaly & ol >l (36)

and thus we can apply Theorem 1 to the sequence {b;'} with switched weights (i.e. with
{ar;} and {0y} instead of {orx} and {a}) to obtain equation (35). a

Remark 1 We can relax from Theorem 2 the positivity condition for sequence {b}. In-
deed, for any C,

(Z Ol],(bk < Zakbk> = (Z Ol]/((bk + C) < Zak(bk + C)) (37)
k k k k

and
Y(bi,b)), bi<b;j <& bi+C<bj+C. (38)
The next corollary is the equivalent of Corollary 1.

Corollary 5 A sufficient condition for strict inequality in equation (33) is that by < by (i.e.,
the non trivial case) and oy — oy 04 > 0.
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Proof From equation (35) and equation (36), we apply Corollary 1 to the sequence {b;'}
with weights {o; } and {a}. As the ordering is the reverse of {b;}, and weights are switched,
o would take the role of o and vice versa, and the same with o}, and ;. O

Corollary 6 (Chebyshev’s sum inequality) Given the sequences {x; > xy > -+ > xp >
0}, {1 = y2 > -+ > yy > 0} the following inequality holds:

A({xiyed) = A({x}) A((i})- (39)

Proof Consider first the minimum index, M* < M, so that all x, i are strictly positive,
the sequence {xk}ﬁ*l, and weights

a) =1/M*, (40)
O = Tk
Zﬁl)’k

As both sequences {xk}ffl and {yk}kM:1 are in the same (decreasing) order, we have

o o .
X% & yisy = a—‘,:lzj:%, (41)
i j J

and we can apply Theorem 2 to obtain

P 20 22”11 X
)
Zk 1Yk M~

Zxk}’k =0 kZl:xk Z:yk

(42)

Suppose now without loss of generality that the minimum index M* corresponds to the

{xx} succession. We can write

M M

- 1
Zxkyk - Zxkyk > F Zxk DMZ D D Yo (43)
k=1 k=l k=1
where the last inequality happens because the {y,} is a decreasing sequence. O

Corollary 6 can easily be extended to the following one.

Corollary 7 (Chebyshev’s sum inequality extended) Given the positive sequences {x1,xz,
coXmb Y2, - ym ), then the following holds:
If both sequences are sorted in the same order then

Ay} = A({x}) A({ed).- (44)
If in addition they are strictly positive

A({oe/yi}) < A({xic}) A({179i3). (45)
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If both sequences are sorted in opposite order then

A({xiyed) < A({xe}) A((ie})- (46)

Ifin addition they are strictly positive

A({xelyic}) = A(foe}) A({1y}). (47)

Corollary 8 (Cauchy-Schwartz-Buniakowski inequality) Given the sequences {x1,x,
e b, 11, Y25 - Yy} the following inequality holds:

<Xk:xi> <Xk:yi> = <Xk:xk3’k>2' (48)

Proof Consider first the sequences of absolute values {|xy|, |%al,..., [%acl}, {y1ls 1215
lyam|}. Reorder the sequences so that the zero values are at the end, and be M* the mini-
mum length of non-zero values. Consider now the sequence {|xx|/|yx|} and the weights
|yk|2

M* ’
2k el

k| 1yx|
=

2 ken [l |yl

oy = (49)

k

ivi il < 1l il o lillyil
Trivially, 2l < 9! & o'/ = WL > Billil _ o /4. and we can apply Theorem 2
Vbt S g & il = 2 Ry = iley, pply ,

(Smin) = (o) (L), o
(im)z < (kﬁj |xk||yk|)2 - (kij |xk||yk|)2 - <§ W) (i W)

B B0 -

A({b}}) = 1/H({b,”}) and reciprocally, Corollary 6, applied to sequences {b}'},{b}*},
1,1 > 0, together with Corollary 4, allow us to establish the following corollary.

Corollary 9 Given a strictly positive sequence {by}, and y1, y» both positive or negative, the
following inequalities hold:

A({8 ) = A{Bit DA{EE ), (51)
H({pd ™)) = H({Bd DA )

~—

Observe that we can only guarantee that equation (51) hold when both y4, 5 are of the
same sign. For instance, taking y; = y = —y, we can easily check that equation (51) would
read H({b]}) > A({b]}), which is false in general (rather what is true is the inverse in-
equality).

Consider now H({pi}) = - >_; pr log pi, the Shannon entropy of {p}.
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Corollary 10 For any probability distribution {py} the following inequality holds:

H({pr}) < A({-logpi}), (52)

where, if for any i,p; = 0, we use the convention p;logp; = lim, o p;logp; = 0,—logp; =
lim,, .o —logp; = +oo0.

Proof The limiting cases are trivial, thus let us assume Vi, p; > 0. As the logarithm function
is increasing, given the sequence {log p}, and the weights

o, =1/M
and & = pi, we have

o logp;, «;
pi<p; < logpi<logp; = —i=lzﬂ=—’ (53)
o logp; «qj

and we can apply Theorem 2. d

In information theory [8], the value —log p; is considered as the information of result i,
thus Corollary 10 says that the expected value of information is less than or equal to its

average value.

Corollary 11 For any strictly positive probability distribution {pi} the following inequality
holds:

([l =)

Proof We apply Theorem 2 to the sequence {log pi}, with weights

o = Pk
bt
and o = pr,
PR
— logpk < ) prlogpr, (55)
k kakl k
Sy 1_1 logpi' < prlogpr,
P 2k Pk X
-1
p _ _ _
> 5 L logp; + log(Zpkl) <> prlogpi+ 10g<2pk1),
k kP k k k
-1 -1
Py )2 1
- — log — — ) prlogpy < 10g< Pr )
Xk: bk s Xk: Xk: H

The Tsallis entropy with entropic index g of probability distribution {px} [9, 10] is defined
as

1 M
S({pe}) = 7-1 (1 - ZPZ) (56)
k=1
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Corollary 12 For any probability distribution {py}, and q, r both positive or both negative,
the following inequality holds:

(1= (@-DS4({pe})) (1 = = DS,({p})) = ML= (r + g = DSriq({p1}))- (57)

Proof From the definition of the Tsallis entropy, equation (56), we have

M

> i =1-(q-1S,({pi})- (58)

k=1

Consider first both g, r positive. For simplicity, let us assume the null px members of the
sequence to be the last ones. Applying Theorem 2 to the sequence of strictly positive M* <
M, {p! > 0}, with weights

;1
¥ = o
P
o = ﬁ, (59)
we obtain
& q+r
M*Z‘” i ng‘”" ’

(E(E) i
B GG

where in last inequality in equation (60) we have expanded the sums with all the null p;
probabilities. Using now equation (58) we obtain equation (57). Consider now both ¢, r
negative. For the sake of simplicity, we assume all the px > 0, otherwise we proceed as
in the g, positive case. Applying Theorem 1, equation (13), to the sequence {p,zlql} with

weights
o = 14
k=~ M
> k1 Pk
1
=, 61
i (61)
we obtain again equation (60) and using equation (58) we obtain equation (57). O

Rényi entropy of order g > 0 [11] is defined as

Hg({px}) =

5 log (Zm) (62)
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Corollary 13 Forany probability distribution {py}, and any B,y > 0 the following inequal-
ity holds:

(1- B)H;g({pi}) + A= v)H, ({pe}) < (1= (B +v))Hgs, ({p1}) + log M. (63)

Proof For the sake of simplicity, we assume all the py > 0, otherwise we proceed as in
Corollary 12. Using the weights in equation (59) with r = y, and applying Theorem 1, we
obtain a similar result to equation (60),

M M M
(Zzﬁ) (ZPZ> =My g (64)
k=1 k=1 k=1

As the logarithm is an increasing function

M M M
10g<2pf) + log<2p}:) <logM +log (pr”’), (65)
k-1 k-1 k=1

by substituting
M
log (ZPZ) = (1- B)Hg({pi}), (66)
k=1
we obtain the result. O

Let us see now that Theorem 1 extends to a weighted geometric mean.
Theorem 3 Counsider a sequence of M strictly positive numbers {by} and strictly positive

weights {o} and {0}, D" ou =1, o) = 1. Consider that the weights {ox} and {c} obey
the following condition:

V(bl’,b/'), b; < b/' = (X;/(X; > O{i/oc/. (67)
Then the following inequality holds:
Hka;( < Hkbzk. (68)

Proof Taking logarithms in both sides of equation (68), as log(x) is an increasing function,
equation (68) is equivalent to

Za,’( logby < Zak log by. (69)
k k

As b; < b; & logb; <logb;, we could apply Theorem 2 except for the fact that sequence
{log bi} can contain negative numbers. But this is not a problem taking into account the
Remark to Theorem 2. O

Let us see now that Theorem 1 also extends to weighted generalized (or power) mean:
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Theorem 4 Consider a sequence of M strictly positive numbers {by} and strictly positive
weights {o} and {o}}, Yo =1, ", o = 1. Consider that the weights {oy} and {a}} obey
the following condition:

V(bi,b), bi<b = ajlo;>al. (70)

Then the following inequality holds:

1/p 1/p
(S =g
k k
forany p #0 (for p = 0 the power mean is defined as the weighted geometric mean).

Proof Observe that the power function is increasing when the exponent is positive and
decreasing when negative. We assume first the case p > 0, equation (71) is equivalent to

Yok <) b (72)
k k

Butas b; <b; & b < bf we just apply Theorem 2.
When p < 0 we just apply Theorem 1. 0

Theorem 5 below extends Theorem 1 to the quasi-arithmetic or Kolmogorov general-
ized weighted mean.

Theorem 5 Let f(x) be an invertible strictly positive monotonic function, with inverse func-
tion f~1(x). Consider a sequence of M strictly positive numbers {by} and strictly positive
weights {o} and {o}}, Yo =1, ", o = 1. Consider that the weights {oy} and {a}} obey
the following condition:

Y(b;, bj), b; < bj = Oll/r/Ol]{ > Oll‘/Olj. (73)
Then the following inequality holds:

e @) <1 (3 et b)) (74)

Proof Consider first f(x) increasing. Then we can apply Theorem 2 to the increasing se-
quence {f(br)}:

Za;f(bk) < Z“kf(bk): (75)

and the result follows by applying f ! (x), which is also increasing, to both terms of equation
(75).

Consider now f(x) decreasing. The sequence { f(%k)} is increasing, and we can apply The-
orem 1:

Yo=Y a (76)
f

(x) Sbr)
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and the result follows by applying f~!(x), which is also decreasing, to both terms of equa-
tion (76). O

The mean logsumexp({bx}) is defined as
logsumexp({b}) = log (Z ebk> . (77)
k

We can state then the following corollary to Theorem 5.
Corollary 14 Given a strictly positive sequence {bi},1 < k < M, we have
2logsumexp({bx}) < logsumexp({2b}) + log M. (78)

Proof Observe that we can write

b
log(¥> = logsumexp({bx}) — log M, (79)

which is a Kolmogorov mean with f(x) = ¢*. Applying now Theorem 5 to this mean with

weights
oy =1/M, (80)
ebx
we obtain
> e > e
lOg (T < log Zk ok » (81)
log (Z ebk) —logM <log (Z eZbk) —log (Z ehk>,
k k k

2log (Z ebk) <log (Z eZbk> +logM,
k k

and by the definition of the logsumexp function, equation (77), is equal to equation (78).

O
Corollary 15 Given a strictly positive sequence {bi},1 < k < M, we have
logsumexp({—bk}) + logsumexp({bk}) >2logM. (82)
Proof Apply Theorem 5 to the Kolmogorov mean with f(x) = ¢* with weights
s (83)

/ —
%= et

o =1/M. O
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Observe now that the condition ot;/ot}f > «;/a; appearing Theorems 1-5 is equivalent to

the one of decreasing quotients:

ajlog > aplag > - > a oy (84)
Thus we can immediately extend the previous Theorems 1-5 to the following one.
Theorem 6 Be M({bi}, {ar}) any of the means appearing in Theorems 1-5, of a sequence
{bi} of M strictly positive numbers, with {ay}, {a;} strictly positive weights obeying the con-
dition

V(bi,bj), b; < bj = O[;/Ol]( > Cll‘/Olj. (85)

Then, for any subsequence of M* numbers {b;} of {br}, M* < M, with their corresponding

normalized weights {ay}, {«}}, we have
M({bi}, {ar}) < M({b1}, for}). (86)
Finally, we consider the following theorem.
Theorem 7 Let f(x) be an invertible strictly positive monotonic function, with inverse
function f~1(x). Consider a sequence of M strictly positive numbers {by} and functions

g(x), h(x), i (x) strictly positive in the domain [ming{b;}, maxy{by}], and such that in the

same domain g(x) is increasing, and h' (x)/h(x) is decreasing. Then the following inequality

holds:
f1<z" h’(bk)f(g(bk))> Efl(zk h(bk)f(g(bk))). 87)
>l (Br) > i h(by)
Proof Apply Theorem 5 to the sequence {g(bi)} with weights o} = % and oy =
h(bg) O
ICON

Observe that Corollaries 3-15 can be considered as applications of Theorem 7.

2.2 Relationship to majorization

Consider the sequences {x¢}, {yx}, and renumber the indices so that {x; > xy > --- > xy; >
0},{y1 = y2 > --- > ym > 0}. The sequence {xx} is said to major sequence {yx} [5, 12], and
we write {xx} > {yx}, when the following inequalities hold:

X1 =) (88)

X1+ X2 = Y1+ Y2,

X1 +Xy+ o+ Xy Y1+ Y2+ VM-t

X1+ X+ +Xp1 +yM =N +)’2+"'+ny1 +yM.



Sbert and Poch Journal of Inequalities and Applications (2016) 2016:292 Page 15 of 22

In general, the o, o sequences fulfilling condition in equation (7) do not major each other,
and we can find examples of sequences that major each other but do not fulfill equation
(7), consider for instance the sequences {3,2,1,1},{2,2,2,1}, they do not fulfill equation
(7) but {3,2,1,1} > {2,2,2,1}. We will find now when both conditions, majorization and
equation (7), coincide. Let us prove first the following lemma.

Lemma 2 Counsider the sequences of M strictly positive weights {ax} and {c}}, D ;o =
1, a; = 1. If for any sequence of M strictly positive numbers in increasing order {by} the
following inequality holds:

Z Ol]/(bk < Z by, (89)
k k

then the following inequalities also hold:

’
al > oy,

o) +ay > o+,

QO 0 O,
ot O =0t o
OlMZOt]/Vp

Qg+ 01 > Oy + Oy g

gttt . (90)
Proof Consider the increasing sequence {by,...,b1, by, ...,bp}, b1 < by, and where by is
written / times, denote L=a; + --- +a;, L' =a} +--- + a}. Since ajy + --- +ay =1-1L,

ajy,, + - +ay; =1-L the inequality (89) gives

L’b] + (1 - L/)bM —Lb; - (1 - L)hM <0,

L'-L)b1-by)<0 = L'>L

This proves the first M — 1 inequalities. Observe now that

and this accounts for the last M — 1 inequalities. g

We can then state Theorem 8.
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Theorem 8 Consider the sequences of M increasing strictly positive weights {oy} and {«; },
Yorark =LY ap =1, with the following condition (equation (10)):

Yi,j), 1<ij<M,i<j = ot;/a; > a;laj, (91)
or equivalently

Vi), 1<ij<Mi<j = ajla;>ajl,
then the following majorization holds:

{ox) > {a,/(}. (92)
Proof Observe first that equation (91) (equation (10)) is equivalent to equation (7) for se-
quences of M increasing strictly positive numbers {b;}. We can apply then Theorem 1,
and obtain the condition equation (89) in Lemma 2. It is enough then to apply Lemma 2,
which guarantees that the inequalities for majorization, equation (88), are fulfilled for the
decreasing sequences {ar.1-k}, (@), 4} g

Observe that the weights in Corollary 6 are such that {ax} > {a}}, and in this way Corol-
lary 6 can be proved by direct application of Lemma 1 in [12].

A similar theorem can be proved for decreasing weights.

Theorem 9 Counsider the sequences of M decreasing strictly positive weights {ax} and {c; },
> oo =1, o =1, with the following condition (equation (10)):

Vi), 1<ij<Mi<j = ajlaj>aly, (93)
or equivalently

V(i,j), 1<ij<M,i<j = dlo;> a}f/a,»,
then the following majorization holds:

{op} > {oud. (94)
Proof The same proof as for Theorem 8 holds. O

Theorem 10 Consider a convex function f(x), and the sequences of M strictly positive
weights {ai} and {a}}, D ou =1, o = 1, with the following condition (equation (10)):

Vi), 1<ijsM,i<j = ajlaj>aly, (95)
or equivalently
Vi), 1<ij<Mi<j = ajla;>ajl,

then the following holds:
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Ifboth {ax} and {o} are increasing then
PACAEDIICAL (96)
k k
Ifboth {ay} and {a}} are decreasing then

PACAEDIICA] (97)
k k

Proof It is enough to apply Theorems 8 and 9 together with Hardy-Littlewood-Pdlya the-

orem [5, 13] on majorization. O
Theorem 11 Given the sequences of strictly positive numbers {x1,%2, ..., %p} {y1, Y25 - - > Y}

obeying the conditions i <j = x;/y; > xjly;, and Y ", xx = Y i, then if both sequences are

increasing

(i} > (i}, (98)

and if both sequences are decreasing

{wr} = {} (99)

Proof 1t is enough to normalize the sequences and apply Theorems 8 and 9, taking into

account that majorization is invariant to a change in scale. O

Theorem 12 Given the sequences of numbers {x1,%3,...,%xm}, {y1,¥2,...,Ym} obeying the
conditiony , xx =) v and be {x1+ C,x0 + C,..., 2+ C}, {01+ C.y2+ C,...,yum + C} the
sequences translated by a positive constant C such that, for all k, x + C > 0,y + C > 0. If
the new sequences obey the condition i < j = (x; + C)/(y; + C) = (x; + C)/(y; + C), then if
both sequences are increasing

(i} = {2k (100)
and if both sequences are decreasing

{2} > {yich- (101)
Proof 1t is enough to normalize the translated sequences and apply Theorems 8 and 9,

taking into account that majorization is invariant to a change of scale and a translation.
O

Theorem 13 Given the sequences of numbers {x1,%2,...,%u}, {y1,¥2,...,Ym} obeying the

conditions i <j=>x;/y; = xily;, | <j= (% —y;) = (% —y;), and Y, %k = Y Yk, then if both
sequences are increasing

(i} = {xehs (102)
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and if both sequences are decreasing
{wr} = {w} (103)
Proof Using the first two conditions, we have, for i <j and for any positive constant C,
%y =%y + C((i—y) = (% -9)) =20 & (% +C)/(y:+ C) = (% + C)/(y + C).
We take C such that, for all k, x¢ + C > 0,5, + C > 0, and we apply Theorem 12. O

We can also obtain similar results for convex functions than in Theorem 10 for Theo-
rems 11, 12, and 13.

2.3 Not a necessary condition
We can see with counterexamples that the sufficient condition equation (7) appearing on
all Theorems 1-5 is not a necessary condition for the inequality of the means for any strictly
positive sequence {b} for M > 3 (although it is easy to prove it is a necessary condition
for M =2).

Using the (unnormalized) weights {a} = {1,2,...,1,2}, {0} = {2,1,...,2,1} for M > 4
evenand {oy} = {1,2,...,1,2,2}, {o} = {2,1,...,2,1,2} for M > 3 odd, we can see that equa-
tion (32) does not hold but on the other side equation (33) holds for any strictly positive

increasing sequence {by}. For instance, for M even,
2b1 + by + -+ 2bpr_1 + bpy < by +2by + -+ + by + 2byy, (104)
because as the {b;} are in increasing order then 2b; + by < by + 2by,...,2by1 + by <

bM_1 + 2bM.
We leave it to the reader to check with the other means considered in this paper.

3 Results: a necessary and sufficient condition

We will see in this section that the condition found in Lemma 2 is a necessary and sufficient
condition.

Theorem 14 Consider the sequences of M numbers {xi} and {yc}, D %k = Yy yk. Then

propositions (1) to (4) are equivalent:
(1) for any sequence of M numbers in increasing order {z} the following inequality holds:

M M
> ez <Yy (105)
k=1 k=1

(2) for any sequence of M numbers in increasing order {zi} the following inequality holds:

M M
ZJ/M—kHZk = ZxM_k+1Zk, (106)
k=1 k=1
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(3) the following inequalities hold:

X1 = Y1,

X1+ X2 = Y1+ Y2,

X1+ +xXpm1 2 Y1+ M-l

X4 A XM F XM =YL+ Yo+ VM (107)
(4) the following inequalities hold:

M = XM

IM +YM-1 = XM + XpM-15

YM A Yy Z AN+,

VL4 F VML YM =X F e+ X + XL (108)
Proof Let us see that proposition (1) implies (3) and (4). The proof is similar to the one in
Lemma 2. Consider the increasing sequence {z1,...,21,2u:,--.,2Zm}> 21 < Zp, and where z;
is written / times, denote L' =x; + --- +x;, L=y + - -- + y;. Since 71 + - - + 2y = C - L,

Y1 + -+ + yu = C — L the inequality equation (105) gives

L'z +(C-L)zy - Lz — (C-L)zy <0,

L'-L)@-zm)<0 = L' >L

This proves that (1) implies (3). To prove that (1) implies (4) observe that
L'>L & C-L>C-L.

This also proves that (3) implies (4) and (4) implies (3).

To prove that (2) implies (3) and (4), consider the sequence, {z1,...,21,2p1,---, 20}, 21 <
Zp, Zy 1s written [ times, and the same definitions as before for L, L’, then equation (106)
gives

(C=L)z; + Lzyr — (C - L')zl —L'z;r <0,
and we proceed as above.

Let us see now that (3) implies (1). The proof can be found in the proof of Lemma 1 by
Marjanovi¢ and Kadelburg [12], where it was used to show the majorization between two
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decreasing sequences weighting a third decreasing one. For the sake of completeness we

repeat it here. Define for 1 <M, A = lele Vi Ay = Zle xk, and Ag = Ay = 0. Then

M M M
Y wa— Y mz= Y Ok - %)%
k=1 k=1 k=1

M
(Ak = Aja — Ak + Alkr)zi

T
o)

(Ac=AW)zc— ) (Ara—Aka)z

Il
I[=
I[M=

M-1 M-1
=D (Ac-A)z =Y (Ak—A)zin
k=1 k=0
M-1 M-1
= Z(Ak -Az- ) (Ac-Ak)zin
k=1 k=1
M-1
=) (A —A'k)(zk — zk1) = 0, (109)
k=1

as (3) implies that, for all k, A} — Ay > 0, and {2} is an increasing sequence.
Repeating the proof for the sequences {ysr_x.1} and {xa_r.1} we find that (4) implies
(2). O

Remark The case when the sequences {xy}, {yi} are strictly positiveand ) ", xx = ), ¢ =1
is interesting and proves that condition in Lemma 2 is necessary and sufficient, and that it
can be extended to harmonic, geometric, and power means, in the same way as Theorem 1

has been extended.

Corollary 16 (Rearrangement inequality) Given the sequences of real numbers {x1,%3,
el V1,92, ym), then the maximum of their crossed sum is obtained when both are
paired in the same (increasing or decreasing) order, while the minimum is obtained when

both are paired in inverse order.
Proof Without lack of generality, let us suppose that {x1,%2,...,%:m}, {y1,92,...,ym} are
in increasing order. Consider {y7,55,...,5},} be any rearrangement of the sequence

{y1,92,...,ym}. Let us consider the sequences {y7,5,...,¥5} and {y1,%2,...,yum}. These se-

quences obey proposition (3) from Theorem 14, thus, they obey proposition (1),
Zxkﬁ = Zxky/o (110)
k k

and proposition (2),

D Xymokn < )%k (111)
k k
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4 Conclusions

Motivated by proving an inequality that appeared in our research in Monte Carlo mul-
tiple importance sampling (MIS), we identified first a sufficient condition for a general-
ized weighted means inequality where only the weights are changed. We obtained then a
necessary and sufficient condition. We have given new proofs for Chebyshev’s sum, the
Cauchy-Schwartz, and the rearrangement inequalities, as well as for other interesting in-
equalities, and we obtained results for the Shannon, the Tsallis, and the Rényi entropy and
logsumexp. We also showed the relationship to majorization.

Appendix: Interpretation of Conjecture 1

Conjecture 1 has the following interpretation in terms of variances of Monte Carlo estima-
tors [14, 15]. Suppose we have M independent estimators with variances vy = {by + C}, all
of them with the same expected value i, C > 12, and we draw a fixed number of samples
from them, distributed for each estimator proportionally to o, > o = 1. The variance of
the optimal linear combination of the estimators when we distribute the samples accord-
ing to {ax} weights can be shown to be [2, 3]:

H{velox})  H{(br + C)ag})

A - B . (112)

Thus Conjecture 1 means that, for estimators with variance {vx = by + C}, to sample the
estimators using weights in equation (3) is better than using weights in equation (2).
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