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1 Introduction

This paper deals with the error analysis in the maximum norm, in the context of the non-
matching grids method, of the following variational inequalities with nonlinear source
terms: find u € K¢ such that

a(u,v—u) +c(u,v—u) > (f(u),v—u), Vv € K8, (1.1)

where a(u,v) = fQ(Vu - Vv)dx is the bilinear form defined in a bounded domain Q of R?
orR3, cisa positive constant such that

c>B>0, (1.2)

where B is a positive constant, f is a nonlinear Lipschitz functional, K¢ is a convex set
defined by

K3 = {VGHI(Q) such thatv=gon dQ and v < on Q} 1.3)

with ¥ € W2(Q) such that 4/ > 0 on 9 is the obstacle function, and g € L®(dRQ) is the
boundary condition.
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The concept of the nonmatching finite elements grids used in this paper consists of de-
composing the whole domain 2 in two overlapping subdomains and to discretize each
subdomain by an independent finite element method. As the two discretizations are in-
dependent on the overlap region, the discrete analog of problem (1.1) cannot be defined,
and the alternating Schwarz method is then used to resolve the two discrete subproblems
arising from these nonmatching finite elements grids.

We refer to [1-7], and the references therein for the analysis of the Schwarz alternat-
ing method for elliptic obstacle problems and to the proceedings of the annual domain
decomposition conference beginning with [8].

For results on maximum norm error analysis of overlapping nonmatching grids methods
for elliptic problems we refer, for example, to [9-14].

In this paper we consider the class of variational inequalities with nonlinear source terms
(1.1) [15], where the main objective is to demonstrate that the approximation converges
optimally on each subdomain making use of the characterization of the discrete solution
as the upper bound of the set of discrete subsolutions [16], a Lipschitz continuous depen-
dence with respect to both the boundary condition and the source term, and the standard
finite element L™ error estimate for the elliptic obstacle problem [17].

More precisely, if u; denotes the true solution and (uZi) the discrete Schwarz sequence
with respect to the triangulation with mesh size /; on Q;, we show that

i up, ||LOO(Qi) < Ch*|loghl?, (1.4)

where /& = max(hy, hy), C is a constant independent of # and 4. This result coincides with
the optimal convergence order of elliptic variational inequalities of an obstacle type prob-
lem [17].

2 Elliptic variational inequalities of obstacle type problem
In this section we begin by laying down some definitions and classical results related to
variational inequalities, then we prove a Lipschitz continuous and discrete dependence
with respect to both the boundary condition and the source term which will assume a
crucial role in the proof of the main result of this paper.

Let € be a bounded polyhedral domain of R? or R? with sufficiently smooth boundary
9€2. We consider the bilinear form

a(u,v) = fg(Vu - Vv)dx, (2.1)
the linear form

0= [ £ ds (22
the right-hand side

fel™(Q), (2.3)
the obstacle

¥ e W*®(Q) suchthat ¥ >0 ond<, (2.4)
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the boundary condition g € L*(3€2), and the nonempty convex set

K38 = {v € H'(Q) such that v=g on dQ and v < ¥ on Q} (2.5)
We consider the variational inequality (VI): find u € K¢ such that

alu,v—u) +clu,v—u) > (f,v-u), VYveks, (2.6)
where ¢ € R and ¢ > 0 such that

c=p>0, (2.7)
where B is a positive constant. Let 7;, be a triangulation of © with mesh size 4, V), be the
space of finite elements consisting of continuous piecewise linear functions v vanishing

on 02, and ¢, s = 1,2,...,m(h) be the basis functions of V},.
The discrete counterpart of (2.6) consists of finding uy, € Kﬁ such that

a(up, v —up) + cup,v—uy) > (f,v—uy), Vvel(f,, (2.8)
where
Kf ={v e Vj, such that v = m,g on 92 and v < r,}y on Q}, (2.9)

7y, is an interpolation operator on 92 and ry, is the usual finite element restriction operator
on €.

Theorem 1 (see [17]) Under conditions (2.3) and (2.4), there exists a constant C indepen-
dent of h such that

¢ = Cullze(@) < CH?|log h*. (2.10)

2.1 A Lipschitz continuous dependence with respect to both the boundary
condition and the source term

This subsection is devoted to the establishment of a Lipschitz continuous dependence

property of the solution with respect to the data whose proof is based on a monotonicity

property of the solution of (2.6) with respect to the source term and the boundary condi-

tion by which we first set out and demonstrate our result.

Proposition 2 Let (f;g); (f,g) be a pair of data and ¢ = o (f,g); { = o(f,g) the correspond-
ing solutions to (2.6). Iff <f in Qand g <g on 32 then £ < in Q.

Proof According to [16], ¢ = max{¢} where {¢} is the set of all the subsolutions of {. Hence
V¢ €{¢}, ¢ satisfies

a(g,v) +c(g,v) <(f,v), Yv>0,
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with
{<g on 0.
Then the two inequalities f < f in € and g < § on 92 imply
a(g,v) + g, v) < (F,v) < (Fv), Yv=0,
with
;<g <g ondQ.
So, ¢ is a subsolution of ¢ = o(f,g), thatis, £ <Z. O
Proposition 3 Under the conditions of Proposition 2, we have
IZ = ¢l < max{ (%) If = Fllzo, g =&l e } (2.11)

Proof First, set

d= max{ (%) If = Fllzoo(, g = Ellzoo(ag) } (212)
Then
F<f+If ~Fllixe

<f+OIf = flli=@)
Cc ~
<f+ <—) If =flle
B
1 ~ -
<f+ cmax{ <E) If =fllzee), llg —glle(aQ)}
<f+cd.
So,
f<f+cd inQ. (2.13)
On the other hand, we have
[=g<g+® ondQ. (2.14)

Thus, making use of (2.13), (2.14), and Proposition 2, we obtain

{<o(f+cd,g+®) inQ. (2.15)
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Since ¢ + P is a solution of the following VI:

a(C+ P, v+ P) =+ D)) +c(t +D,(v+ D)= (¢ + D)= (f +cP,(v+ D) - (¢ + D))
with

v+, +PeKeP,
we have

C+P=0(f+cD,g+ D). (2.16)
Equations (2.15) and (2.16) imply

Z <¢+® inQ,
thus

f-c<®d int. (2.17)
Similarly, interchanging the roles of the couples (f; g); (f,&), we obtain

-r<® inQ, (2.18)
which completes the proof. d

2.2 A Lipschitz discrete dependence with respect to both the boundary condition
and the source term

Assuming that the discrete maximum principle (d.m.p.) is satisfied, i.e. the matrix resulting

from the finite element discretization is an M-matrix (see [18, 19]), we prove the Lipschitz

discrete dependence with respect to both the boundary condition and the source term

by a similar study to that undertaken previously for the Lipschitz continuous dependence

property.

Proposition 4 Let (f,g); (f,§) be a pair of data and &), = o,(f,g); &n = on(f,§) the corre-
sponding solutions to (2.8). If f > f in Q and g > g on I then ¢, > & in Q.

Proof The proof is similar to that of the continuous case. d

The proposition below establishes a Lipschitz discrete dependence of the solution with
respect to the data.

Proposition 5 Provided that the d.m.p. is verified, then under the conditions of Proposi-
tion 4, we have

- 1 ~ -
1Sh = Cnllzo@) < max{ <E> If —fllze)s lg —gllLOO(aQ)}~ (2.19)

Proof The proofis similar to that of the continuous case. Indeed, as the basis functions ¢
of the space Vj, are positive, it suffices to use the discrete maximum principle. 0
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3 Schwarz alternating methods for VI with nonlinear source terms
We consider the following variational inequality with nonlinear source term (1.1): Find
u € K¢, a solution of

a(u,v—u) +c(u,v—u) > (f(u),v—u), Vv € K5, (3.1)
where
a(u,v) = f (VuVv)dx, (3.2)
Q

f(-) is a Lipschitz continuous nondecreasing nonlinear source term on R,

V(x) _f(y)| = k|x _y|) Vx,)’ € R! (33)
with k satisfying
k<B, (3.4)

where 8 is defined in (1.2).
Theorem 6 (see [20]) Problem (3.1) has a unique solution.
We decompose €2 into two overlapping smooth subdomains €2; and €2, such that
Q=Q;UQ,. (3.5)

We denote by 922; the boundary of ©2; and I'; = 9Q2; N ;. We assume that the intersection
of T'; and T}, i #j, is empty and we associate with problem (3.1) the following system: Find
(u1,u,) € I(lg X Kzg, a solution of

: (v — ;) + (s, v — ;) > (F(ug),v—u;), VveKE, 36)
wilr, =wilr, bj=1,2,i4j,
such that
Kig = {v € H'(S2;) such that v =gondNNadR;andv <y on Q,-}, (3.7)
a;(u,v) = /Q.(VZ/LVV) dx, (3.8)
and
wi=ul% i=12. (3.9)
Let

b;(u,v) = a;(u,v) + c(u,v).
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3.1 The continuous Schwarz sequences
Let uJ be an initialization in I'; defined by

ud = /9. (3.10)

We, respectively, define the alternating Schwarz sequences (/') on ©; such that u}*! €
K¥ solves

by (v — ) > (F(ulth), v —ul), Vveks,
n+l _ N (311)
Uy /r1 = uz/rl,
and (#4*1) on Q, such that #4*! € K3 solves
bz(ug*l, V- ug"l) > (f(ug”l), V- ug’” , Ve K§, (312)
ug+1/r2 = u;ﬁl/rz. '

Theorem 7 (see [6]) The two sequences (3.11) and (3.12) converge uniformly to the solution

of (3.6).

3.2 Nonmatching grids discretization

For i = 1,2, let 7 be a standard regular and quasi-uniform finite element triangulation
in Q;; h; being its mesh size. The two meshes being mutually independent on 2; N 5 in
the sense that a triangle belonging to one triangulation does not necessarily belong to the
other one. We consider the following discrete spaces:

Vi, = {V e C(2) N HY(;) such that v/7 € P,VT € rh"}, (3.13)
the convex sets
Ki ={ve Vy, suchthatv=m,gon dQNaL; and v <ry ¥}, (3.14)

where r;,, denotes the restriction operator on the triangulation thi. Let also my,; denote the
interpolation operator on I'; and ¢/, s = 1,2,...,m(h;), be the basis functions of V,.

The discrete maximum principle (see [18,19]) We assume that the respective matrices
resulting from the discretization of problems (3.11) and (3.12) are M-matrices. Note that,
as the two meshes /; and 4, are independent over the overlapping subdomains, it is im-
possible to formulate a global approximate problem which would be the direct discrete
counterpart of problem (3.1).

3.3 The discrete Schwarz sequences

Now, we define the discrete counterparts of the continuous Schwarz sequences defined
in (3.11) and (3.12). Indeed, let u22 be the discrete analog of 9 defined in (3.10) that is,
”22 =T, (u9) = Thy (W /€22). We, respectively, define MZ;'I € I(f1 such that

bl(uzl"l, V- uZl"l) > (f(uZ;'I), V- MZ;'I), Yve Kﬁl,

n+l n (315)
uhl /Fl = nhl (uhz/rl)ﬁ
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and uZ;d € I(fz such that

(3.16)

n+l

ba(u v — i) = (f(up), v —up?),  VveKy,
Uy Ity = ﬂhz(uzlﬂ/rz)-

4 Maximum norm error
This section is devoted to the proof of the main result of the present paper. To that end,

we begin by introducing two discrete auxiliary problems.

4.1 Two auxiliary problems
We define wy, € Kfl such that wy, solves

bi(Wpy, v —wpy) = (f(t1), v — wiyy), Vverl, 1)
Whl/l“l =T (u2/r1)r

and wy, € Kfz such that wy, solves
by(Why, v —wiy) = (f(uz),v —wiy), Vv €K, (4.2)
th/rz =Thy (ul/FZ)'

It is then clear that wj, and wy, are the finite element approximations of #; and u; defined

in (3.6) thus, making use of (2.10), we get
llt; — wi, llzo(;) < CH*|log h|?, (4.3)
where C is a constant independent of 4.

Notation 8 From now on, we shall adopt the following notations:

1= llzeeqrys [+ 12 =11 llzoo(ry)s
-1l =1 llzee (s M2 =1l - llzeo(ey)s

TThy = TThy = TTh.
4.2 The main result

Theorem 9 Let i = max(hy, hy) and let p = % < 1 then there exists a constant C indepen-
dent of both h and n such that

i = o

< —

< Ch*|logh|?, i=1,2,n>0. (4.4)
(I-p)

Proof The proof of (4.4) will be carried out by induction, where the cases p € (0, %] and
pE (%,1) will be studied separately. Also, within each case, we will also discuss the two

following situations:

(A): ||u2 - u22 H2 < Ch?|logh|? (4.5)
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and

(B): CH*|logh|* < Hu2 — ”22

(4.6)

2’

where u22 = 7y (u9) = 7, (Y /). The basic idea of the proof is to define for each subdo-
main two approximations ay, and &y, in the L*-norm of #; (a discrete subsolution and a
discrete supersolution of ”Zi’ n > 1), such that

1
o, — uill; < ———Ch*|log h|?
a—p %

and

1
G, — will; < ———Ch*|log h|*.
—py 0%

Part 1: The first part of the proof deals with 0 < p < % So

P

— <L 4.7
o (4.7)

For n =1, in domain 1, the discrete analog wy, of u; defined in (4.1) considered as the upper
bound of the set of discrete subsolutions [16], satisfies

bl(whl,wsl) < (f(ul),wsl), Vs e {1,...,m(h1)},

Wy, =Ty on T,

Since the nonlinear functional is Lipschitz and according to (4.3), we get
flm) —f(wi,) < kCh*|log h*.

Then

by(wiy,¢y) < (f(u1),03) < (f(wn) + kCH*|logh|?, ¢}),

Wy =T s on .
Let

Wi = o, (f(whl) + kCh?*|log h|?, Ty uz); (4.8)
therefore, wy, is a subsolution of Wj,,

Wy, < W, in Q. (4.9)

By applying (2.19), we get

; uz—ugz’l}

1,
AN

< max{ (%) f wny) = f (g )|, + <%>Ch2| log h|%

1
H Wi, — u},l Hl < max{ (E) Hf(Whl) + kCH?| 10gh|2 —f(u,l“)
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So

| W, - u}ll ||1 < max{p||wy, - u,lql ||1 + pCh*|log h|?; ||uz — u22 ||2} (4.10)
On the other hand, (4.9) generates two possibilities, that s,

Az [wiy =, ||, = | Wi — 24, |,
or

(Ag): ” Wi, - u}ql ”1 = ”Whl - u}dl ”1

Case (A;) in conjunction with (4.10) implies that

i =, = max{ o[ wiy —aa, |, + pC*1Nog hPs |1z — 5, |},
which lets us distinguish the following two cases:
1 max{p|wy, —u, |, + pCH*|1ogh|*; | uz - uy, ||, }
= p|wn, -, |, + pCH*|log h|* (4.11)
and
2 max{p|lwn, —uj, |, + pCH*|loghl*; |uz — uf ||, } = w2 - us, ||,- (4.12)

Equation (4.11) implies that

[wi = w3, |y = pllwi = w5, |, + pCH og h?
and

2 =140, < ol wa, — b ||, + PCH[Tog h>.
Then

Iwiy — b |, < %cm log 4
and

2
|uz —uy, |, < lﬁi—pCh2| log h|* + pCh*|log h|?

0

<
_1—,0

Ch*|logh|* < Ch?*|logh|?,
which coincides with (4.5) and contradicts (4.6). So, (4.11) is only possible in situation (A).
Equation (4.12) implies that

(4.13)

[win =i |, = N2 =,
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and
plwi |, + 0CHItoghl” < [~ |,

So, by multiplying (4.13) by p and adding pCh?*|logh|?, we get
pllwi, =, ||, + oCH*|logh|* < p|luz — uj, ||, + pChH*|log h|*.

Then pllwy, — u, 1 + pCh*|logh|* is bounded by both ||uy — u)) |l2 and plluy — uj) |lo +
pCh?|logh|, so

(a): ||u2 —u22 ||2 < pHuz —u22 ||2 + pCh2|logh|

or

(b): ,oHug - ”22 H2 + pCh?| logh| < ”uz - u22 ||2
That is,

otz — 12|, < —2—C? | log h?

hyll2 = 1—/0

or

LCl/12|logh|2 < ||u2 —u? ||

1-p - ho ll2°
Thus

0

2=, = T2 logh? < CIPllogh?

or

0
ﬁaﬁ logh|* < |uy — uj, ||, < Ch*|logh|*.
So, the two cases (a) and (b) are true because they both coincide with (4.5). Therefore,
there is either a contradiction and thus (4.12) is impossible or (4.12) is possible only if

0

||I/l2 - I/lgz ||2 = mch2| 10gh|2

Then (4.12) in situation (A) implies

”Whl _M}u ”1 = ”M2 _u22 ”2 = %ChZHOghR

while in situation (B) only (b) is true and leads to

||wh1 —u}ql ||1 < ||u2 —u22 ||2 and %Chzuoghl2 < ||u2 —u22 ||2
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Then

I
I =], = 2 O log = o= |

or

LGt toghP < [y~ [, < |12~

1-p ”2'

We remark that both possibilities are true. There is either a contradiction and (4.12) is
impossible or (4.12) is possible only if

1 p 2 2
- =——Ch"|loghl|”.
Wiy =i, [ 10 |log Al
So, in the two situations (A) and (B) and in the two cases (4.11) and (4.12) of situation (A1),

we get

0

Ch?|logh|?, (4.14)
(Er

”Whl - ”1141 ”1 =

which implies

0

p 2 2 1 2 2
Wy — Ch?|logh|” <u, <wp + Ch*|logh|”.
' (1-p) =TT - p)
Let us denote
o = Wiy — —2—Ch?|log h? (4.15)
(1-p)
and
& = Wiy + —L— CH?[Tog h]2. (4.16)
P 1-p)
Then
apy <y, <dp (4.17)
with
ety — i1l = | Wiy — —2—CI*|loghl> - u;
(1-p) 1
0
< lwiy, — ol + (l_p)ChzlloghF
< CI2|logh|? + (lfp) CH?|log h|?
by virtue of (4.3). So
1 2 2
llon, — wlly < ——Ch”|logh|*. (4.18)

(1-p)
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By using the same reasoning we see that (4.16) implies

- 1
8, =l < s G log ™ (4.19)

On the other hand, (4.17) implies
apy —th <~y <&y~ (4.20)

so according to (4.18) and (4.19) we get

1

Ch?*|log h|? (4.21)
(1-p) £

1
_mChzuoghl2 < u}ll - <

thus

1
(1-p)

w1 =, ||, < Ch?|log h|>. (4.22)

Case (A,) in conjunction with (4.10) implies that || W}, — u}ll l1 is bounded by the values
llwp, — u}ll 1 and max{p||wy, — uil L + oCH?|log h|?; ||us — u22 l2} which generates the two
situations

©: | wiy =4y, |, = max{pf[wi, —uj, |, + pCH* | Tog hP%s |z — i, |}

or

(d): ma‘tx{,o”wh1 - u}ll ||1 + pCh*|log h|%; ||ug — u22 ||2} < ||wh1 - u}ll ||1 (4.23)

It is clear that case (c) coincides with situation (A;). Let us study case (d); as in case (A1),
max{p | wy, — w1 + pCh*|1og h|?; |luz - uy, ||2} lets us distinguish the two cases (4.11) and
(4.12). Equation (4.11) in conjunction with (d) implies

|2 =3, [, < o Wiy =243, |, + pCHNog b < |l wy -, |
and (4.12) in conjunction with (d) implies

ol = |, + pCHI02hE < a1 |, < [y, 1, .

Then it is clear that in the two cases (4.11) and (4.12), we obtain

P
(1-p)

ChY| 10gh|2 < ||Wh1 - u}ll ||1 (4.24)
with

o= | = [~ (425
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Thus, ||y, — uj, |1 is bounded below by both (l':;p)Ch2| logh|? and ||uy — u22 l2 so we dis-
tinguish the two following possibilities:

P

Ch*|logh|* < Ch*|log h|?
(1-p)

© -], <

or

0

f):
) (1-p)

Ch*|logh)* < |uy —uj, ||, < CH*|logh|*.

So, the two cases (e) and (f) are true because they both coincide with (4.5). Therefore,
there is either a contradiction and thus cases (4.11) and (4.12) are impossible or the two
cases (4.11) and (4.12) are possible in situation (A) only if

0
(1-p)

Ch?|logh|* < |wp, - u},l

2 =24, |, = v

while in situation (B) only the case (f) is true and leads to

o
(1-p)

Ch?|loghl® < |uz — u, |, < | wiy =241, -
In summary, in situation (A;) and in the two cases (4.11) and (4.12) of situations (A) and
(B), we get

P
(1-p)

Ch?|logh|* < |wy, —uy, ||, (4.26)

Let us decompose the subdomain ; = €;; U Qf; such that

P
1-p)

Ch?|logh|* < |wh1 - u},1| on 21, (4.27)

and

o
(1-p)

|wh1 - ui1| < Ch*|loghl> on Q) (4.28)

We begin with Q; ;. If wy, — uil >0 on Q2 then (4.27) implies u}ll < ay,; thus,
1 1 h2 h 2
blhl —u; < Oy — U < mc |10g | (4‘29)

by virtue of (4.18). On the other hand, (4.18) leads also to

- Ch*|logh|* < oy, — uy.
(1—,0) | 0og | _ahl uy
So, ay, — uy is bounded below by both u;, —u; and —ﬁChﬂ log k1|%, which lets us distin-
guish the two following possibilities:

U, < ———Ch?|logh|?

ul !
T 1-p)
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or
—;leﬁlloghl2 <ul -
(1-p) B
Then
wo—w < —;Chz|logh|2 <wp — U
n T =g -
or
- p)Chzlloghlz <, — g < Wiy — Uy

So, both possibilities are true because they coincide with (4.3). So, there is either a con-
tradiction and (4.27) is impossible or (4.27) is possible and we must have
[ =ty ) =~ CI2[Tog B (4.30)
1 L (Ql,l) (]_ — p)
The case wy, — u}ll <0 on €, is studied in a similar manner and leads to the same result
(4.30). Equation (4.28) is studied in the same way as that for case (A;) and leads to

1

” uil - ||L°C(Qi1) = 1-p) Ch?|logh|*. (4.31)

Equations (4.30) and (4.31) imply

1
||Lt}l1 —u, < mCh2| log h)?. (4.32)

Finally, in the two cases (A;) and (A;) and in the two situations (A) and (B), we get

1
w1 =, ||, < mCh2| log . (4.33)

For n = 1in domain 2, the discrete analog wy,, of u5, defined in (4.2) and considered as the
upper bound of the set of discrete subsolutions [16], satisfies

by (Wi, 97) < (f(u2), 07), Vs {L,...,m(h)},

Why =Tt on Iy,

The nonlinear functional is Lipschitz and according to (4.3)
fluz) = f (wny) < kCh*|log h*.

Then

b2 (thy%z) = (f(MZ): (PSZ) = (f(whz) + kCh2| 10gh|2» 905;2)’

Why =Tt on Iy,
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Let

Wi, = 0, (f(wh2) + kCh?| 10gh|2, Thy ul); (4.34)
therefore, wy, is a subsolution of W, , so

Wiy < Wi, in Q. (4.35)

By applying (2.19), we get

[ Wiy — it |, < max{ (%) 1 ) + KCH log l £ (sl )| |1 = |2}
< max{ (%) o) ~F ()], + (g)cm log hl? | - i |, }

So

| Wi, =, ||, < max{p|wn, -, |, + oCH*[1og h|*; |ur — 1, |, }. (4.36)
On the other hand, (4.35) generates two possibilities, that is,

Bu):  [wiy =ty ||, < [ Wiy =, [,
or

B (W -, < [ -
Case (B,) in conjunction with (4.36) implies that

[ — 1 < x| + R o s s - ] ),
which lets us distinguish the following two cases:

1 max{p||wi, i, |, + o2 loghPs [ - ul |,

= p|wn, - uj, |, + oCH?*| log h|? (4.37)

and

2 max{plwh, - ul |, + PCH loghP s — i |} = e — i | (4.38)

Equation (4.37) implies that
[wi =3, |, = 0wy =263, |, + pCH Tog h?
and

i~ |, < o s, |, + pCH log P
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Then
P
[, =20, |, < 7 G og hl?
and
02
w1 =, ||, < mCh2|logh|2 + pCh2|log h|®
< 1LChZ’|1ogh|2 <L g,
-p 1-p
which coincides with (4.33). Equation (4.38) implies that
[wiy =143, |, < |2 = 24, [ (4.39)
and
pllwhy =y, ||, + pCh?* 1log h|* < s — ag, |-
So, by multiplying (4.39) by p and adding pCh?|log /1| we get
p|| Wiy =, ||, + pCH*|log h* < p|uy — uy,, |, + pCh*|log h*;

then pl|lwy, — u}lz ll2 + pCh?|log h|? is bounded above by ||z — u}lllll and p|lu — u}ll I+
pCh?|log h|. So, either

@: o=, <ol =i, + pCHlloghn

or
(b): ,0||u1 - u}ll ||1 + pCh2| logh| < “ul - u}ll v
that is,
0 1
||u1 - u}q ||1 < mCh2|logh|2 < mCh2|logh|2
or

p 2 2 1 1 2 2
So, the two cases (a) and (b) are true because they both coincide with (4.33). Therefore,
there is either a contradiction and thus (4.38) is impossible or (4.38) is possible only if

| —1d) |, = ﬁCh2|logh|2

thus

[ e P %Chmogmz.
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In summary, in the two cases (4.37) and (4.38) of situation (B;), we get

0

||wh2 - u}lz ||2 < T2 Ch2| logh|2
e

Why — p Ch*|logh|* < uk <wp + p Ch*|log h|>.

(1-p) 2 (I-p)

Let us denote

iy = Wy — (1'—.;,0)Ch2| log 1 (4.40)
and

=W+ f 5 CH2| log h%; (4.41)
then

py < 1y, < Gy (4.42)

By using a same reasoning as adopted in subdomain €2; for (4.15) and (4.16), we get

1
(1-p)

llothy, — tall2 < Ch?|log h|? (4.43)

and

5 1
llatn, — tallz < mChzl log k)% (4.44)

Equation (4.42) implies
Oy — Up Suiz—uzfdhz — U

and according to (4.43) and (4.44), we obtain

1

Ch?|logh|?, (4.45)
TR

—(1_)0)Chz|logh|2 < u,lqz —uy <

that is,

1

CH?|logh|?.
a—p) %

1

w2 =243, |, <
Case (By) in conjunction with (4.36) implies that | W}, — u}lz l2 is bounded by the values
Wh, — uj,, Il and max{pllwy, — u} |1 + pCh*|log hl?; |lur — wj, |}, which generates two

situations,

(©: | wiy =i, |, < max{p|[wi, =14, |, + pCH*log hs i =14 |}
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or

(@: - max{p|lwi, =1, [, + pCh* =ty |} = i, =, |

It is clear that case (c) coincides with case (B;). Let us study case (d); as in case (B;)
max{p|wy, — u, ll2 + pCh*[log h|?; |l — uj, |1} lets us distinguish the two cases (4.37)
and (4.38). Equation (4.37) in conjunction with (d) implies

o1 =1, | = pllwny = i, [, + pCH*NMog h” < i, — s, |
and (4.38) in conjunction with (d) implies

iy =8 |, + £CI o < i |, < s, ~d |,

Then the two cases (4.37) and (4.38) imply

L 2 2 1
Ch?|logh|” < -
1-p) |logh|” < ||Wh2 Upy ”2
and
o =i, |, < Wiy — 24, |
| Why — uh ll2 is bounded below by ;2 Ch2| log h|? and ||u; — u}ll 1 so we distinguish the

two following possibilities:

Ch?|log h|*

“ul—u}qnl_( )Ch2|10gh| <( )

or

(f): Ch?|loghl* < |uy - u), )Ch2|logh|2

. =
a-) -

So, the two cases (e) and (f) are true because they both coincide with (4.33). Therefore,
there is either a contradiction and thus cases (4.37) and (4.38) are impossible or the two
cases (4.37) and (4.38) are possible only if

=, = G2y Ol 08 < [, i

So, in the two cases (4.37) and (4.38) of situation (B,), we get

|logh|* < ||wi, — uj,, |-

P
(1-p)

The remainder of the proof related to situation (B;) rests on the same arguments used
in subdomain €, for situation (A,) that is, on a decomposition of Q23 = Q57 U Q5 and
showing that

Ch*|1log h|?

|| U — Mkz ||L°°(Qz 1) (1 )
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and

1
42—, ”LOO(Q;'J) = mCh2| logh|?.

Finally, in the two situations (B;) and (B,) we get

||u2 - u,lqz ||2 =1C )Ch2| log i[> (4.46)

Now, let us assume that

||m—uh1||1_(1 5 Clogh, .
o2~ 5, = ECHltog P '
and prove that
o - u 1“||1_(1 5 Ch*llog
(4.48)

Hug - MZ;I H2 < mCthoghL

By using the definition of W}, in (4.8) and by applying (2.19), we get

[ Wi 1], < max{ (%) 1 ) + KCH logh| — £ (1)

v Mz—uZ2|l}
Smax{(%)|V(Wh1)—f(u2;1)||l ( )Chzllogh|, MZZHZ}

s0
| Wi — a1, < max{p|wiy — 22, + pCH2llog % s — |, ). (4.49)
On the other hand, (4.9) generates two possibilities, that is
(Co: fwny = Ny < [ Wi -0
or
(Co): Wiy —aiy [, < [ wiy = -
Case (C) in conjunction with (4.49) implies that
[wiy =i [, < max{p|lwi, — |, + pCH* [loghl?; |z~ [, },

which lets us distinguish the following two cases:

1 max{p|wy —u;™|, + pCh*|log h|*; ||us - up |}

=p ||wh1 - MZ;'I Hl + pCh?|log h|* (4.50)
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and
2 max{p|w, — |, + pCHloghP?; [us — i |} = 2 — 12l |, (4.51)
Equation (4.50) implies that
[win =2, < ol wn — ], + 0CH2log hi?
and
2=, < pllwi — 1], + £CHIogh P
Then

0
[ =i, < g Pl logh?

and

o
||u2 — U, ||2 < mChzuoghl2 < I

1
Ch?|loghl?,
0

which coincides with (4.47). Equation (4.51) implies that

[wis =i |, < w2 = adf, | (4.52)
and

pllwiy =i, + pCHNNoghl? < s =, |,
So, by multiplying (4.52) by p and adding pCk?|log h|* we get

,onh1 - uzz'l ||1 + pCh?|logh|* < p||u2 — U, H2 + pCh?|log h|?;

then p|lwy, — ”2:1”1 + pCh*|logh|? is bounded by both [u,; — upy, Il and pllus — uj |12 +
pCh?|logh|. So

@ [ua =g, < olea =1, ], + oCl g
or

(b): pllus— 1, [, + pCH* | log h| < |lus ~ 1, |

Thus

1

Ch*|log h|*
1-p

P
||u2 — Uy, ||2 < mCthoghl2 <
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or

< —Ch2|logh|2

T CRloghP < s -, |, <

So, the two cases (a) and (b) are true because they both coincide with (4.47). Therefore,
there is either a contradiction and thus (4.51) is impossible or (4.51) is possible only if

n 14
||u2 — Uy, ||2 = mCh2|logh|2.

Then (4.51) implies

[win =iy = [z = o,

I, = %Chzlloghﬁ

Thus, in situation (C;) and in the two cases (4.50) and (4.51), we get

Ch*|log h|?

T
&)

ap, <upt <ap, (4.53)
and

ap —uy S upt =y < dgy — .

So, according to (4.18) and (4.19), we get

—Ch2|lo h? <u”+1—u _—Ch2|10 h?.
a—p) % NS a

Thus

Ch*|log h|*.

1
(1-p)

o 2], =

Case (Cy) in conjunction with (4.52) implies that || W}, — uZ*l |1 is bounded by the values
lwy, — uZ;dIIl and max{p||wy, — lerl||1 + pCh*|log h|; |luy — uj, |12}, which generates two
situations,

”Whl - MZ;I Hl = max{p”whl - Mh;rl Hl + pCh2

2=t |,

or

(d): max{,o”whl - uZI'l Hl + pCh*|log h|%;

uZz Hz} = ”Whl _”hrlul

It is clear that case (c) coincides with case (C;). Let us study case (d); as in case (Cy),
max{p|wy, — uj | + pCh*[log hl%; ||lu — uj |12} lets us distinguish the two cases (4.50)
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and (4.51). Equation (4.50) in conjunction with (d) implies
2 =i, |, < Pl Wiy =, + pCH Nlog b < [wiy =2
and (4.51) in conjunction with (d) implies

pllwin = ui | + pCH* N ogh* < |uz =, [, < || wiy =267

Then in the two cases (4.50) and (4.51), we get

ey O 1oght” = o~
and
2 = 24, 1, = Ny =24
Hence, [lwy, — uj![l1 is bounded below by both 12 ChP | log h|* and [|us — uj, |12 so we

distinguish the two following possibilities:

——Ch*|logh)? < Ch*|log h|*

1
(1-p)

(©: oz -, [, <

(1)

or

(f): ——Ch*|logh|?.

R R

(1) )

So, the two cases (e) and (f) are true because they both coincide with (4.47). Therefore,
there is either a contradiction and the two cases (4.50) and (4.51) are impossible or the
two cases (4.50) and (4.51) are possible only if

o
2 i, |, = mChZHOgmz < ww =5

thus, in the two cases (4.50) and (4.51) of situation (C,), we get

P 2 1
logh|” < |wp, —uj’
1-p) |log 7| —” G} n Hl
The remainder of the proof related to situation (C,) rests on the same arguments used
in subdomain €2; for situation (A;) at iteration n = 1, that is, on a decomposition of ; =
211 U Qf; and on showing that

1 = ! HLC’Q(QM) = ) |log /|?
and
(7 ||LOO(QC =1C )Ch2|logh|2.
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Finally, in the two situations (C;) and (C,) we get the desired result,

1
(1-p)

||u1 - uzz’l ||1 < Ch*|logh|*. (4.54)

Estimate (4.48) in domain 2 can be proved similarly using estimate (4.54).

Part 2: This second part of the proof is devoted to % <p<1lSo

P
1-p

>1. (4.55)

For n =1, in domain 1, like as in part 1, (4.9) generates two different situations (A;) and
(Az), which we study separately. According to (4.10), situation (A;) in conjunction with
(4.11) implies

[win = sy < ol win =1, | + 0CIPl10g h?

and
|2 — 143, ||, < ol way =}, ||, + PCHP[Tog b2,
Then
0
”Whl - u}u ”1 =< EC/’IH 10gh|2
and

1%
”M2 — M22 ||2 < ﬁchzuoghlz

So, we can write for (4.5)

||u2 - u22 ||2 < Ch?|logh|* <

P logh)?
1-p

and for (4.6)
CHlloghl? < ||us — ul, |, < %Chﬂ log h[2.
Equation (4.12) implies that
[wi =143, ], = w2 =43, (4.56)
and
plwi |, + 0CHItoghl” = [~ |,
So, by multiplying (4.56) by p and adding pCh?|log h|> we get

+ pCh?|log h|?.

/?HWhl _”}q ”1 + pCh?| logh|* < IOHMz _M22 ”2
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Then p|lwy, — u},llll + pCh*|logh|?® is bounded by |lu; — u22||2 and plluy — u22||2 +
pCh?|log |, so

@ a1, < a1 |, + oIl logh

or

(b): ,o||u2 - u22 “z + pCh*|logh| < ||u2 - ”22 o
that is,
0
w2 = up, ||, < CH*|1ogh)? < Ecﬁ log h|? (4.57)
or

%Chzuoghﬂ < |lus -4, ||, < CH|log .

It is clear that only case (a) is possible because it coincides with (4.5). Equations (4.56) and
(4.57) imply

[ = < e = |, < 72— tog P
while in (4.6) the two cases (a) and (b) are true with

CH\logh® < ||us - 1), |, < %Chﬂ log h? (4.58)
or

P
Ch?*|logh)? < EC}12| logh)* < | up — uj,

2)
which leads to the unique possibility
| =l ||, = —2—CH?|log h2.
2 112 1-— 0

In brief, in the two cases (4.11) and (4.12) of situation (A;) and in the two situations (A)
and (B), we get

—ul | < —2—cr?llogh.
”Whl Mh]”l— 1-p) [log A
The rest of the proof is similar to the part 1, situation (A;), and leads to the result (4.33).
According to (4.10), situation (A,) like in part 1 focuses on the study of the case (d) and in
the two cases (4.11) and (4.12), we get

P
(1-p)

Ch2|10gh|2 = ”Whl - ullﬁ ”1
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with
a2 = 14, [, = Wiy =143,

The rest of the proof related to situation (A;) is similar to part 1, situation (A,), and leads
to the result (4.33). That is, in the two situations (A) and (B) with % < p <1, we get (4.33).

The remainder of the proof related to % < p < 1is by induction and similar to part 1, by
which we obtain the desired result (4.4). O

5 Conclusion

In this paper an optimal convergence order for finite element Schwarz alternating method
for a class of VI with nonlinear source terms on two subdomains with nonmatching grids is
obtained. The approach rests on a discrete Lipschitz dependence with respect to the both
boundary condition and the source term. This approach offers practical perspectives in
that it enables us to control the error, on each subdomain between the discrete Schwarz
algorithm and the true solution.
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