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1 Introduction
Let R} = {x = (x,%2,...,%,) e R" : %, > 0Vi=1,2,...,n} and R?, = {x = (%1,%,...,%,) €
R":x;>0Vi=1,2,...,n}. The variational inequality problem is to find

xeQ:={(wv):ueR,veR), Au+Ay=b}

such that

(x' —x) F@) >0, V¥ eQ, 1.1)
with

x= (:‘) and  F(x) = (2((?;) (1.2)

where A; € R, A, € RX™ gre given matrices, b € Rlisa given vector, and f; : R} — R”,
f2: R” — R™ are given monotone operators. For further study and applications of such
problems, we refer to [1-11] and the references therein. By attaching a Lagrange multi-
plier vector A € R to the linear constraints A,u + Ayv = b, the problem (1.1)-(1.2) can be
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explained in terms of finding z € 2’ := R” x R” x R such that

(7 - z)TQ(z) >0, VZeZ, (1.3)
where
u filu)—A] A
z=|v |, Q) =| AW -AJr |, (1.4)
Aju+Ay—>b

and A] denotes the transpose of the matrix A;. The problem (1.3)-(1.4) is referred as a
structured variational inequality problem (in short, SVI).

Yuan and Li [12] developed the following logarithmic-quadratic proximal (LQP)-based
decomposition method by applying the LQP terms to regularize the ADM subprob-
lems: For a given zX = (uf,v5,AF) e R”, x R” x R/, and u € (0,1), the new iterative
(u**1,v&*1, 1k+1) is obtained via solving the following system:

filw) —AlT [Ak - H(Alu + Ayvf — b)] + R[(u - uk) + u(uk - U,fu_l)] =0, 1.5)
fv) —A;[Ak —H(A1u+ Ay — b)] + S[(V— vk) + u(vk - szv_l)] =0, (1.6)
A =K — H(Ayd! + A - b), (1.7)

where H € R/, R e R"", and S € R"*" are symmetric positive definite.

Later, some LQP alternating direction methods have been proposed to make the LQP
alternating direction method more practical, see, for example, [13-17] and the references
therein. Each iteration of these methods contains a prediction and a correction, the pre-
dictor is obtained via solving (1.5)-(1.7) and the new iterate is obtained by a convex com-
bination of the previous point and the one generated by a projection-type method along
a descent direction. The main disadvantage of the methods proposed in [12-17] is that
solving equation (1.6) requires the solution of equation (1.5). To overcome with this diffi-
culty, Bnouhachem and Hamdi [18] proposed a parallel descent LQP alternating direction
method for solving SVI.

In this paper, we propose a parallel descent LQP alternating direction method for solving
the following structured variational inequality with three separable operators: Find y €
Q:={(u,v,w):uecR},veR2,weR? Au+ A+ Asw = b} such that

-2 Fo) =0, Weq, (18)
with
u fi(w)
y=|v|, FO=| LW ]|, (1.9)
w f3(w)

where A; € R, A, € R"™2, A3 € R"™3 are given matrices, b € R” is a given vector,
and f; : RY! — R™, £ : R} - R™, f3: RY® — R are given monotone operators. By at-
taching a Lagrange multiplier vector A € R” to the linear constraints Ayu + A,v + Asw = b,
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the problem (1.8)-(1.9) can be explained in terms of finding z € Z := R}! x R}? x R}® x R™

such that
(7 - z)TQ(z) >0, VZeZ, (1.10)
where
17 Sfilu) = A A
—AlX
z= Y and Q(z) = f) 2T (1.11)
w fa(w)— Az A
A A1M+A2V+A3W—l’)

The problem (1.10)-(1.11) is referred as SVI;.

The main aim of this paper is to present the parallel descent LQP alternating direction
method for solving SVI; and to investigate the convergence rate of this method. We show
that the proposed method has the O(1/£) convergence rate. The iterative algorithm and
results presented in this paper generalize, unify, and improve the previously known results

in this area.

2 The proposed method
For any vector u € R”, | 4| = max{|u|,...,|u,|}. Let D € R"” be a symmetry positive
definite matrix, we denote the D-norm of u by ||u% = u” Du.

The following lemma provides a basic property of projection operator onto a closed
convex subset 2 of R.. We denote by Pg p(-) the projection operator under the D-norm,
that is,

Pop(v) = argmin{||v— ulp:ue Q}

Lemma 2.1 Let D be a symmetry positive definite matrix and Q2 be a nonempty closed

convex subset of R'. Then
T 1
(z—=Pqplzl) D(Poplzl-v) >0, VzeR,veq. (2.1)
We make the following standard assumptions.

Assumption 2.1 f; is monotone with respect to R}, that is, (fi(x) - A(¥)T(x - y) > 0,

Vx,y € R}, f, is monotone with respect to R?, and f; is monotone with respect to R’?.
Assumption 2.2 The solution set of SVI3, denoted by Z*, is nonempty.

We propose the following parallel LQP alternating direction method for solving SVIs:
Algorithm 2.1

Step 0. Givene >0, u €(0,1), B € (‘/75,1), y €(0,2) and
2% = W20, w0 A% e R, x R2 x RT3 x R™. Set k = 0.
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Step 1. Compute z¥ = (&, 7%, wk M) eRE x R2 xRB x R™ by solving the following
system:

fiw) - Al [A — H(Aju + Av* + A ~ )]

+ Ry [(u - b)) + w(uf - UFu™)] =0, (2.2)
H) = Ay [~ H(A " + Ay + Aswf — b)]

+Ry[(v=F) + (V- V)] =0, (2.3)
f(w) = AJ [\ — H(Aru" + AxVf + Asw - b) ]

+Rs[(w—wh) + (W - Wiw)] =0, (2.4)
A= 2K~ BH(Arit* + Ay7F + A3k - D), (2.5)

where H € R, R; € R, Ry € R"2*"2 and Ry € R"*"™ are symmetric
positive definite matrices. Uy, Vi, and Wy are positive definite diagonal matrices
defined by Uy = diag(u'l‘, LU ) Vi = dlag(vl, ,vk) Wy = dlag(wl, ,wk).
Step 2. If max{|| X — &t || oo, [[VF = 7] 0y | WK = WX | oo, | AKX — Mo} <€, then stop.
Step 3. The new iterate zK*1(ty) = (u**1,v4*1, wk*1, Ak+1) is given by

) =1-0) +oPz G[z -yuG” g(z zk)] o €(0,1), (2.6)
where
o(z",7")
k= —"—""5 2.7
RPN 7
k ~k
) = 2 -2,
1 T - - -
+ E()Lk - Ak) (Al(uk - uk) +A2(Vk - vk) +A3(Wk - wk)), (2.8)
g7
Jil@h) = AT + AT HIA (5 = i) + Ay (F = 7) + Ag(wh = 4) + ZEHT (k- 7))
_ | AT - AR+ ATHIANF = @) + Ao (F = ) + As(wh = #K) + BEHT 05 - 0)]
| G AT+ AT HIA - @) + A0 =) + A —4) + BEHT K30 [
Ak + Ayt + AsiK — b
(2.9)
(1 + )R, + Al HA, 0 0 0
G- 0 (1 + )Ry + AJ HA, 0 0
- 0 0 (1+ w)Rs + A HA3 0 ’
0 0 0 H
and
R, + A HA, 0 0 0
e 0 Ry +Aj HA, 0 0
0 0 R3+AJHA; 0
0 0 0 %H‘l

Set k:= k +1 and go to Step 1.
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Remark 2.1 As special cases, we can obtain some new LQP alternating methods as fol-
lows:

() If uk*l = gk, &1 = 9% wh+dl = 5% and A% = 3% in (2.2), (2.3), (2.4) and (2.5),
respectively, we obtain a new method which can be viewed as an extension of that
proposed in [10] for solving structured variational inequality with three separable
operators in a parallel way.

(b) If uk+t = gk, v+t = 9k kel = K Hk+1 Z 3K and B =11n (2.2), (2.3), (2.4) and (2.5),
respectively, we obtain a new method which can be viewed as an extension of that
proposed in [12] for solving structured variational inequality with three separable
operators in a parallel wise.

(c) If B =1, the proposed method can be viewed as an extension of that proposed in
[18] for solving structured variational inequality with three separable operators.

We need the following result in the convergence analysis of the proposed method.

Lemma 2.2 ([12]) Let q(u) € R” be a monotone mapping of u with respect to R’ and R €
R™" be a positive definite diagonal matrix. For a given uk >0, if Uy := diag(u’l‘, u’z‘, e uﬁ)
(the diagonal matrix with elements u’, u5, ..., uX) and u™ be an n-vector whose jth element
is 1/uj, then the equation

q(u) + R[(u - uk) + u(uk - L[,fu_l)] =0 (2.10)
has a unique positive solution u. Moreover, for any v > 0, we have

Sy

5 ull3 (211)

1+p 2
(v—u)"q(u) > — (- viig = [u =] ) +
The next theorem is useful for the convergence analysis.

Theorem 2.1 Forgiven Xk e R x R2 xR x R™, Jet 3 be generated by (2.2)-(2.5). Then

(/J(Zk,ék) > 218 - \/§

2 [Eaal e (2.12)

and

> %g (2.13)

Proof 1t follows from (2.8) that
w(zk,ik) = ||Zk —Zk“;[ + %(Ak —):k)T(Al(uk - itk) +A2(vk —f/k) +A3(wk - ﬁ/k))
= [ =, + At — i+ [ -, + AV - A0
. 1 ~
+ Wk =+ | Aaw - Asi | + Fld sl P

+ %(Ak - ik)T(Al(uk - ﬁk) +A2(vk - 17k) +A3(wk - ﬁ/k)). (2.14)
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By using the Cauchy-Schwarz inequality, we have
047 (ol - ) = -3 (VB =) e -2 ) eas)
04-2) (a7 = -3 (VB -+ - T). 2o
and
(=7 (Ag (wh = ) = - (ﬁ A (W = ) 2+ - ok = 32 ) 2.17)
=73 H ﬁ H-1

Substituting (2.15), (2.16), and (2.17) into (2.14), we get

2
o 2) = Lo (i - [y At - [ o - 4 )
2-4/3 .
BB o P ¢ -
e (T R e

2p

1 -
A - At [ o IR )

L2B-V3 _ _
25 - N+ IV =7+ I =)
2/3 f

= (I =2+ a-wlut -,

—M)Hvk—ﬁ"HRz + (=)W =)

> Zﬂ \/—” k ~k
2p

[

Therefore, it follows from (2.7) and (2.12) that

28-+/3
> , 2.18
Ly (2.18)
and this completes the proof. O

3 Convergence rate
Recall that Z* can be characterized as (see (2.3.2) in p.159 of [19])

z*=({ze2:(z-9"Q) = 0}.

zeZ

This implies that Z is an approximate solution of SVI; with the accuracy € > 0 if it satisfies

zeZ and sup{(z- 2)TQ(z)} <e. (3.1)
zeZ



Bnouhachem et al. Journal of Inequalities and Applications (2016) 2016:297 Page 7 of 14

Now we show that after ¢ iterations of the proposed method, we can find a z € Z such that
(3.1) is satisfied with € = O(1/¢).
We introduce the following matrices,

1 0 0 0
0 1 0 0

N = (3.2)
0 0 1 0

-BHA, -BHA, -BHAs; pI

and
(1+ )Ry + Al HA, 0 0 0
0 1 R, + A HA 0 0
J= L+ wRy + 2 2 . . (33)
0 0 (1+u)Rs +AJHA; 0
-A; —A, —As H1

By simple manipulations, we can find that / = GN.
Our analysis needs a new sequence defined by

0 ik

. Pk #*

Zk = ﬁ/k = 1/~Vk . (3'4)
ik )Lk—H(Aluk+A2Vk+A3Wk—b)

Based on (3.2) and (3.4), we can easily have

-7 =N(-2). (3.5)
Using (L11), (2.9), and (3.4), we obtain

2(5,7") = Q(#"). (3.6)
Lemma 3.1 Let 2¥ be defined by (3.4), z € Z, and the matrix J be given by (3.3). Then

(=2 (QE) /(2 ~2)) 2 | 22, | 2, o~ ]2 37)
Proof Applying Lemma 2.2 to (2.2), we get

(u- ﬁk)T{ﬁ(it") —A] [Ak ~ H(Ajit* + ApVf + Awh — b)]}

1+wm . 1-p -
= (| =l = | =) + o = 7 (3.8)

Since
[l = [l = |, i =l + 20 = ) "Ry (- ),
we have

N - 1, . 1 5
(=) R =) = (1 =], = =) L 69)
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Adding (3.8) and (3.9), we obtain

(u - ﬁk)T{(l + )R, (uk - Ztk) —fl(itk) +A1T[kk - H(Aluk + AVf + Ak — b)]

+ AT HA (u - @)} < | =i ;. (3.10)
Similarly, applying Lemma 2.2 to (2.3), we get

(v - ﬁl‘)T{fg(T/k) —AzT[kk —H(Aluk + A 7K + Aswf — b)]}

1+pm . 1-p -
= = (1P =l = IV =vl,) + = IV =P, (311)

Similar to (3.9), we have

T - 1. 1 -
(=) Ralh =) = 2P oI, - [ - vlEy) + 2L 612

Adding (3.11) and (3.12), we have

(v — 17")T{(1 + )Ry (vk - f/k) ) (17") + AZT [)»k — H(Aluk + Axvf + Aswf — b)]

+ A2THA2 (vk - 17]‘)} <u || vk —3F ”;2 (3.13)
Similarly, we have

(w - ﬁ/k)T{(l + )Rz (wk - ﬁ/k) -f3 (ﬁ/k) +A3T [Ak —H(Aluk + Af + Agwk — b)]

- )
+ A?THAg (wk - wk)} <u || wk — Wk ||R3. (3.14)
Then, by using the notation of z in (3.4), (3.10), (3.13), and (3.14) can be written as

(u - itk)T{(l + M)Rl(uk - itk) — A0 +A1Tik +A1THA1(uk - itk)}

2

< u“uk — gk HRl, (3.15)
(v - 17")T{(1 + R, (vk - f/k) —f (f/k) + AZT):" + A, HAy (Vk - f/k)}
< u“vk - 17](“22, (3.16)
and
(w- ﬁ/k)T{(l + WRs (W — ) — 5 (W) +AJ Ak + A5 HAs (W' - #5)}
< pf|wk - (317)

In addition, it follows from (3.4) that

Alﬁk +A21’>k +A3ﬁlk -b+ Hﬁl(}\»k - )Lk)

— Ay (8 — ) - A, (VF =) - A3 (WF - wh) = 0. (3.18)
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Combining (3.15)-(3.18), we get

u—ik\ F@K) = AT Rk = (1 + )Ry + ATHA,)(uk — ik
v— F(F) = ATRX — (1 + )Ry + AJ HA) (V= )
w— FoR) — AT AR = (14 )Rs + AL HAS)(wF — )
A=Ak ApDF + AgD 4 A — b+ Ak — 35) + Ay (VF — 95) + As(WK — %) — H1(0Wk = 3F)
k _ ~k|2 k _ ok|? k_ ~k|2
S T A A (7 (319)

Recall the definition of J in (3.3), we obtain the assertion (3.7). The proof is completed. O

Lemma 3.2 Forgzvenz eRE xRE2 xRE xR™ andz =Pz, clzk = 1, G~ g(zk 7)), we

have
yile-2) 00 (- Ali- o2 ) = he-pld-F P G2
Proof Since zX € Z, substituting z = z¥ in (3.7), we get

yu( -2 Q) (3.21)

2 y (@ -2 (& -2 -yt - i - pym -,
-yl wh -,

= ya( - 2) T -5 4y - 2) (-2
=y = i - myn |V =, - mrnlwh -

=y (Z-2) (NN - 2) + y (- 2) N (- 2
=yt = 2 vV =, -y = A

~yn(#-#) (V)
el -, (- 2) Gl - )

—yu(Z-2) (N M -2 +yu(d -2 6 -2

> yup(,2) + yu(eh - 2) G(& - 7)

> yuo( 2) -5 [ - A% - vl -2

R EAE AR ] 6:22)

TG(zk - Z'k) - VTkM”Mk - ﬁk”;l - VTkM”‘/( - ”22

Using (3.6), zf: is the projection of z* — y 7, G'Q(2¥) on Z, it follows from (2.1) that
(- yuGQ(E) -2) ' G(z-2) <0, VzeZ,
and consequently, we have

yrle-2) Q) = (¢ ) G(e-2).
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Using the identity " Gy = 2(l%l|% — [lx — ¥l + [lyI%) to the right hand side of the last
inequality, we obtain

A 1 1
yrele=2)T Q) = & (Je- I =12 + L -4 ]2, 623)
Adding (3.21) and (3.23), we get
N N 1 1 .
yrele=2)T Q) + 2 (o= - le-212) = Lyt - 22,
and by using the monotonicity of Q, we obtain (3.20) and the proof is completed. O

Lemma 3.3 Let z¥ e R}, x R2 x R'3 x R™ and z**\(t;) be generated by (2.6). Then

yark(z z ) Q)+ = (Hz Z H - Hz—zk”(rk)”ZG) %U)/(Z V)T ||z zk||G (3.24)
Proof We have
o= - o= 2 .25)

= & —2]g - | -0 (- 2) 2|
20(# - 2) G - ) -t -4
=20 (|| = 2| = (2= 25) T G (2 = 2F)) — o 2|25 — 25|~ (3.26)
(” * |G * * x| G
Using the identity
1 1
(=) G 4) = (| —els - [~ =]+ 2 -2,
we get
A e e e P 627)
Substituting (3.27) into (3.25), we obtain

o= - - 2@l = o (- 215 - o= 412) + o= )] - 4]

2o (e[ - |2 Z12)- (3.28)
Substituting (3.28) into (3.20), we obtain (3.24), the required result. O

Theorem 3.1 Let z* be a solution of SV13 and zZ5*}(ty) be generated by (2.6). Then z* and
2% are bounded, and

k+1( k k

e L e L P 329

where

e TY2-y)2B - V3)?

> 0.
482

Page 10 of 14
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Proof Setting z = z* in (3.24), we obtain

| () - 2* HZG < |-z ||?;—O']/(2—‘)/)‘[]? | -# ||ZG +2yot(zf _gk)TQ(z*)
< | -2 - ov@ -y -2,

(2-y)2B - /3) .
R Al

< | -2 -
Then we have
|[# @) -2 g < |1& -2 g =--- < |° -2 o

and thus, {z¥} is a bounded sequence.
It follows from (3.29) that

(o)
Zcsz —ékHZG < +00,
=0

which means that

lim [|ZF -] . =o0. 3.30
Jim £ -2 (3:30)
Since {zX} is a bounded sequence, we conclude that {z*} is also bounded. O

The global convergence of the proposed method can be proved by similar arguments as

in [18]. Hence the proof is omitted.

Theorem 3.2 The sequence {Z*} generated by the proposed method converges to some z*°
which is a solution of SVI;.

Now, we are ready to present the O(1/t) convergence rate of the proposed method.

Theorem 3.3 For any integer t > 0, we have a z; € Z which satisfies

1
2yo Y,

2
G’

(2:-2)'Qlz) <

|z-2°] Vze Z,

where
t

t
étletkék and T:=ZT/<~

T
L k=0 k=0

Proof Summing the inequality (3.24) over k = 0,..., £, we obtain

t t T
((Z )/crrk>z— Zyatk2k> Qz) + %”z—zo HZG > 0.

k=0 k=0
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Using the notations of Y; and Z; in the above inequality, we derive

1 2
T 0
Z—z z) < z2-2 | VzeZ.
R R e
Indeed, z; € Z because it is a convex combination of 2%, Z!, ..., 2f. The proof is com-
pleted. d

Remark 3.1 It follows from (2.13) that

Y, > M(n 1.
28

Suppose that, for any compact set D C Z, let d = sup{||z—2z°||g|z € D}. For any given € > 0,

after at most

lerr

(28 -+/3)yoe

iterations, we have

2, -2)70Q@k) <e, VzeD.
That is, the O(1/£) convergence rate is established in an ergodic sense.
4 Preliminary computational results
In this section, we present some numerical examples to illustrate the proposed method.

We consider the following optimization problem with matrix variables, which is studied
in [18]:

1
min{EIIU—CH%‘UGSf}, (4.1)

where || - || is the matrix Frobenius norm, iee., |Cllr = 327, 37, |C;1*)"? and
St={MeR”":M" =M,M > 0}.

It has been shown in [18] that solving problem (4.1) is equivalent to the following varia-
tional inequality problem: Find X* = (U*, V*,Z*) € Q@ = §” x §% x R"*" such that

(u-u+,U+-C) -2z >0,
(V-V5(V¥*=C)+Z*)>0, VX=(U,V,2)eQ, (4.2)
us-v+=0.

The problem (4.2) is a special case of (1.3)-(1.4) with matrix variables where A1 = I,
Ay =Ly, b=0,i(U)=U-C,/(V)=V-C,and W = §" x §7 x R"*". For simplification,
we take Ry = r11,xn, Ry = rol,,n, and H = I,,,,, where r; > 0 and r, > 0 are scalars. In all tests
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Table 1 Numerical results for problem (4.1) withr; =0.5,r; =5

Dimension of The proposed method The method in [18] The method in [17]
the problem k CPU (Sec)) k CPU (Sec)) k CPU (Sec))
100 43 0383 49 0.96 71 247

300 48 3.98 53 485 79 6.33

500 50 11.54 56 13.27 82 20.2

700 52 2991 57 34.33 85 44.06

Table 2 Numerical results for problem (4.1) withr; =1, =10

Dimension of The proposed method The method in [18] The method in [17]
the problem k CPU (Sec.) k CPU (Sec.) k CPU (Sec.)
100 106 0.87 109 1.18 124 2.61

300 119 6.85 123 7.54 140 9.06

500 125 25.85 128 29.71 147 37.25

700 129 53.19 132 58.06 152 64.35

we take = 0.5, B = 0.88, C = rand(n), and (U°, V°,Z°%) = (I,x» Luxns Onxrn) as the initial
point in the test. The iteration is stopped as soon as

max{[[ e = |, | vE - Ve, |25 - 28]} < 107

All codes were written in Matlab, we compare the proposed method with those in [18] and
[17]. The iteration numbers, denoted by &, and the computational time for the problem
(4.1) with different dimensions are given in Tables 1-2.

Tables 1-2 show that the proposed method is more flexible and efficient for the problem
tested.

5 Conclusions

In this paper, we proposed a new modified logarithmic-quadratic proximal alternating
direction method for solving structured variational inequalities with three separable op-
erators. The prediction point is obtained by solving series of related systems of nonlinear
equations in a parallel way. Global convergence of the proposed method is proved under
mild assumptions. We have proved the O(1/¢) convergence rate of the parallel LQP alter-
nating direction method. Some preliminary numerical examples are reported to verify the
effectiveness of the proposed method in practice.
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